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Abstract. This paper proposes a two-step inertial Picard-CR iterative framework for approximating common fixed
points of a countable family of nonexpansive mappings in real Hilbert spaces. The method combines a viscosity
approximation with two inertial corrections and a Picard—-CR-type fixed-point update. Under suitable control conditions
and an asymptotic compatibility requirement on the intermediate iterates, strong convergence to the viscosity-selected
common fixed point is established. The abstract fixed-point result is then specialized to a convex bilevel optimization
problem through a family of forward-backward operators. An image-restoration experiment based on a regularized
inverse problem is also presented. Numerical comparisons with several forward—-backward and accelerated schemes

illustrate the computational behavior of the proposed approach.

1. INTRODUCTION

Fixed point theory for nonlinear operators in Hilbert spaces is a fundamental component of
modern nonlinear analysis and has important applications in optimization, inverse problems,
signal processing, and related computational models [3,8,31]. Iterative methods for approximating
fixed points of nonlinear mappings remain central because they provide constructive tools for
solving a wide class of mathematical problems [6,13]. Let H be a real Hilbert space and let
T : H — H. The fixed point problem consists of finding x € H such that Tx = x. This formulation is
closely related to convex feasibility problems, equilibrium problems, and variational inequalities
[10,11,15].
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Among the most studied operators in this framework are nonexpansive mappings, characterized
by
ITx=Tyl <llx—yl,  xye€H. (1.1)

Such mappings arise naturally in projection methods and monotone operator theory [3,17]. How-
ever, classical fixed-point iterations may yield only weak convergence in infinite-dimensional
Hilbert spaces, which motivates the development of strongly convergent modifications [16,19].

Viscosity approximation methods provide one important mechanism for obtaining strong con-
vergence. The basic idea is to combine a nonexpansive mapping with a contraction so that the
generated sequence converges to a distinguished fixed point satisfying an associated variational
inequality [20,21,37].

Inertial techniques provide another important line of development. Inspired by Polyak’s heavy-
ball method [29] and Nesterov-type acceleration [22], inertial schemes use information from pre-
vious iterates to introduce momentum into the iterative process. Two-step and double-inertial
constructions exploit information from several previous iterates and have been successfully in-
corporated into variational-inequality, fixed-point and image-recovery algorithms; see, for exam-
ple, [9,18,23,25,26].

Picard-type hybrid iterations have also been developed to improve the computational behavior
of classical fixed-point schemes. For example, the Picard-S* method studied by Lamba and Panwar
[30] combines several fixed-point evaluations within a recursive process, while related Picard—-S
constructions for common fixed-point approximation were investigated in [24]. Motivated by
these developments, we consider a two-step inertial Picard—CR-type framework that combines
viscosity approximation, two inertial terms, and repeated nonexpansive updates.

The main contributions of this paper are as follows. First, we introduce a two-step inertial
Picard—CR algorithm for a countable family of nonexpansive mappings. Second, we establish
strong convergence under suitable control conditions together with an asymptotic compatibility
condition required by the viscosity argument. Third, we specialize the general fixed-point scheme
to a convex bilevel optimization problem using forward-backward operators. Finally, we illustrate
the computational behavior of the proposed framework on an image-restoration problem.

The remainder of the paper is organized as follows. Section 2 presents the notation and pre-
liminary results. Section 3 introduces the proposed fixed-point algorithm and establishes its
convergence. Section 4 gives an application to convex bilevel optimization. Section 5 discusses

the image-restoration experiment. Section 6 concludes the paper.

2. PRELIMINARIES

Throughout the paper, H denotes a real Hilbert space with inner product (-, -) and induced norm
|I-]l. Let C be a nonempty closed convex subset of H. We write

Fix(T) := {x € C: Tx = x}.
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Definition 2.1. Let T : C — C. The mapping T is called L-Lipschitz continuous if there exists L > 0 such
that

|[Tu — Tol| < Lllu—9], u,veC.

IfL €[0,1), then T is a contraction. If L = 1, then T is nonexpansive.

Definition 2.2 ( [37]). Let T : C — C be nonexpansive and let {T,},>1 be a family of nonexpansive
mappings such that

@ # Fix(T ﬂ ix(Ty).

The family {T,} is said to satisfy the NST-condition (I) with respect to T if, for every bounded sequence
{xn} C C satisfying

Iy, = Txull = 0O,
one has

Il — Txul| — 0.

Definition 2.3. Let h : H — (—00, 00| be proper, lower semicontinuous and convex, and let A > 0. The

proximity operator of h is defined by
— . 1 2
proxy,(x) := argmin {h(y) + 5y = Al }
If f : H — R is convex and differentiable, the associated forward—backward operator is
T) := prox,, (I - AVf).
See [3,4,7,8].

