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Abstract. Herein, we investigate a comprehensive harmonic family Hn(k:;, ko, k1, ko; s3,52,51,50) defined by a coefficient
inequality involving cubic polynomial weights. We establish several inclusion relationships between this family and
various well-known subfamilies of harmonic mappings through the Pascal distribution series operator. By suitable
specializations of the parameters k3, k2, k1, ko, 53, 52,51, 50, several previously studied harmonic subfamilies and related
inclusion results are recovered as special cases. The results provide a unified framework for studying inclusion
relationships associated with the Pascal distribution series operator and may serve as a basis for further investigations

of harmonic function families generated by other probability distribution series and related convolution operators.

1. INTRODUCTION AND PRELIMINARIES

A continuous complex function i = u + iv is said to be harmonic in a simply connected complex
domain A if # and v are real harmonic in A. Let b and c be analytic in A, then we can write h = b+ ¢
in any simply connected domain (b the analytic part of & and c the co-analytic part of /). The fact
that |b’(g)| > |c’(g)| in A is a sufficient and necessary condition for & to be locally univalent and
sense preserving.

The family of harmonic functions H of the form h = b + ¢ is analytic in @={c € C : [¢| < 1},

where

be) =c+ Y ac’, ) =Y dic", Idi]<1. (1.1)
u=2 u=1

Also, let UH be the class of harmonic univalent, sense-preserving functions h = b + cin ©.
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If the co-analytic component of a member of the family UH is zero, then the family reduces to
the family U of normalized analytic univalent functions.

The family UH and its geometric subfamilies were studied in 1984 by Clunie and Sheil-Small [1],
and came up with some bounds on the coefficients. Since then, the family UH and its subfamilies
have been the subject of several works, see [2—4].

Define the subfamily UH® of UH by (see [1]):

UH :={h=b+ceUH:c (0) =d; =0}.

If the range h(®) is starlike with regard to the origin, then a sense-preserving harmonic mapping
h € UH? belongs to the family U*. A harmonic starlike mapping in © is defined as a function & €
UH*. Moreover, if h(®) is a convex domain and h € UHY, then a function h defined in © is a
member of the family CH. A function h € CH is referred to as harmonic convex in @ (see [5]).

Analytically, we have

h e UH" iff arg(%h (reie)) >0,

and

e O d 0
h € CH iff 30 {arg(% argh(reZ ))} >0,

c=r?e€e® 0<60<2m, 0<r<1.

Also, assume the family TH of functions in UH that written as 1 = b+ ¢, where

b(c)=c-) lalc" and c(c) =) Idlc", Idil<1. (12)
u=2 u=1

ForO0<e<1,let

g/
and ”
RH (¢) := {heH:Re(#)Ze,g:reﬂe@},
where
/_i _ ..,i0 //_i ’ ’ _i i0 //_i ’
<=5 (c=re),c =5 (&)W () = agh(re ), and 1" = 50 W (©)-
Define

TNH (¢) :=NH(¢)NTH and TRH(¢):=RH (¢)NTH.
The families TH, NH (¢),TNH (¢), RH (¢) and TRH (¢) were introduced and studied in [6]
and [7].
The importance of special functions in geometric function theory is widely acknowledged [8],

especially in the de Branges solution of the famous Bieberbach conjecture [9,10]. The geometric
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characteristics of analytic functions that connect to hypergeometric functions (see [11-15]), Struve
functions (see [16,17]), Bessel functions (see [18,19]), Error Function (see [20,21]), Hermite and
Horadam Polynomials (see [22,23]), Poisson distribution series (see [24-26]), Pascal distribution
series (see [27,28]), and Mittag-Leffler function [29,30]) have recently been the focus of studies.

