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Abstract. Let G be a finite group. The generalized coprime graph of G, Γgc(G), is a graph whose vertices are all the

proper non-trivial subgroups of G and two distinct vertices H and K are adjacent if |H| ∤ |K| and |K| ∤ |H|. The paper

investigates the connectedness, diameter and girth of Γgc(G). Also, we explore the interplay between the algebraic

properties ofG and the graph theoretic properties of Γgc(G). Furthermore, the energy of Γgc (D2n), where n ∈
{︂
2p, pk, pq

}︂
,

and Γgc (Zn), where n ∈
{︂
pqr, pkq, p2q2

}︂
, is computed.

1. Introduction and Preliminaries

Graph theory provides useful tools for studying the algebraic properties of different algebraic

structures. To study the interplay between the algebraic properties of graphs and group theoretic

properties, several types of graphs associated to groups are defined, such as the order prime

graph [13], the coprime graph [9], a note on coprime graph [6], non-coprime graph [10], and

non-commuting graph [1].

For a graph Γ, we denote the vertex set by V(Γ) and the edge set by E(Γ). A graph whose edge

set is empty is called a null graph. A subset E of V(Γ), is called independent if no two vertices in E
are adjacent. A graph Γ is called r-partite, denoted by Kn1,n2,...,nr , if its vertex set can be partitioned

into r independent disjoint sets such that each vertex in one set is adjacent to all vertices in all

other independent sets. When r = 2, Γ is called bipartite. A star graph is the complete bipartite

graph K1,n. The graph Kn denotes the complete graph with n vertices. A path graph Pn with n
vertices, where all vertices are connected by a single line, and a cycle graph Cn with n vertices

consists of a single cycle that includes all of its vertices. A graph Γ is connected if for every pair

of vertices (u, v) in V(Γ), there exist a path from u to v. For a connected graph Γ, the diameter is

the length of the shortest path between any two vertices. A graph is defined as a tree if it is both
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connected and acyclic. The length of the shortest cycle in Γ is called a girth, denoted by g(Γ). The

fundamental concepts, notations, and definitions of graph theory which are used throughout this

work are taken from [3] and [11].

The adjacency matrix A(Γ) for a simple graph Γ is a symmetric square matrix where the (i, j)-
entry is 1 when there is an edge between vi and v j, and is 0 otherwise. The characteristic polynomial

P(Γ,λ) of a graph Γ is defined as P(Γ,λ) = det(λI −A(Γ)), where A(Γ) is the graph’s adjacency

matrix and I is the identity matrix. The eigenvalues of Γ are precisely the roots of P(Γ,λ), and its

spectrum is the nonincreasing list λ1 ≥ λ2 ≥ · · · ≥ λn of these eigenvalues [2]. The graph energy is

defined as E(Γ) =
∑︁n

i=1 |λi| [8]. For a positive integer n, τ(n) counts its positive divisors, σ(n) sum

of its positive divisors, and π(n) is the set of distinct primes dividing n [4].

In [5], Rajkumar and Devi introduced a new type of graph associated to a finite group G. This

graph called a coprime graph of subgroups, where the vertex set is the set of all proper nontrivial

subgroups of G and edges exists between two disjoint vertices H and K if and only if the orders

of H and K are coprime. In this paper, we introduce the notion of generalized coprime graph of

subgroups of a group G, denoted by Γgc(G), as a generalization of coprime graph of subgroups,

where the vertex set is the set of all proper nontrivial subgroups of G and two distinct vertices

H and K are adjacent if |H| ∤ |K| and |K| ∤ |H|. The paper is organized as follows. In Section

2, the concept of the generalized coprime graph of subgroups of a finite group is introduced

and explores some of its properties. Section 3 presents general formulas for the characteristic

polynomial and eigenvalue of Γgc (D2n). The study also explores the energy of the generalized

coprime graph for dihedral groups. Section 4 focuses on finding the energy of Γgc (Zn), where

n ∈
{︂
pqr, p2q2, pkq

}︂
for distinct primes p, q, and r.

The following Lemma, taken from [14], is instrumental in computing the determinants of block

matrices that appear in Section 3 and 4.

Lemma 1.1. Let M =

⎡⎢⎢⎢⎢⎣ A B
C D

⎤⎥⎥⎥⎥⎦, where A, B, C, and D are all of the same size. If D is invertible,

then

det(M) = det(D) · det(A− BD−1C).

The following Lemma provides the necessary and sufficient conditions for a group of order pq
to be cyclic, which is essential for characterizing the subgroup structure used in proof of Theorem

2.3.

Lemma 1.2. [7] For distinct primes p and q with p < q, a group of order pq is cyclic if and only if

q . 1(modp).