Remark 2.1. If Vf is L¢-Lipschitz continuous and 0 < A < 2/ Ly, then the forward—backward operator T
is averaged, and hence nonexpansive; see [3].

Definition 2.4 ([13]). Let {T}},>1 be a sequence of nonexpansive self~-mappings of C with

I = )Fix(T,) #
n=1

The family {T,} is said to satisfy Condition (Z) if, whenever {u,} C C is bounded and
lun — Tunll — 0,
every weak cluster point of {u,} belongs to T.

Remark 2.2. If{T,} satisfies the NST-condition (I) with respect to a nonexpansive mapping T and Fix(T) =
I', then Condition (Z) follows from the demiclosedness of I — T at zero.
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Lemma 2.1. Forall x,y € Hand x € [0,1],
llx + ylI* < IIXIP + 2¢y, x + v),
llxc £yl = [Ixl® £ 2¢x, y) + llyll%,

llex + (1= 1) yl* = wllxdP? + (1= 1) llyl? = x(1 = x)llx — yl*.

Lemma 2.2. Let {a,} C [0,), {0,} C (0,1) and {6,,} C R satisfy

p41 < (1 - Gn)ﬂn + 0464, nx1,

i 0, = .
n=1

Suppose that, for every subsequence {ay } satisfying

and

lim inf(anjﬂ - an/.) >0,

j—>oo
one has

lim sup 6nj <0.

]

Then a, — 0.

(2.1)
(2.2)
(2.3)

Lemma 2.3. Let f : H — R be convex with L¢-Lipschitz continuous gradient and let h : H — (—oo0, 400

be proper, lower semicontinuous and convex. Let

Ty = prox, ,(I—cuVf), T = prox,(I-=cVf),

where ¢, — ¢ and ¢,,c € (O,Z/Lf). Then Fix(T,) = Fix(T) = argmin(f + h). Moreover, in the
standard forward-backward setting the family {T,} satisfies the NST-condition (I) with respect to T, see [3,8].

3. MaIN ResuLts

We now introduce the proposed two-step inertial Picard-CR algorithm.
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Algorithm 1 Two-Step Inertial Picard-CR Algorithm (TIPCRA)
Initialization. Choose x_1, xo,x1 € H. Let {n,}, {C,} € (0,1], {y»} € (0,1), {0} C [0, ), and let
{Tn}, {&n} C (0, c0) be bounded sequences. Set n = 1.

Iterative steps. Given x,, x,,—1, X,—2, calculate ¢y, ¥y, Yu, kn, zn, w, and x,, 11 as follows.

min {Tn, M}, Xn #F Xn-1,
an — |l — 211l
Tn, Xn = Xn-1,
max {_éi’ll _M} ; Xp—1 F Xn-2, (31)
n = [Ixi-1 = xn—2l|
_éVll Xn-1 = Xn-2,
Yn = Xn + (pn (xn - xn—l) + d’n (xn—l - xn—Z)-
kn = (1= 10)Yn + 1ng(Yn)- (3-2)
zn = (1= Cn) Ty + G Trky. (3.3)
wy = (1=vyn)zn + YnTnzn. (3.4)
x”+1 == Tan. (3-5)

Set n « n 41 and repeat the iteration.

Theorem 3.1. Let {T,} be a family of nonexpansive self-mappings of H satisfying Condition (Z), and
assume

I = )Fix(T,) # 2.
n=1

Let g : H — H be a k-contraction with x € [0,1), and let {x,} be generated by Algorithm 1. Assume that
(B1) 0, > 0;
(B2) uCn — 0and Y71 aln = oo,
(B3) there exist constants 0 < dy < dp < 1 such that dy <y, < d> for all n;
(B4) |lky = zull = 0.

Then {x,} converges strongly to the unique point z* € I satisfying

z' = Prg(z"). (3.6)
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Proof. Since I' is a nonempty closed convex subset of H and g is a contraction, Prg is also a
contraction. Hence (3.6) has a unique solution z* € I'.
Set
an:=1,Cn  and  en = Pu(Xn — Xu-1) + Pu(Xn-1 — xn-2).