If the variable Y takes the values 0,1,2,3,---, then it is said to be a Pascal distribution with

probabilities
(1- gp, PO of #pB+1(1-0f FBB+1(B+2)(1-0)f

w7 2! ’ 3!
are called the parameters, and thus

-, respectively, where ¢ and f8

r+p-1
p-1

Recently, El-Deeb et al. [31] introduced a power series whose coefficients are probabilities of the

PA(Y:T'):( )Qr(l_p)ﬁ/ 1":0,1,2,3,“‘

Pascal distribution, that is

+Z(u+,3 ) 1(1—Q)ﬁgu,C€@,

u=2
where f > 1, 0 < p < 1, and observe that, by the ratio test, the radius of convergence of the
aforementioned series is infinite.
For f,7>1and 0 < g, ¢ < 1; the following operator is introduced [32]

Pb(c) = Ph(c) +b(c) + Pr(c) +e(c) = A(c) + B(c), (1.3)

where .
Al =c+)] (“ ;;f | 2)@”—1(1 — o)Pauc”, (1.4)

and
B(c) = dic+ Z(“ —gfl_z)(p”_l(l — p)d, ", (15)

Definition 1.1. Let h = b + ¢ where b and c are given by (1.2), then h € 11, (ks, k2, k1, ko; s3,52,51,50) if

i (k3u3 + kou® + kyu + ko) la,| + i (S3u3 + sou? 4 s1u + so) |du| <1,
= u=1

where k3, ka, k1, ko, s3,52,51,50 € R and > 0.

Remark 1.1. When h € I1,(ks, k2, k1, ko; s3,52,51,50), then

Ul
~ kaud 4+ kou? +ku —|—k0 "

|au| > 2/

and

Il < d us1

ssud +sou2 +squ+sy.

Remark 1.2. Through specialization for the coefficients k3, k1, k2, ko, 3, 52,51, 50 and n in Definition 1.1,
we get the following:
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(1) A function h € H(a, u) =111, (,0,1-a,0;,0,1—a,0) (which is due to Sokdl et al. [33]) if
Z (1+a@? 1) lad + Y u(1+a@?-1) i < 1-p, (20,0 u<1).

(2) A functionh € HUC(a, u) =111, (0,a +1,—(a+ ), 0;0,a +1,a + p,0) (which is due to Kim
et al. [34]) if

[se]

Zu(u(a+1) (a+p) Iau|+Z ule+1)+(a+p)ldl <1-p, (@>0,0<u<1).

u=2
(3) Afunctionh € SH(J,L) = HZU_L)(O,L—f— 1,-]-1,0;0,L+1,]+1,0) (which is due to Dziok [35])
if
Y ufu(L+1)-7-1] |au|+2 (L+1)+]+1] M <2(J-L), (<L<J<L<1).
u=1
(4) A function h € GH(6, 1) = 11;_,(0,0,2,-06(u +1);0,0,2,6(u + 1)) (which is due to Porwal et
al. [36]) if

ZZu S(u+1) |au|+Z Qu+o(p+1))dl<l-p (0<6<1,0<u<1).

= u=1
(5) A function h € S;I(é,y) = I1;-4(0,0,1 - 0p, —u(1-10);0,0,1 = 6u, u(1—0)) (which is due to
Oztiirk et al. [37]) if

Z (1-06p) - u(1-19)) Iau|+Z (1=6p) +p(1-08))|dul <1-p,(0<5<1,0< u<1).

(6) A function h € Gy (6, 1) = Hl_y(O, 0,2,-a-1;0,0,2,a + 1) (which is due to Rosy et al. [38]) if

Z(2u—a—1)Iaul—i—Z(Zu—i—a—i—l)ldulSl—y, (0<6<1,0<pu<).

u=2 u=1
(7) Afunctionh € Gy(a,y,u) =T11-,(0,0,7 +1,—a(y +u);0,0,y +1,a(y + u)) (which is due to
Ahuja et al. [39]) if

(o]

Y wly+1)-aly +u) |au|+7_; u(y+1)+aly+u)dl <1-p,
u=2

(0<y<o,0<a<1,0<pu<l).

2. PRELIMINARY LEMMAS

In order to establish our main results, we require the following Lemmas.