The classification of all proper nontrivial subgroups of the group D2n is given by the following

Lemma from [12].
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Lemma 1.3. The subgroups of the group D2n which are non-trivial are listed as:

(i) Cyclic subgroups Hk
0 := ⟨a

n
k ⟩, where

⃓⃓⃓
Hk

0

⃓⃓⃓
= k and k is a divisor of n and k > 1;

(ii) Cyclic subgroups H1
i := ⟨aib⟩, where

⃓⃓⃓
H1

i

⃓⃓⃓
= 2, for i = 1, · · · , n;

(iii) Dihedral subgroups Hk
i := ⟨a

n
k , aib⟩, where

⃓⃓⃓
Hk

i

⃓⃓⃓
= 2k and k is a divisor of n, k , 1, n, and

1 ≤ i ≤ n
k .

Dihedral group D2n has exactly τ(n) + σ(n) − 2 subgroups in total, because the number of

subgroups of D2n are τ(n) − 1 in (i), n in (ii), and σ(n) − n− 1 in (iii).

2. Generalized Coprime Graph of Subgroups of Finite Groups

In this section, the notion of generalized coprime graph of subgroups of a group is introduced

as a generalization of coprime graph of subgroups of a group.

Definition 2.1. The generalized coprime graph of subgroups of a group G, denoted as Γgc(G), is a

simple graph whose vertex set consists of all proper subgroups of Gwhich are nontrivial and two

distinct vertices H and K are adjacent if |H| ∤ |K| and |K| ∤ |H|.

Example 2.1. Consider the cyclic group of order 12, Z12. The proper nontrivial subgroups of Z12

are H1, H2, H3, and H4 of orders 2, 3, 4, and 6, respectively. According to the adjacency condition

|H| ∤ |K| and |K| ∤ |H|, we observe the following:

• H1 is adjacent to H2, since 2 ∤ 3.

• H2 is adjacent to H3, since 3 ∤ 4.

• H3 is adjacent to H4, since 4 ∤ 6.

However, H1 is not adjacent to H3, because |H1| | |H3|. Similarly, H1 is not adjacent to H4, because

|H1| | |H4|, and H2 is not adjacent to H4, because |H2| | |H4|. Consequently, the resulting graph,

Γgc(Z12) is the path P4, with the sequence H1 → H2 → H3 → H4.

Theorem 2.1. For any two groups G1 and G2, if G1 is isomorphic to G2, then

Γgc (G1) � Γgc (G2).

Proof. Let ϕ be a group isomorphism from G1 to G2. Construct the mapping

℧ : V
(︂
Γgc (G1)

)︂
→ V

(︂
Γgc (G2)

)︂
by setting℧(H) = ϕ(H), for every H in V

(︂
Γgc (G1)

)︂
. It follows that

℧ is a graph isomorphism, since the group isomorphism preserves the order of subgroups. □

Remark 2.1. Note that the converse of Theorem 2.1 does not hold in general, for instance, Γgc (Z15)

and Γgc (Z21) are isomorphic, but the groups Z15 and Z21 are not isomorphic.

Theorem 2.2. For a finite group G, the graph Γgc(G) is isomorphic to K̄n if and only if G is a

p-group.

Proof. Suppose Γgc(G) � K̄n. Then there is no edge in Γgc(G). This means that for any two proper

subgroups H and K of G, either |H|||K| or |K|||H|. The possible orders of the subgroups must be

powers of a single prime p . Therefore, G is a p-group.
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Conversely, let G be a p-group. The nontrivial subgroups of G have orders a power of p. Then,

for any two subgroups H and K of G, either |H|||K| or |K|||H|. Then there is no edge between any

two distinct vertices in Γgc(G). Hence, Γgc(G) � K̄n. □

Theorem 2.3. Let G be a finite group of order pq, where p and q are distinct primes.

(a) if p ∤ (q− 1), then Γgc(G) = K2 if and only if G � Zpq.
(b) if p | (q− 1) then

(i) Γgc(G) = K2 if and only if G is cyclic.
(ii) Γgc(G) = K1,q if and only if G is nonabelian.

Proof. Case (a): If p ∤ (q − 1) with p < q, then, by Lemma 1.2, G is cyclic and isomorphic to Zpq.

Since the only proper nontrivial subgroups of Zpq are of orders p and q and gcd(p, q) = 1, then

Γgc(G) = K2.

Conversely, suppose Γgc(G) = K2. This means that G has only two nontrivial subgroups H and

K, and |H| ∤ |K| and |K| ∤ |H|. Since the intersection of any two subgroups is also a subgroup and

Γ(G) = K2, then H ∩K is a trivial subgroup of G. Therefore, G � Zpq.