From (??) and (??),

(Pn”xn = Xp-1ll £ ayoy, |¢n”|xn—1 — Xp-2ll £ ay0p.
Consequently,
e
leall < 2,00, 2 0, 67)
n

Because z* € Fix(T},), the nonexpansivity of T, and the contractivity of g give
Iz = Z*ll < (1= C)llyn = 271 + Callkn = 27|
< [1 —ay(1- K)]Ilyn -zl + aullg(z") — 27|
Moreover,
lwn =2l <z = 27°l,  lxp1 = 271 < llwy — 271
Using vy, = x,, + e;, we obtain
hn 1 =21 < [1= @ (1= 1) Jllew = 271l + [1 = @ (1= 1) Jlewll + anllg(z) = I (38)
Since 0, — 0, the sequence {0,} is bounded. Hence (3.7) and (3.8) imply, by induction, that {x,} is
bounded. It follows from the definitions and the boundedness of the control sequences that {y,},
{k.}, {z} and {w,,} are also bounded.
We next derive the basic squared-norm estimate. By Lemma 2.1,
e = 27117 < [1 = 10 (1 = 1) Il = 2717 + 208 (2") = 2" Keu = 2. (3.9)
Using (??), (2?), (??), Lemma 2.1, and the nonexpansivity of T);, we obtain
”xn+1 - Z*HZ < [1 - 0(71(1 - K)]”yn - Z*“Z + 20@1(8(2*) -2k, =2
— V(1= yu)lITnzn — zul. (3.10)
Since the sequences involved are bounded and (3.7) holds, there exists a real sequence {¢,} with
&, — 0 such that
Iy — 21 < lltn = Z°I* + anen. (3.11)
Indeed, one may take
&qn = 4Mo, + 40(,10%,

where M > 0 is a bound for {||x,, — z*||}.
Let
a, = |lx, = 2|17, ci=1-x>0.

Combining (3.10) and (3.11), and enlarging ¢, if necessary by a null sequence, gives

An41 < (1 - Can)an + Canﬁn - Vn(l - )/n)”TnZn - Zn||2/ (3-12)
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where
1
Bn = " [en +2(g(z") = 2", ky — 27)] . (3.13)

Because @, — 0 and ), &, = co, we have ca,, € (0,1) for all sufficiently large n and

o0
Z cay, = o0,
n=1

It remains to verify the critical-subsequence condition of Lemma 2.2. Let {a, } satisty

lim inf(an/H - an].) > 0.

j—o0 -

The boundedness established above implies that {,} is bounded. From (3.12), a; — 0, and (B3),

we obtain
||TﬂjZVlj - Zn]-” - O

Choose a further subsequence, not relabeled, such that Zn; = Z and

limsup(g(z") — 2", kn, — 2') = lim(g(z") — 2", kn; — 2°).
. j—oo

j—o0
Condition (Z) yields z € I'. By (B4), ky; —zs; — 0, hence k,, — 2. Since z* = Prg(z’), the
characterization of the metric projection gives

(g(z")—-z",z-z2") <0.

Therefore,

lim sup(g(z*) -z, kn; —2") < 0.

]—)OO
Together with ¢, — 0, this implies

lim sup ﬁnj <0.

j—o0
Lemma 2.2 applied to (3.12) now gives a, — 0. Hence
Xp > 2"
strongly, as required. m|

Remark 3.1. Condition (B4) is the asymptotic compatibility requirement needed to transfer the viscosity
selection inequality from the intermediate point k, to a weak cluster point controlled by Condition (Z). It

should be verified for any concrete specialization of Algorithm 1.
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4. ArprLICATION TO A CONVEX BiLEVEL OPTIMIZATION PROBLEM

Bilevel optimization arises in areas such as hyperparameter optimization, meta-learning, and
hierarchical decision models [5,12,28]. Related first-order, inertial and hierarchical approaches

can be found in [1,9,32,33]. We consider the convex bilevel problem

misr} 9(x), 4.1)
where
S* = arg fcrel]%{rnl{f(x) + h(x)}. 4.2)

Assume that f : R" — R is convex and continuously differentiable with L¢-Lipschitz continuous
gradient, that 1 : R"” — (—c0, 0] is proper, convex and lower semicontinuous, and that 9 : R" —
R is strongly convex with parameter u > 0 and has Lg-Lipschitz continuous gradient.
A point z* € §” solves (4.1) if and only if
(V(z),z—2") >0, z€S". 4.3)
See, for example, [15,32].
For ¢ € (0,2/Ly), define the forward-backward operator
T = prox,(I=cVf). (4.4)
Then
Fix(T;) = S".
This fixed-point formulation is standard in composite convex optimization [3, 8,27].
We impose the following assumptions:

(C1) f and h satisfy the assumptions stated above, and ¢, — ¢ with ¢, ¢ € (0,2/L f).
(C2) 9 is u-strongly convex and V¥ is Lg-Lipschitz continuous. Choose

0<s<
p+Ls

and define
gs = 1—-sVJ.
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Algorithm 2 Two-Step Inertial Bilevel Gradient Picard—CR Algorithm (TIBiG-PCRA)

Initialization. Choose x_1, xo, x1 € R". Let {1,},{Cy} € (0,1], {yn} € (0,1), {04} C [0, 0), and let

{Tn}, {&n} C (0, 0) be bounded sequences. Choose

2 2
c, €10, —], ¢, —>cel0,—|,
Ly Ly

and set

=1-5sV9, 0<s< .
8 H+L9

Setn = 1.