Lemma 2.1. [5] Let h = b 4 ¢ where b and c are given by (1.2) and suppose that 0 < ¢ < 1. Then
h € TNH (¢) if and only if

[ee]

Z ulay,| + i uldy| <1—e.

u=2 u=1
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Moreover, if h € TNH (¢), then
1-—-
and .
e < ;g,u > 1. 2.2)
Lemma 2.2. [6] Let h = b+ ¢ where b and c are given by (1.2), and suppose that 0 < ¢ < 1. Then
he TRH (¢) if
Z wllay,| + Z wld, <1-e.
u=2 u=1
Moreover, if h € TRH (¢), then
1 -
ol <~ u>2 (2.3)
u
and .
dal < —5—, u>1. (2.4)
u
Lemma 2.3. [1]Ifh = b+c € NH (¢) where b and c are given by (1.1) with d; = 0, then
2 1 1 2u-1)(u—-1
g < PV < 2o D=1 (2.5)
6 6
Lemma 2.4. [1]Ifh =b+c € RH (&) where b and c are given by (1.1) with d; = 0, then
1 -1
aul < 25 and d) < 2.6)

In order to prove our main results, we will use the following notations, for f > 1and 0 < p < 1:

] L R o FRSRORL

u=0 u=0
o (u+B) . 1 o (u+p+1), 1
Zg( B )Q C (1-ppptt Za( p+1 )Q C (1-g)ft?

By simple calculations we derive the following relations:

C(u+tp-2\ . e futp-1y, 1 ~
N A T M e R e

u=2 u=0
. u—l_ﬁ_z u—-1 __ . M—|—‘B u __ Qﬁ
;(”_1)( p-1 )Q 1_9’3;0( p )Q (-t
NI (i P
p+1
_ S (urpr1) @D, ()
= QZﬁ(ﬁ+1)1§( B41 )@ —W—ZQZW,

and in general, we have

o0 ) e (i u+p-2\ ,_
Y - n-2) Ienrs
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: - 1
0B B+i Za 641
_ BBEY - (BritY) ()
(1-p)Pt S 1=t

Inspired by several earlier results and connections regarding the relationships among different
subfamilies of harmonic univalent functions, utilizing Pascal distribution series (see, [40—42]),
we obtain some properties between some families of analytic functions with inclusive family

1T, (ks, k2, k1, ko; s3,52,51,50)-

3. INCLUSION RELATIONS OF THE FAMILY I (k3, k2, k1, ko; s3,52,51,50)

Let
NHC (¢) :== {h e NH (&) : dy = 0},
and
RH? (¢) := {h e RH (&) : d; = 0}.
In this section, we prove some inclusion relations of the harmonic inclusive family

I, (k3, k2, k1, ko; 53,52, 51,50) with the families NH? (¢),RH® (¢), TNH (&), TRH (¢).

Theorem 3.1. Let 3,6 > 0,0 < o, ¢ <1, k3, k2, k1,ko,53,52,51,50 € Rand n > 0. If

p+4 (ﬁ+3
240k; 0~ 1 (792ks + 48k ) ot ———
(1-0) (1-0)
p+2 (,B+l
+ (966k3 + 138K, + 12k1) ¢ ——— + (522ks + 138k, + 30k, + 4ko) > ———
(1-0) (1-9)
o( ")
+ (114ks3 + 54ko + 24ky + ko) -0 +6 (ks +ky + k1 +ko) (1= (1-0P))
(6+4) (6+3) (6+2)
+ 24053(p5ﬁ + (648s3 4 485, )p* 0 o-1 x + (60653 4 1025 + 12571)¢p° i o-1 5
-9 - -9
) 0(s21)
+ (22253 + 6657 + 1851 + 4s0) @* 0 o1 g + (2453 + 1252 + 651 + 350) f‘(lp <én (3.1
—

then

Pﬁ:;(NHO (€)) € Iy (ks, ka, k1, ko; 53,52, 51, 50).