Case (b): If p | (q− 1), then there are two possibilities.

(i) If G is cyclic, the argument is identical to Case 1.

(ii) If G is nonabelian, then G � Zq ⋊Zp. So G has one subgroup H of order q and q subgroups Mi

each of order p. Since gcd (|H|, |Mi|) = 1, then H is adjacent to each Mi, and Mi is not adjacent to

M j for i , j as gcd
(︂
|Mi| ,

⃓⃓⃓
M j

⃓⃓⃓)︂
= |Mi| = p. Therefore, Γgc(G) = K1,q.

Conversely, suppose Γgc(G) = K1,q, then G has a proper subgroup, say H of order q, and q
subgroups, say Mi, such that H is adjacent to each Mi. This means that |H| ∤ |Mi| and |Mi| ∤ |H|.
Also, there are q nonadjacent vertices Mi in Γgc(G) so that

⃓⃓⃓
M j

⃓⃓⃓
||Mi| or |Mi||

⃓⃓⃓
M j

⃓⃓⃓
for i , j. This only

happens if G is a nonabelian group. Thus, G � Zq ⋊Zp. □

Theorem 2.4. Let G be a finite non-p-group. Then Γgc(G) is connected.

Proof. Consider a finite group G whose order is not a power of a single prime. This implies that

the order of G must be divisible by at least two different primes. Our goal is to demonstrate that

Γgc(G) is connected, meaning that any two of its vertices can be connected by a path in Γgc(G).

Since the order of G is not a power of a single prime, let |G| = pα1
1 pα2

2 · · · p
αk
k , where k ≥ 2. For

each prime pi, there is a Sylow pi-subgroup Pi of G. The order of Pi is pi
αi which is coprime to the

order of P j for i , j.
Consider the Sylow p1-subgroup P1 and Sylow p2-subgroup P2. The orders of P1 and P2 are p1

α1

and p2
α2 , respectively. Since p1

α1 ∤ p2
α2 and p2

α2 ∤ p1
α1 , P1 and P2 are adjacent in Γgc(G).

We claim that any proper subgroup H is connected to at least one Sylow subgroup. This is

because the order of H is not divisible by all prime factors of the order of G, ensuring H is not

a p-group itself. Thus, H is adjacent to at least one Sylow pi subgroup Pi because |H| ∤ |Pi| and

|Pi| ∤ |H|. Consider arbitrary proper subgroups H1 and H2 of G. By the above argument, H1 is
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connected to at least one Sylow pi-subgroup, say Pi. Similarly, H2 is connected to at least one Sylow

p j-subgroup, say P j. Since Pi and P j are adjacent, there exists a path connecting H1 and H2 through

Pi and P j, H1 → Pi → P j → H2.

We have shown that for any two proper subgroups H1 and H2 ofG, there exists a path connecting

H1 and H2 in Γgc(G). Thus, Γgc(G) is connected. □

Theorem 2.5. Let G be a finite group that is not a p-group. Then, the diameter of the generalized

coprime graph, diam
(︂
Γgc(G)

)︂
is at most 3.

Proof. We consider the following cases:

Case 1: If |G| = p1p2, where p1 and p2 are distinct primes, by Theorem 2.3, we have two

possibilities for the structure of Γgc(G), if G is cyclic, then Γgc(G) � K2. In this case the distance

between the two vertices is 1, so diam
(︂
Γgc(G)

)︂
=1, if G is non-abelian, the graph Γgc(G) � K1,p2 .

Since K1,p2 is a star graph, the maximum distance between any two vertices is 2, so diam
(︂
Γgc(G)

)︂
=2.

In both cases, it follows that diam
(︂
Γgc(G)

)︂
≤ 2.

Case 2: Let |G| = p1p2 · · · pk, where k ≥ 3. Consider the subgroup H of G with π(H) , π(G),

there exist another subgroup K of G with K not adjacent to H in Γ(G). Then by the assumption

π(H) , π(G) and π(K) , π(G), so there exist pi ∈ π(G) such that pi < π(H) and pi < π(K), then

there is a path. H → Hi → K, where Hi is a subgroup of G of order pi. Thus, no path in Γgc(G)

exceeds length 2, and diam
(︂
Γgc(G)

)︂
= 2.

Case 3: Let |G| = pα1
1 pα2

2 · · · p
αk
k , where at least one of the αi ≥ 2 and k ≥ 2. Similar to Case 2,

take any two proper subgroups H and K that are not adjacent in Γgc(G) with π(H) , π(G) and

π(K) , π(G), and so there exist pi ∈ π(G) such that pi < π(H) and pi < π(K), then there is a path.