Iterative steps. Given x;, x,,-1, X,—2 and c;, calculate ¢y, Y, Yu, kn, Un, On, Zu, tn, Wy and x,,41 as

follows.
min {Tn, M}, Xn F Xn-1,
P = Il — x-1ll
Tns Xn = Xn-1,
max {_él’l/ _M} ;s Xn-1 * Xn-2, (45)
— llxp-1 = xn2ll
Un
—En, Xp-1 = Xn-2,
Yn = Xy + an (xn - xn—l) + E[’n (xn—l - xn—Z)'
kn = (1= 1)Yn + 1285 (Yn) = Yn = 125V (Yn)- (4.6)
Uy = PI‘Ochh(yn - chf(yn)),
0y = prox, ,(kn — cuVf (kn)), 4.7)
Zy = (1 - Cn)un + Cnvn-
Ty = proxcnh(zn - chf(zn)),
Wy = (1 - Vn)zn + Vutn, (48)
Xpi1 = proxcnh(wn - chf(wn)).
Set n « n 41 and repeat the iteration.
Proposition 4.1. Under (C2), the mapping gs = I — sV is a contraction. More precisely,
2suL
(@) = o8 < \[1= = la=bl. - abER" 49)
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Proof. For a u-strongly convex function with Ly-Lipschitz continuous gradient,

_ _ HLs 0 1 _ 2
(V8(a) = V() =) 2 Sl biE + VS (a) - VD)1
Consequently,
l1gs(a) — gs(D)I* = lla = bI* = 25(V3(a) — V3(b),a — b)
+ (VS (a) — VI (b)II?
2suLy 5
< 1 - - b 2
( e LS) Jla bl
because 0 < s < 2/(u + Lg). Taking square roots yields (4.9). o

Theorem 4.1 (Strong convergence of TIBiG-PCRA). Let {x,} be generated by Algorithm 2. Assume
(C1)—(C2), conditions (B1)—(B3) of Theorem 3.1, and the asymptotic compatibility condition

1k = znll = 0.
Then {x,} converges strongly to the unique solution z* of the bilevel problem (4.1)—(4.2). Moreover,
z" = Pg-(I-sV9)(z"). (4.10)
Proof. Define
Ty = prox, (I —caVf) and T = prox,(I-cVf).
By (C1), each T}, is nonexpansive and
Fix(T,) = Fix(T) = S".

By Lemma 2.3, {T,} satisfies the NST-condition (I) with respect to T, and hence Condition (Z).
Proposition 4.1 shows that g; = I — sV is a contraction. Algorithm 2 is precisely Algorithm 1 with

these choices of T, and gs. Therefore, Theorem 3.1 gives
x, >z €S, z" = Pg:gs(2").
The characterization of the metric projection implies
(gs(z") =z",z-2") <0, ze S
Since g;(z*) —z* = —sV9(z*) and s > 0, we obtain
(VO(z"),z-2z") 20, ze S
This is exactly the optimality condition (4.3), so z* is the solution of the bilevel problem. m|

Remark 4.1. The specialization above corrects the forward—backward implementation by using the same
operator

Ty = prox, ,(I - caVf)
at every occurrence of Ty, in the abstract TIPCRA scheme. This avoids mixing the upper-level contraction

with the proximal operator of the lower-level function.
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5. ArprricaTIiON TO IMAGE RESTORATION

The image-restoration problem can be written as the linear inverse model
b=Ax+w, (5.1)

where x € RV is the unknown image, A is a blurring operator, b is the observed degraded image,

and w represents additive noise. A basic least-squares reconstruction solves
min ||Ax — b]l3. (5.2)
xeRN

Because image-recovery problems are frequently ill posed, regularization is commonly introduced
[14,36]. Inertial and extragradient-type techniques have also been applied successfully to image-
recovery models [23,26]. In particular, ¢! regularization is closely related to the LASSO principle
[35]. We consider the regularized model

; 2
min {lAx = bl + yIWxlh |, (5.3)

where y > 0 is a regularization parameter and W is the transform used in the numerical imple-
mentation.