Proof. Leth = b+¢ € NH° (¢) where b and c are of the form (1.2) with d; = 0. We need to show
that Pg’;) (h) = A+ B € I1,(ks, k2, k1, ko; 3,52, 51,50), where A and B defined by (1.4) and (1.5) with

d; = 0 are analytic functions in ®. From Definition 1.1, we need to prove that

S(B,6,0,9) <1,
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where

ﬁ 0, 0, Z k31/l3 + k2u2 +ku+ ko)

(U + ﬁ - 2)@1{—1(1 _ Q)ﬁau

u=2 ﬁ_l
—I—HZ; s3u® + sou® +slu+so) (u j;fl_z)@”_l(l—(p)édu . (3.2)
Using Lemma 2.3, we get
5(B,6,0,9)
< % LZ_Z(Zu +1)(u+1) (k3u3 + kou? + kyu + ko) (u ;fg 1_ 2)@”‘1(1 -0)f
+ ;(Zu -1)(u-1) (S3u3 + sou® + s1u + so) (u —gis 1_ 2)(p“_1(1 —p)?
é |:Z‘ 2k31zl + (3k3 + 2k2)u + (k3 + 3ky + Zkl)
+ (ko + 3ky + 2ko)u® + (ky + 3ko)u +ko] (“ Jﬁrf . 2)@“—1(1 -~ Q)ﬁ]
A Z [253145 + (255 — 3s3)u* 4 (53 — 357 + 257 ) u°
u=2
+ (s — 351 + 2s0)u® + (51— 3s0) 1t + so] (” j;f 1_ 2)<p”—1(1 —~ go)5] . (3.3)
Writing
u=wu-1)+1, (3.4)
w? = (u-1)(u-2)+3u-1)+1, (3.5)
wW=wu-1)wu-2)(u-3)+6(u-1)(u-2)+7u-1)+1, (3.6)
ut=(u-1)(u-2)(u-3)(u—-4)+10(u-1)(u—-2)(u-3) +25u—-1)(u-2) +15(u-1) +1, (3.7)

w=(u-1)(u-2)(u-3)(u—4)(u—->5) +15(u-1)(u—-2)(u—-3)(u—4)
+65(u—-1)(u—-2)(u-3)+90(u—-1)(u—-2)+31(u—-1)+1,

in (3.3), we have

5(6,6,0,0) < iﬂ@u 1) (= 2) (1 ~3) (- 4) - 5)

+ (33ks + 2k2) (u — 1) (u —2)(u —3)(u—4)
+ (161ks + 23ky + 2k1) (u—1) (u—2) (u—3)
+ (261ks + 69k, + 15k + 2ko) (u—1) (u—2)
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)@”‘1(1 ~o)f

-2
+ (114ks + 54ky + 24k1 + ko) (u—1) + 6 (ks + ko + k1 + ko) ] (u _gf 1

Z 2s3(u—1)(u—-2)(u—-3)(u—4)(u->5)

u=2

+ (2753 +257)(u—1)(u—2)(u—-3)(u—4)

+ (101s3 4+ 17sp +2s1) (u—1) (u—2) (u—3)

+ (111s3 + 33s2 + 951 + 2s0) (u—1) (u—2)

0-2
+ (24s3 + 1255 4 651 + 3s0) (1 —1)] (u j;_ 1 )(p”_l(l - (p)‘s]
. p+4 p+3
p-1 p-1
= 240k 0° + (792k3 + 48ky) o* -
(1-0) (1-0)
B+2 ([3+1
+ (966ks + 138k, + 12k; ) ¢° < + (522K3 + 138k + 30k, + 4ky) o ———
(1-0) (1-0)
o)

+ (114ks + 54k, + 24k1 + 9%0) 7 t 6 (ks +ka + ki + ko) (1= (1-¢))

(§+4) (6+3) (6+2)
+ 240530° —21— + (64853 + 4857) p* —1— + (60655 + 10257 + 1257 ) —1—

(1-9) (1-9) (1-9)
@tll) (P((Sél)
4 (22253 + 6657 + 1857 + 4s0) > Y + (24s3 + 1255 + 6571 + 350) ﬁ .
— q) -
But the last expression is bounded above by 7 if (3.1) holds. m]