H → Hi → K, where Hi is a subgroup of G of order pi. Thus, no path in Γgc(G) exceeds length 2,

and diam
(︂
Γgc(G)

)︂
= 2.

Let p1, p2 ∈ π(G) and H be a subgroup of G with π(H) = π(G), there exist another subgroup

K of G of order pα1
1 . Thus, H and K are adjacent. Then there is a path Hp1 → Hp2 → K → H,

where Hp1 and Hp2 are subgroups of orders p1 and p2, respectively, and H is a subgroup of order

pα1−1
1 pα2

2 · · · p
αk
k . It follows that diam

(︂
Γgc(G)

)︂
≤ 3. □

Theorem 2.6. LetG be a finite group of order p2q, where p and q are distinct primes. IfG � Zpq×Zp,

then Γgc(G) is a tree graph.

Proof. SinceG � Zpq ×Zp, the groupG is abelian but not cyclic, its subgroup structure depends on

the factors of its order, the divisors of p2q are 1, p, q, p2, pq, and p2q. Each divisor corresponds to a

potential subgroup. The group G is non-cyclic, so there are multiple subgroups of the same order.

Specifically, there are p + 1 subgroups of order p, one subgroup of order q, one subgroup of order

p2, and p + 1 subgroups of order pq.

The vertices Hpi represent p + 1 subgroups of order p, and Hpqi represent p + 1 subgroups of

pq, Hq represents the subgroup of order q, and Hp2 represents the subgroup of order p2, where

1 ≤ i ≤ p + 1.
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Each of the p + 1 vertices Hpi is adjacent to the vertex Hq, as
⃓⃓⃓
Hpi

⃓⃓⃓
∤

⃓⃓⃓
Hq

⃓⃓⃓
and

⃓⃓⃓
Hq

⃓⃓⃓
∤

⃓⃓⃓
Hpi

⃓⃓⃓
, the

vertices Hpi are not adjacent to the vertex Hp2 , as
⃓⃓⃓
Hpi

⃓⃓⃓ ⃓⃓⃓⃓⃓⃓
Hp2

⃓⃓⃓
, and the vertices Hpi are not adjacent

to the vertices Hpqi , as
⃓⃓⃓
Hpi

⃓⃓⃓ ⃓⃓⃓⃓⃓⃓
Hpqi

⃓⃓⃓
.

The vertex Hq is adjacent to the vertex Hp2 , as
⃓⃓⃓
Hp2

⃓⃓⃓
∤

⃓⃓⃓
Hq

⃓⃓⃓
and

⃓⃓⃓
Hq

⃓⃓⃓
∤

⃓⃓⃓
Hp2

⃓⃓⃓
, the vertex Hq is

adjacent to the p+ 1 vertices Hpqi , as
⃓⃓⃓
Hq

⃓⃓⃓ ⃓⃓⃓⃓⃓⃓
Hpqi

⃓⃓⃓
. The vertex Hp2 is adjacent to the p+ 1 vertices Hpqi ,

as
⃓⃓⃓
Hp2

⃓⃓⃓
∤
⃓⃓⃓
Hpqi

⃓⃓⃓
and

⃓⃓⃓
Hpqi

⃓⃓⃓
∤
⃓⃓⃓
Hp2

⃓⃓⃓
. Therefore, Γgc(G) forms a tree graph. □

Theorem 2.7. Let G be a finite cyclic group. Then Γgc(G) � P4 if and only if |G| = p2q.

Proof. Assume that G is a cyclic group of order p2q. Then G has proper nontrivial subgroups of

orders p, p2, q, and pq.

Let Hp, Hp2 , Hq, and Hpq be the proper nontrivial subgroups of order p, p2, q, and pq, respectively.

Thus Hp is adjacent to Hq, since
⃓⃓⃓
Hp

⃓⃓⃓
∤
⃓⃓⃓
Hq

⃓⃓⃓
and

⃓⃓⃓
Hq

⃓⃓⃓
∤
⃓⃓⃓
Hp

⃓⃓⃓
and Hp is not adjacent to Hp2 , since⃓⃓⃓

Hp
⃓⃓⃓ ⃓⃓⃓⃓⃓⃓

Hp2

⃓⃓⃓
. The vertex Hq is adjacent to Hp2 , since |Hq| ∤ |Hp2 | and

⃓⃓⃓
Hp2

⃓⃓⃓
∤
⃓⃓⃓
Hq

⃓⃓⃓
and Hq is not adjacent

to Hpq, since
⃓⃓⃓
Hq

⃓⃓⃓ ⃓⃓⃓⃓⃓⃓
Hpq

⃓⃓⃓
.