Thus, in the composite formulation,
f(x) =IlAx=0bl2,  h(x) = yIIWxl;.

The methods TIBiG-PCRA, FBMIA (I), FBMIA (II), FISTA, NAGA and IFBS are compared in the
numerical experiment [2,4,22,34].

For TIBiG-PCRA, we choose the upper-level function
1
8(x) = 3l (5.4)

Then V9 (x) = x, so ¥ is 1-strongly convex and V9 is 1-Lipschitz continuous. Hence = Ly =1,
and the admissible interval in assumption (C2) becomes 0 < s < 1. We take

Consequently,

&) = (1-5V9)(x) = 3,

which is a contraction with coefficient 1/2. With this choice, the upper-level problem selects the
minimum-norm solution of the lower-level regularized image-recovery problem.

In the experiment, y = 5x 10~ and the Peppers image has resolution 256 x 256 pixels. The
degraded image is generated using a Gaussian blur with kernel size 9 X 9 and standard deviation
5, together with a motion blur of angle 10°.

The peak signal-to-noise ratio is defined by

2557
PSNR(Xn) = 1010g10 W(x) ’ (56)
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where .
MSE(x,) = NHxn —2'|5. (5.7)

The numerical parameters are summarized in Table 1.

TaBLE 1. Algorithms and parameter settings used in the image-restoration experiment.

Method Parameter setting
. 1 1 0.99n
TIBiG-PCRA 8() = Sl s = 5, o=y = T o=
ic—ia—lomr—” g = L
som” "L T w27 Tl TN a1
1 n
FBMIA (I =—, =05, =Ky = —.
@ T Hn =K = T 1)
" 1’ 1<n<N,
FBMIA (II) 0, = nl+ where N is the stopping iteration.
-, n=N,
2n
1+ /1 +412
1 th—1 n
FISTA =— =2 t _
S u L/ 91’! tn+1, n+1 2
n ti-1
NAGA = 05, , O = T/, t =
,Bn Un L(n+1) n Fort n+1
1+ /1448
—
L Xn # X
n o o X F Xn-1,
IFBS = 9, = {n%llxn —xpll
= Tty o
0, Xy = Xp—1-

The TIBiG-PCRA control sequences satisfy conditions (B1)-(B3). The strong-convergence con-
clusion is obtained under the additional asymptotic condition (B4) in Theorem 3.1.

All experiments were carried out in MATLAB on an Intel Core i7-9700 CPU with 32 GB RAM.
The PSNR values are presented in Table 2.

TaBLE 2. PSNR values of the compared methods at selected iterations.

Iteration

Method
10 20 40 60 100

TIBiG-PCRA 3225 3190 29.92 27.37 2274
FBMIA (I) 30.64 30.85 29.71 2733 22.74
FBMIA (II) 28.46 29.55 2946 2729 2274
FISTA 3225 3190 29.92 2737 2274
NAGA 24.65 2698 28.84 2718 22.73
IFBS 23.12 25.82 2849 2712 2273
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PSNR(dB)
N
T

TIBIG-PCRA

FBMIA (1)
FBMIA (Il)
FISTA
NAGA
IFBS

40

50

Iterations

60 70 80 90 100

Ficure 1. PSNR curves for the Peppers image over 100 iterations.

Original

FBMIA (Il)

Blurred

TIBi

G-PCRA FBMIA (1)

FiGure 2. Image-restoration results at the 100th iteration.

The numerical results show that TIBiG-PCRA attains the highest PSNR at iteration 10 and
matches FISTA at all tabulated checkpoints. The decrease in PSNR after the early iterations

indicates a semi-convergence effect; hence the best reconstruction quality is attained before the

final iteration rather than increasing monotonically with the iteration count.

6. CONCLUSION

We introduced a two-step inertial Picard—CR framework for approximating common fixed points

of a countable family of nonexpansive mappings in a real Hilbert space. The method combines

two inertial corrections with a viscosity approximation and repeated nonexpansive evaluations.

A strong convergence result was established under suitable control conditions and an explicit

asymptotic compatibility assumption on the intermediate iterates. The abstract method was



14 Int. ]. Anal. Appl. (2026), 24:276

then specialized to a convex bilevel optimization problem through forward-backward operators,
yielding the TIBiG-PCRA scheme.

The image-restoration example illustrates the computational use of the proposed framework in
a regularized inverse problem. The PSNR values show competitive early-iteration reconstruction
quality and reveal semi-convergence behavior, which emphasizes the importance of an appropriate
stopping criterion in imaging applications. The framework can be extended to adaptive parameter

rules, stochastic models and nonconvex settings.
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