Theorem 3.2. Let 3,6 > 0,0 < o, ¢ <1, k3, kz,k1,ko,53,52,51,50 € Rand n > 0. If

B+3 p+2 (5+1
p-1 B-1
24ks0* TR +6(11k3 + k) 0° R + 2 (31ks + 7ka + k1) 0° Y +
(2 )
(22ks + 10k, + 4k1 + ko) Q_@ +2(ks + ko + ki + ko) (1= (1= ¢F))
(57) (5:1)
+ 2453 —= 6(9s3 + 82)p° —= (3.8)
(1-¢)* (1-9)°
o+1 1)
+2 (1953 + 582 + 51) ¢* %4)¢+@%+4@+2ﬁ+aﬁ¢¥4)
(1-¢) -¢
<27,

then

Pf);(RHO( €)) C I, (ks, k2, k1, ko; 53,52, 51,50)-
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Proof. Leth = b+ ¢ € RH (¢) where b and ¢ are of the form (1.2) with d; = 0. We need to show
that Pg’;(h) = A+ B € I1,(ks, k2, k1, ko; 83,52, 51,50), where A and B defined by (1.4) and (1.5) with

di = 0 are analytic functions in ®. From Definition 1.1, we need to prove that

S(B.6,0,0) <1,

where S(B,0, 0, ¢) as given in(3.2). by Lemma 2.4, we get

1| -2
S(B,6,0,¢) E[Z (u+1) (ks + koui? +k1u+ko)(u;fl )011—1(1_Q)ﬁ
. 3 2 U+0-2) 5
+MZ:;(u—1)(53u + sou +slu+so)( 51 )(p (1-9)

. 1 = k3u4—|— (k3—|—k2)u3—|— (k2+k1)M2 u+ﬁ—2) u-1(1 _ \p
_ZLZ_Z[ + (k1 +ko)u + ko ]( p-1 ¢1-o)
+ uZ:; [53u4 + (s2 —s3)u® + (s1 — s2)u? + (S0 — $1)u — so] (u —g—iS 1_ 2)go”‘l(l —)°
Using the equations (3.4)-(3.7) in (3.9), we have
1 o0
S(6,6,00)< 5 [Z s (u=1) (1=2) (u=3) (u=4)
u=2
+ (Mks+ k) (u—=1) (u—=2) (u—=3)+ Blks +7kp + ky) (u—1) (u—2)
+ (22k3 + 10ky + 4ky + ko) (u—1) + 2(ks + ko + k1 + ko)] (u ;f} 1_ 2)@“_1(1 - Q)ﬁ

+ ) [s3 (w=1) (u=2) (u=3) (u=4) + (953 + ) (—1) (u-2) (u=3)
+ (1953 +5sp +51) (u—1) (u—2)

+ (8s3 +4sp +2s1 +50) (u—1)] (u +0- 2)@”_1(1 - go)‘)]

6-1
B+3 B+2 ﬁ+1)
= % 24ks0* 7 +6(11k3 + k) 0’ 5 +2 81k + 7k + ki) 07 it >
(1-9) (1-9) (I-9)
(g )
(22k3+10k2 + 4kq +k0) Q—Q +2(k3—|—k2+k1 —|—k0)( (1—\_0ﬁ))
(%+3) ((2—%2)
+ 24530 =21 1 6(9s3 + 57) > —21
(1-¢)* (1-¢)°
(551) (521)
42 (19s3 + 55 + 51) @* a o-1 )2 + (8s3 +4sp + 281 +50) (plé—l
-¢

But the last expression is bounded above by 7 if (3.8) holds.

. (3.9)



10 Int. ]. Anal. Appl. (2026), 24:333

Next we determine connection between TNH (¢) and IT,,(k3, k2, k1, 0; 53, 52, 51, 0).

Theorem 3.3. Letf,0>0,0<0,¢ <1,0<¢e<1,ks, ko, ki,3,52,51 € Randn > 0. If

(o (,£))
(1-¢) 2k302(1/3_0)2 + (3k3 +k2)QlﬁTQ + (ks + k2 + K1) (1= (1= ¢%))
(6+1 ( 0 )

25502 —2L— 4 (353 + 52) =" + (5352 +51) (1= (1-¢?))