The vertex Hp2 is adjacent to Hpq, since
⃓⃓⃓
Hp2

⃓⃓⃓
∤
⃓⃓⃓
Hpq

⃓⃓⃓
and

⃓⃓⃓
Hpq

⃓⃓⃓
∤
⃓⃓⃓
Hp2

⃓⃓⃓
and Hp is not adjacent to

Hpq, since
⃓⃓⃓
Hp

⃓⃓⃓ ⃓⃓⃓⃓⃓⃓
Hpq

⃓⃓⃓
. Therefore, Γgc(G) forms a path graph, P4 of the form Hp → Hq → Hp2 → Hpq.

Conversely, suppose that Γgc(G) � P4. This means the graph Γgc(G) is a path graph with 4

vertices. The groupGmust have exactly 4 proper nontrivial subgroups, and these subgroups must

from a path in the graph Γgc(G). Since G is cyclic, the order of the subgroups are the divisors

of |G|. If |G| has more prime factors and larger powers of primes, Γgc(G) would have more than

four vertices or a different adjacency structure. Hence, |G| = p2q is the only order in which

Γgc(G) � P4. □

Remark 2.2. If G is not a cyclic group, then Theorem 2.7 is not true in general, for example, the

alternating group A4 is of order 12 , that is, |A4| = 223. Then Γgc (A4) is the complete bipartite

graph K4,4. The group A4 has three subgroups H2 each of order 2, four subgroups H3 each of order

3, and one subgroup H4 of order 4.

Theorem 2.8. For a finite group G, the girth
(︂
Γgc(G)

)︂
∈ {3, 4,∞}.

Proof. Let G be a group of order pα1
1 pα2

2 · · · p
αk
k , where pi are distinct primes and αi ≥ 1, for all

1 ≤ i ≤ k.

If k ≥ 3, then any three subgroups of G of distinct prime orders are mutually adjacent in Γgc(G),

and so Γgc(G) contains C3, cycle of length 3, as a subgraph.

It follows that g
(︂
Γgc(G)

)︂
is 3 .

If k ≤ 2, we have to consider the following cases:

Case 1: If k = 1, then |G| = pα1
1 ,G is a p-group, by Theorem 2.2, Γ(G) is null graph, then g

(︂
Γgc(G)

)︂
is∞.

Case 2: If k = 2, then |G| = pα1
1 pα2

2

(i) If α1,α2 ≥ 2, thenG has subgroups of order pα1
1 , pα2

2 , and p1p2. Let be H1, H2, and H3, respectively.



Int. J. Anal. Appl. (2026), 24:306 7

Then Γgc(G) contains the cycle H1 → H2 → H3 → H1.

So, the g
(︂
Γgc(G)

)︂
is 3 .

(ii) If α1 ≥ 2 and α2 = 1, then |G| = pα1
1 p2.

Case a: If G � Zp1
α1 p2 , then Γgc(G) is a path graph, g

(︂
Γgc(G)

)︂
is∞.

Case b: If G � Zp1p2 ×Zp1 , then Γgc(G) is a tree graph, g
(︂
Γgc(G)

)︂
is∞.

Case c: If G , Zp1
α1 p2 and G , Zp1p2 ×Zp1 , then the Sylow p2-subgroup is not unique. Let H1 be a

Sylow p2-subgroup of order p2, H2 be a subgroup of order p1,

H3 be a subgroup of order p2
1 and it is not unique. Then Γgc(G) contains the cycle H1 → H(1)

3 →

H2 → H(2)
3 → H1, so g

(︂
Γgc(G)

)︂
is 4 .

(iii) If α1 = α2 = 1, then |G| = p1p2.

a) If p1 ∤ (p2 − 1), then by Theorem 2.4, Γgc(G) = K2, g
(︂
Γgc(G)

)︂
is∞.

b) If p1 | (p2 − 1), then by Theorem 2.4, Γgc(G) = K1,p2 , g
(︂
Γgc(G)

)︂
is∞.

□

Theorem 2.9. For every finite group G, the graph Γgc(G) is not cycle.

Proof. Let Γgc(G) be the cycle H1 → H2 → · · · → Hn → H1 of length n. |Hi| ∤
⃓⃓
Hi+1

⃓⃓
and

⃓⃓
Hi+1

⃓⃓
∤ |Hi|

for all i, 1 ≤ i ≤ n− 1.

