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GELFAND TRIPLE ISOMORPHISMS FOR WEIGHTED BANACH SPACES
ON LOCALLY COMPACT GROUPS

S.S. PANDEY AND ASHISH KUMAR*

ABSTRACT. As in [1], we use the concept of wavelet transform on a locally compact group
G to construct weighted Banach spaces H. (G), we being a submultiple weight function
on G. The main result of this paper provides an extension of a unitary mapping U from
H(G1) to H(G2) under suitable conditions to an isomorphism between the Gelfand triple
(M, H, HY ) (G1) and (ML, H, HL)(G2); where G1, G2 are any two locally compact group-
s, H a Hilbert space and H}f is the space of all continuous-conjugate linear functional on
HL . This paper paves the way for the study of some other properties of Gelfand triples.

1. INTRODUCTION

I.LM. Gelfand introduced a triple of abstract space consisting of a Frechet space F of test
functions continuously and densely embedded in Hilbert space H while H itself is continuously
and densely embedded in the dual space F’ of F (for details see [3]). Feichtinger and Kozek [2]
have studied a number of properties of Gelfand triple replacing the Frechet space F by a suit-
able Banach space. In particular, they have discussed in detail the extensions of isomorphisms
between L2-spaces on elementary locally compact abelian groups G to Gelfand triples of the
form (Sy, L2, S})(G) where So(G) is the well known Feichtinger algebra, which has a number of
highly useful functional properties ([2], p. 237). Also, they have studied some important prop-
erties of the operator Gelfand triple (B, H, B’), where B is the Banach space of all bounded
linear operators from Sj(G) to So(G) with respect to the operator norm || - ||op.

In the present paper, following Feichtinger and Grochenig ([1], p. 309), we define Wavelet
transform V, f of a function f with respect to g, both as elements of a Hilbert space H, on
a locally compact group G. Using these wavelet transforms, we construct a weighted Banach
spaces H1 (GQ) asin ([1], p. 317), where w is a submultiplicative weight function on G. We prove
that any unitary map U from H(G1) to H(G2) extends as an isomorphism from the Gelfand
triple (HL, H,HL~)(G1) to (HL, H,HL>)(G2) if and only if the restrictions of & and U* are
bounded linear operators from HL (G1) to HL (G2) respectively, where HL™~(G1) is the Banach
space of all continuous-conjugate linear functionals on H (G).

This paper paves the way for the study of some properties associated with these Gelfand
triples.

2. NOTATIONS AND BAsic CONCEPTS.

Let G be a locally compact group and dx the normalized Haar measure on it. We assume
that w : G — R is a submultiplicative weight function on G such that

w(zoy) < w(x) w(y)
for all x, y € G
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We suppose that all weight on G are symmetrical, i.e.,
w(r) =w(—z), V zed.

We denote by L2(G), 1 < p < oo, the Banach space of functions on G with respect to the
norm

1o = ([ 170 wr(e) da:)l/p <. (21)

In case p = 0o, we define the space L (G) as the Banach space of all measurable functions
f on G such that
1 llocs = esssup{[f(@)] w(a) : @ € G} < ox. (2.2)

The conjugate space of L? (G) is the space I/Z:,I(G’)7 where 1/p+1/p’ = 1..

It is well known that L. (G) is a commutative Banach algebra under convolution , which is
usually known as Beurling algebra, and we have the properties:

LE(G) * L, (G) € L4, (G)
and

1 * gl < 1Nl (1911120
for all f € LE(G) and g € L. (G).

3. WAVELET TRANSFORM ON G.

Let (m,H) be an irreducible continuous unitary representation of a locally compact group G
on a Hilbert space H(G). If f, g € H, then the wavelet transform of f with respect to g is given
by ([1], p. 317):

ng T — <7T(l’)g, f>a
where

Vyf(z) = /G () 9(2) F(y) dy

and f(y) is the complex conjugate of f(y).

The representation 7 is called square integrable provided V,f € LY(G), V g € H. It is
known that if 7 is square-integrable, i.e., Vg € L?(G), then 3 a unique, positive, self-adjoint
and densely defined operator A on H satisfying the following orthogonality relation ([1], pp.
309-310):

/G Voo f1(2) Vo o) da = (Aga, Agu)(fs, fo)

for all f1, fo € H and ¢1, g2 € dom A.
Incase fi = fo=g1 =g2 =g €dom A, f; = f and ||g1]||2 = 1, then we have