(1-9) 1-¢
<n—(s3+s2+s1)ldil

then
Pﬁ';(TNH (E)) C Hn(kg,,kz,k1,0;53,82,51,0).

Proof. Leth = b+ ¢ € TNH (&) where b and ¢ are given by (1.2). From Definition 1.1, it is enough
to show that Q(B, 6, o, ) < 1, where

(o]

QB,6,0,9) = Y (kst'® + kati® + kyu)

u=2

(“ ;—f 1_ Z)Qu_l (1- Q)ﬁau

. (3.10)

+ (s34 52 +51) ldi| + Z (S3M3 + sou® + Slu)

(u+6—2
u=2

u—1 1 _ o y
5_1)¢ (1-¢)d
Using the inequalities (2.1) and (2.2), it follows that

QB 0, 0,¢)

Z (k3u2 + kou + kl) (u —[’;f 1_ z)Qu_l(l —0)f
u=2

+ i (53142 + sou + 51) (u :;f 1_ 2)@“‘1(1 —p)°

<(1-¢)

+ (53 + s + 51) |d1]

—1—2[53 (u—1) (u—2)+ (3s3+s2) (u—1) +s3 + 52+ s1]
u=2

+ (s3 + 52+ s1) |d]

p+1 B
:(1—54%@f ﬁq’2+(%3+kﬁ@54)+(@+wa+h)a—(1—¢»
(1-0) 1-o
s30° ——— + (8s3 +52)p—— + (s3 +s2+51) (1= (1-¢°)) [+ (s3 + 52+ 51) ||
(1-9) l-¢

<.
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11
Which is completes the proof of Theorem 3.3. m]
Next we find the relationship between the families TRH (&) and IT,(k3, k2, k1, 0; s3,52,51,0).
Theorem 3.4. Let ,6 >0,0< 0,9 <1,0<¢e <1, k3, kp,ki1,53,52,51 € Rand nn > 0. If
B
(521)
(1-¢) k3Q—Q + (ks + k) (1= (1-¢F))
L (1-g)-(1-0ff - 0(B-1)(1 - o))
o(B-1)
(5?1) o
+S3§01_(p +(s3+s2)(1-(1-¢"))
51 5 5
+ 1-@)—(1-¢)° —p(5-1)(1- ]
D) (1-p)-(1-9)°-p(6-1)(1-¢))
<n—(s3+s2+s1)ld1l, (3.11)

then
Pf)';)(TRH (8)) C Hn(k3,k2, ki,0;s3,52, 5110)'

Proof. From Definition 1.1, we need only to prove that Q(B, 6, o, ¢) < 1, where Q(B, 6, o, ¢) as given
in (3.10). Using the inequalities (2.3) and (2.4), it follows that

582 o

[se]

Q,6,0,9) = Y (ks> + kau® + kyu)

u=2

- 3 2 ut+0-2) 4 5
+(53+Sz+51)|d1|+u2_2(53u + 521 +S1u)( 5—1 )(Pl (1-9)°dy

<(1-¢) [i (k3u + kzlﬂ) (” ;f ) 2)9“‘1(1 - o)

u=2

- +6-2\ ,_ —
Z(se,u+52u)(u6 . )(p”l(l—go)6 + (s3 + 82 + 51)ld4|

[e¢]

S(l—e)[Z(kg(u 1) + ks + ko +k1)(”;f;2 0" (1-0)f
u=2

si\fu+6-2\ ,_
+Z(53(“—1)+53+52+;1)( 51 )(Pu "(1-9)°

+ (s3 + 52+ s1)ld1l
u=2

(ﬁ)
=(1-¢) =, T tk)(1- - (1-¢")
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b (-0 - (19 = 00 )1 )|+ s 4 s
<.
Then inequality (3.11) completes the proof. |