Assume that |H1| = p1 and |H2| = p2. Then |H3| = r or |H3| = pα1
1 . If |H3| = r, then H1, H2 and

H3 are adjacent and so Γgc(G) is a complete graph, contradicts Theorem 2.4 (1). If |H3| = pα1
1 , then

|H3| ∤ |H4| and |H4| ∤ |H3| implies |H4| = r or |H4| = pα2
2 . If |H4| = r, then H1, H2 and H4 are adjacent,

which is impossible. If |H4| = pα2
2 , then |H1| ∤ |H4| and |H4| ∤ |H1| implies H1 and H4 are adjacent.

Here, we have |G| = pα1
1 pα2

2 ,α1,α2 ≥ 1.

If α1 + α2 ≥ 4, then G has more than four nontrivial subgroups, which is impossible.

If α1 + α2 ≤ 3, then either |G| = pα1
1 p2 or |G| = p1p2. In both cases Γgc(G) is not a cycle, by

Theorem 2.3(1), Theorem 2.6, and Theorem 2.7. □

Theorem 2.10. For a finite cyclic group G, the graph Γgc(G), is 3-regular if and only if |G| = pqr,

where p, q, and r are distinct primes.

Proof. Suppose that |G| = pqr, where p, q, and r are distinct primes. G has exactly one Sylow

p-subgroup of order p, say Hp, one Sylow q-subgroup of order q, say Hq, and one Sylow r-subgroup

of order r, say Hr, andG has exactly one proper subgroup of order pq, say Hpq, one proper subgroup

of order pr, say Hpr, and one proper subgroup of order qr, say Hqr.

The subgroup Hp is adjacent to subgroups Hq, Hr, and Hqr, not adjacent to subgroups Hpq and

Hpr. Similarly, the subgroup Hq is adjacent to subgroups Hp, Hr, and Hpr, not adjacent to subgroups

Hpq and Hqr. So, we verify that the subgroup Hr is adjacent to the subgroups Hp, Hq and Hpq but

not to one of the subgroups Hpr and Hqr. Each subgroup is adjacent to exactly 3 other subgroups

because the orders of the subgroups are determined by the unique prime factorization of |G| = pqr.

So, Γgc(G), is 3-regular.

Conversely, assume Γgc(G), is 3-regular. This means every vertex in Γgc(G) has exactly three
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neighbors. Let H be a subgroup of G. Since Γgc(G) is 3-regular, H has exactly three neighbors say

H1, H2, and H3, such that |H| ∤ |Hi| and |Hi| ∤ |H|, for i = 1, 2, 3.

If |G|has more than three distinct prime factors, say |G| = p1p2p3p4, then the number of subgroups

and their orders would be more complex, potentially leading to more than three neighbors for some

subgroups, and then some vertices have more than three vertices connected to them, contradicting

the 3-regularity.

If |G| has less than 3 prime factors, adjacency can not produce a 3-regular graph, since there will

not be at least three distinct subgroup orders. Therefore, |G|must

have exactly three distinct prime factors, say p, q, and r. This ensures that the structure of subgroups

and their orders align with the 3-regularity condition. □

Theorem 2.11. For a finite group G of order pα1
1 pα2

2 · · · p
αk
k , where pi ’s are distinct primes, k ≥ 2 and

αi ≥ 1, for all 1 ≤ i ≤ k, the graph Γgc(G) has a complete k-partite subgraph.

Proof. Since |G| = pα1
1 pα2

2 · · · p
αk
k , then the subgroups of G are the Sylow pi− subgroups. Let Si be the

set of all proper nontrivial subgroups of G whose orders are powers of pi. That is Si consists of all

Sylow pi-subgroups.

Let H ∈ Si, |H| is a power of pi and K ∈ S j, |K| is a power of p j, for i , j. Since pi , p j, neither |H|
divides |K| nor |K| divides |H|. Thus, H and K are adjacent in the graph Γgc(G). Therefore, every

pair of subgroups in different sets Si and S j are adjacent. Hence, the sets S1, S2, · · · , Sk are subsets

of V
(︂
Γgc(G)

)︂
which form a k-partite subgraph of the graph Γgc(G). □

Theorem 2.12. Let Zn be the cyclic group of order n = pα1
1 pα2

2 · · · p
αk
k , where pi ’s are distinct

primes and αi ≥ 1. If H is a proper nontrivial subgroup of Zn of order p
αi1
i1

p
αi2
i2
· · · pαir

ir
, then

degΓgc(Zn)
(H) = (τ(n) − 3) −

(︂
τ
(︂

n
|H|

)︂
+ τ(|H|) − 4

)︂
.

Proof. It is well-known the fact that for every divisor d of n, the group Zn has a unique subgroup

of order d. Let H be a proper nontrivial subgroup of Zn of order p
αi1
i1

p
αi2
i2
· · · pαir

ir
. The number of

proper nontrivial subgroups of Zn is τ(n) − 2 = (α1 + 1) (α2 + 1) · · · (αk + 1) − 2. The degree of H
in Γgc (Zn) is the number of proper nontrivial subgroups of Zn which are adjacent to H.