Vo F*Veg = V4 flg.9)
= V.
Now, on the line of Feichtinger and Grochenig ([1], p.317),we define the set of analyzing vector
ha(G) by
hy(G) ={g:9 €M, Vy g€ L,,(G)}.
Since 7 is irreducible ,hl is a dense linear subspace of H. We suppose that hl (G) is non-trivial
and g is a non-zero fixed element of hl (G). we define H. (G) by

quﬂ(G) = {faf € IHﬂvg VS L%u}v
which is a Banach space under the norm

£l = 11V fILa, I
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As mention by Feichtinger and Grochenig (loc. cit.),H1 (G) is a m-invariant Banach space dense
in H and the set {7(z)g,z € G} is a total subset of HL (G)

We denote by HL (G) the Banach space of all continuous-conjugate linear functionals on
H!(G). Hence H) (G) is a m-invariant Banach space with the continuous dense embeddings

HL s H = ML
Which insure that
(s H M)
forms a Gabor triple (for detail see [3])

4. EXTENSION OF UNITARY GELFAND TRIPLE ISOMORPHISMS

In a recent paper Feichtinger and Kozek ([2], pp.239-240) have shown that a unitary map-
ping U acting from L%(G1) to L?(Gs) extends to an isomorphism between the Gelfand triples
(So, L?, S})(G1) and (So, L?, S§)(G>) if an only if the restrictions of U and U* are bounded
linear operators between Sp(G1)) and Sp(G3), where So(G1) and Sy(G2) denote the Feichtinger
algebras on elementary locally compact abelian groups G and G5 respectively and S{(G1)) and
S0(G)1) their topological duals. Also, they have pointed out some applications of the above
isomorphism ([2], p.239).

In this section, on the lines of Feichtinger and Kozek, we study an extension of a unitary map-
ping U acting from H to H to an isomorphism between the Gelfand triples (H., H, HL~)(G1)
and (HL,H,HL~)(G2), where G, G5 are any two locally compact groups.

Precisely, we prove the following :

Theorem 4.1. If I/ is an unitary operator from H(G1) to H(G2), then it extends isomorphism
from the Gelfand triples where G, G5 are any two locally compact groups (HL, H, HL~)(G1)
and (HL,H,HL)(G2) if and only if there exists a positive constant ¢ such that

UFIHo (Gl < e 1 fIHW(GDIs ¥ f € Hy(Gr) (4.1)
and
U fIH (GO < e lfHy(G2)ll, ¥V f € Hy(Go) (4.2)

where U* is the adjoint operator of U.

Proof: The proof follows on the lines of Feichtinger and Kozek ([2], p. 240). But, since
our settings are different, it is necessary to give the proof.

Let us assume that (4.1) holds true. Then by virtue of the relation
(Ug. [) =g, U f), Vg €N, (G1)and feH,(Ga),

we see that g — U g is a bounded linear mapping, which extends the unitary map U on H(G1).
Next, since H(G1) is boundedly dense in H1~(G1), U is a continuous and bounded linear map-
ping from HL~(G1) to HL(Gs). Also, U is unique and it coincides with ¢ on H(G;). In the
same way it is clear that U* is a unique, continuous and bounded linear mapping from H1~(G2)
to H1~(G1), which coincides with U* on H(Gz2).

Thus we infer that I defines an isomorphism between H1™(G1) and HL~(G2) with respect
to their norm topologies.

Conversely, we suppose that U is a unitary operator, which extends as an isomorphism from
(HL, H, HL)(Gy) and (HL, H,HL)(G2). Hence the restrictions of U and U* are bounded
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linear mapping on the spaces HL (G1) and H., (G2) respectively.
This completes the proof of the theorem.

As a corollary of the above theorem, we show that the Gelfand triples isomorphisms holds
true provided there exists a bijection mapping V between H(G1) and H(G2) such that

(fi )y = Vi, Vi2)ue,
for all f1, fo € H(G1).

As in [2], p.240), we prove the following :

Corollary: If V : HL (G1) — HL (G3) is an isomorphism, then it extends to a unitary Gelfand
triples isomorphism between (ML, H, HL~)(G1) and (HL, H,HL)(Gs) if and only if

(fi, luy = Vi, Vi)ue,) (4.3)
for all fl, fg S quu(Gl)

Proof: The isomorphism V as defined above is a unitary operator isomorphism from (H}, H, H1~)(G1)
to (HL,H,HL)(G2) provided the condition (4.3) holds true.

Conversely, we suppose that the condition (4.3) holds. Then we have
1 icy = (F Haen
Vf Ve
= Ve, ¥ F€Hu(G).
= ey = IWVilney sl
=V is extends to an isomorphism mapping, from H(G1) to H(Gs).

Next, since V(H. (G1)) = HL(G1) is dense in H(G2) U has a dense range in H(G2).
= U is an isomorphism from H(G1) to H(G2).

Hence, by the duality condition, I is an isomorphism between the Gelfand triples (H}, H, H1~)(G1)
and (HL,H,HI)(G2)
This complete the proof the theorem
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