Theorem 3.5. Let 3,6 > 0,0 < o, ¢ <1, k3, k2, kiko, s3,52,51,50 € Rand nn > 0. If

(53 +8S2+81 + So) |d1]

(1-0/)-(1-¢°) =1+ ; (3.12)
then
Pﬁ:;(ﬂ,,(kg,kz,kl,o; 83,52,51,50)) C IL;(ks, k2, k1,0;53,52,51,50).
Proof. Where Q(B, 0, 0, ¢) as given in (3.10) and using Remark 1.1, we obtain
Q(B,5,0,¢) S’?LZ_;( ;ﬁl 2) H1-o ﬁ+2(u+6 2) H1-9)°
+ (83 + 52 + 51+ s0) |1
=n[(1- (=) + (1= (1= 9")] + (s3+ 52+ 51+ 50) I
=n[@2- (=)= (1=¢")|+ (s3 +52+51+30)le| <.
Then inequality (3.12) completes the proof. m]

Remark 3.1. Particularization of the parameters k3, kz,k1,ko,s3,52,51,50 and 1 in our theorems obtain
many connections between various families of harmonic univalent functions, some of which have been
examined by numerous authors. For example:
(1) Tnke ks = s3 = a, ko = s =0, kg =51 =1-a,ky =50 =0,n = 1-pu, we obtain the
connections between various families of harmonic functions and the family H(a, u), obtained by
Frasin et al. [43];
(2) Takeks =0 ,ky =a+ 1,k = —(a+pu) ko =053 =0, =a+1,s9 =a+p,so = 0and
n = 1— u, we obtain the connections between various families of harmonic functions and the family
HUC(a, ), obtained by Yasar [40];
(3) Takeks = 0 ,kp = L+1,ky = —-]—-1,ko =0;53 =0,sp, =L+1,5s = ]J+1,s9 = 0and
n = 2(J — L), we obtain the connections between various families of harmonic functions and the
family SH(], L), obtained by Tokgoza et al. [41];
(4) Take k3 = 0,kp = 0, k1 = 2, ko = =0(u+1);s3 = 0,50 = 0,51 = 2,50 = 6(u+1) and
n = 1— u, we obtain the connections between various families of harmonic functions and the family
GH (6, 1), obtained by Yalgin et al. [42].

Remark 3.2. Particularization of the parameters k3, k, k1, ko, 3, 52,51, S0 and 1 in our theorems obtain many
connections between various families of harmonic univalent functions, which has not yet been studied. For

example:
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(1) Take ks = 0 ,kp = 0,ky = 1-06u ko = —p(1-0);83 = 0,50 =0,51 = 1-06u ,s0 = p(1-9)
and 1 = 1 — u, we get the connections between various families of harmonic functions and the
family St.(0, u).

(2) Takekz =0,k =0,k =2 ,kp =-a—-1;53=0,50=0,51 =2,sp =a+1landn=1-p, we
get the connections between various families of harmonic functions and the family G (9, ).

() Takeks = 0,kp =0,ky =y +1,ko=—a(y+u);s3=0,50=0,51 =y+1,s50 = a(y +p)
and 1 = 1— u, we get the connections between various families of harmonic functions and the

family Gu(a, y, ).

4. CONCLUSIONS

The aim of this study is to establish several inclusion relations between the harmonic compre-

hensive family
I, (ks, k2, k1, ko; s3, 52,51, %0)

and the classes NH’(¢)), (RH%(¢), TNH(¢), and TRH(¢) of harmonic functions associated with the

T

¢
framework that encompasses several previously established results as special cases. In particular,

operator Pf) " defined by the Pascal distribution series. The obtained results provide a generalized

appropriate choices of the parameters in the comprehensive family yield connections with various
known subclasses associated with the Pascal distribution series. Furthermore, the results provide
a useful framework for investigating new properties of harmonic function classes and related
operators generated by probability distribution series. Thus, the present study not only unifies a
number of existing results but also provides a basis for further investigations of harmonic function

classes associated with the Pascal distribution.

Conlflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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