To compute degΓgc(Zn)
(H), consider the subgroup K of Zn which is not adjacent to H in Γgc (Zn).

Then |H|||K| or |K|||H|. We need to count the number of subgroups K such that |H|||K| or |K|||H|.
If |H|||K|, then |K| = m|H |where m is a divisor of n

|H| − 2. The number of such divisor is τ
(︂

n
|H|

)︂
− 2.

If |K|||H|, then |K |must be a divisor of |H|. The number of such divisors is τ(|H|).
Therefore, degΓgc(Zn)

(H) = (τ(n) − 3) −
(︂
τ
(︂

n
|H|

)︂
+ τ(|H|) − 4

)︂
. □

3. The Energy of Γgc (D2n)

In this section, we compute the energy of Γgc (D2n), where n ∈
{︂
2p, pk, pq

}︂
, and p and

q are distinct odd primes with k ≥ 1. The dihedral group D2n has 2n elements, that is

D2n =
{︂
1, a, a2, . . . , an−1, b, ab, a2b, . . . , an−1b

}︂
.
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Theorem 3.1. Let Γ = Γgc (D2n). If n = pk, where p is an odd prime and k ≥ 1, then Γ is a bipartite

graph.

Proof. Consider the sets S j =
{︂
H||H |= 2p j

}︂
for 0 ≤ j ≤ k− 1, and

Sk =
{︂
K

⃓⃓⃓
|K| = pi; 1 ≤ i ≤ k

}︂
. One can see that

⃓⃓⃓
S j

⃓⃓⃓
= pk− j for 0 ≤ j ≤ k − 1. Suppose S =

⋃︁k−1
j=1 S j.

Then |S| = p + p2 + p3 + · · ·+ pk =
pk+1
−p

p−1 . Thus, V(Γ) = Sk ∪ S and Sk ∩ S = ∅, where no two

vertices in any of them are adjacent.

Let H1 ∈ S and K1 ∈ Sk. Then |H1| = 2p j1 ; for some j1, 0 ≤ j1 ≤ k− 1 and

|K1| = pi1 ; for some i1, 1 ≤ i1 ≤ k. It is clear that H1 and K1 are adjacent if i1 > j1. Therefore, Γ is a

bipartite graph. □

Theorem 3.2. Let Γ = Γgc (D2n). If n = pk, where p is an odd prime, then the characteristic polyno-

mial of Γ isP(Γ,λ) = λ
pk+1

−(k+1)p+k
p−1

(︂∑︁k
i=0(−1)iciλ2k−2i

)︂
, where c0 = 1, c1 =

p[1−(k+1)pk+kpk]
(p−1)2 , cr =

p
r(r+1)

2 + 2
(︃
p

r(r+1)
2

(︃
pr(k−r)

−p
p−1

)︃)︃
+ 2k−rp

r(2k−r+1)
2 , for 2 ≤ r ≤ k− 1, and ck = p

k(k+1)
2 .

Proof. From Theorem 3.1, Γ is bipartite. The vertex set V(Γ) is partitioned into two parts, Sk

with k vertices and S =
⋃︁k−1

j=1 S j with pk+1
−p

p−1 vertices. Hence, the adjacency matrix of Γ is the

(k + 1) × (k + 1) block matrix

A(Γ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

A11 A12 A13 · · · A1k+1

A21 A22 A23 · · · A2k+1

A31 A32 A33 · · · A3k+1
...

...
...

. . .
...

Ak+11 Ak+12 Ak+11 · · · Ak+1k+1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

where A1 j, j = 2, 3, · · · , k + 1, is k × pk− j+2 matrix whose entries all ones except the rows j − 2,

which are zeros, A j1 = A1 j
T, for j = 2, 3, · · · , k + 1, and all other submatrices are zero matrices.

This can be simplified as

A(Γ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0k×k B

k×
(︃

pk+1−p
p−1

)︃
BT(︃

pk+1−p
p−1

)︃
×k

0(︃
pk+1−p

p−1

)︃
×

(︃
pk+1−p

p−1

)︃
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, where B =

[︂
A12 A13 A14 · · ·A1k+1

]︂
.

The characteristic polynomial of A(Γ) of Γ is

P(Γ,λ) = |λI −A(Γ)| = λ
pk+1

−p
p−1 −k det

(︂
λ2Ik − BBt

)︂
, where

BBT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

pk pk pk
· · · pk

pk pk + pk−1 pk + pk−1
· · · pk + pk−1

pk pk + pk−1 pk + pk−1 + pk−2
· · · pk + pk−1 + pk−2

...
...

...
. . .

...

pk pk + pk−1 pk + pk−1 + pk−2
· · · pk + pk−1 + pk−2 + · · ·+ p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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and
(︂
BBT

)︂
i j
=

pk+1
−pk−min(i, j)+1

p−1 .

Therefore, P(Γ,λ) = λ
pk+1

−(k+1)p+k
p−1

(︂∑︁k
i=0(−1)iciλ2k−2i

)︂
where c0 = 1, c1 = trace

(︂
BBT

)︂
=

p[1−(k+1)pk+kpk]
(p−1)2 ,

cr = p
r(r+1)

2 + 2
(︃
p

r(r+1)
2

(︃
pr(k−r)

−p
p−1

)︃)︃
+ 2k−rp

r(2k−r+1)
2 , for 2 ≤ r ≤ k− 1, and

ck = det
(︂
BBT

)︂
= p

k(k+1)
2 .

□

Theorem 3.3. Let Γ = Γgc
(︂
D2p

)︂
. If p is an odd prime, then the energy of Γ is E(Γ) = 2

√
p.

Proof. From Theorem 3.2, for k = 1, the characteristic polynomial is of the form P(Γ,λ) =

λp−1
(︂
λ2
− p

)︂
, and the roots of P(Γ,λ), are the eigenvalues of Γ, and these eigenvalues are λ = 0

with multiplicity ( p− 1 ), and λ = ±
√

p.

Hence, E(Γ) =
∑︁p+1

i=1 |λi| =
∑︁p−1

i=1 |λi|+
⃓⃓⃓√

p
⃓⃓⃓
+

⃓⃓⃓
−
√

p
⃓⃓⃓
=2
√

p.

□

Theorem 3.4. Let Γ = Γgc
(︂
D2p2

)︂
, where p is an odd prime. Then the energy of Γ is

ε(Γ) = 2

√︃
2p2 + p + 2

√︂
p3.

Proof. From Theorem 3.2, for k = 2, the characteristic polynomial is of the form

P(Γ,λ) = λp2+p−2
(︂
λ4
−

(︂
2p2 + p

)︂
λ2 + p3

)︂
, and the roots of P(Γ,λ), are the

eigenvalues of Γ, and these eigenvalues are λ = 0 with multiplicity ( p2 + p− 2 ),

and λ1 =

√︃
p
(︃
(2p+1)+

√
4p2+1

)︃
2 ,λ2 = −

√︃
p
(︃
(2p+1)−

√
4p2+1

)︃
2 ,

λ3 =

√︃
p
(︃
(2p+1)−

√
4p2+1

)︃
2 , λ4 = −

√︃
p
(︃
(2p+1)+

√
4p2+1

)︃
2 .

Hence, E(Γ) =
∑︁p2+p+2

i=1 |λi| =
∑︁p2+p−2

i=1 |λi| +

⃓⃓⃓⃓⃓
⃓⃓⃓
√︃

p
(︃
(2p+1)+

√
4p2+1

)︃
2

⃓⃓⃓⃓⃓
⃓⃓⃓ +

⃓⃓⃓⃓⃓
⃓⃓⃓−

√︃
p
(︃
(2p+1)+

√
4p2+1

)︃
2

⃓⃓⃓⃓⃓
⃓⃓⃓ +⃓⃓⃓⃓⃓

⃓⃓⃓
√︃

p
(︃
(2p+1)−

√
4p2+1

)︃
2

⃓⃓⃓⃓⃓
⃓⃓⃓+

⃓⃓⃓⃓⃓
⃓⃓⃓−

√︃
p
(︃
(2p+1)−

√
4p2+1

)︃
2

⃓⃓⃓⃓⃓
⃓⃓⃓ = 2

⎛⎜⎜⎜⎜⎜⎜⎜⎝
√︃

p
(︃
(2p+1)+

√
4p2+1

)︃
2 +

√︃
p
(︃
(2p+1)−

√
4p2+1

)︃
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠ .

Since
(︂√

a +
√

b
)︂2

= a + b + 2
√

ab, then

⎛⎜⎜⎜⎜⎜⎜⎜⎝
√︃

p
(︃
(2p+1)+

√
4p2+1

)︃
2 +

√︃
p
(︃
(2p+1)−

√
4p2+1

)︃
2

⎞⎟⎟⎟⎟⎟⎟⎟⎠
2

=

p
(︃
(2p+1)+

√
4p2+1

)︃
2 +

p
(︃
(2p+1)−

√
4p2+1

)︃
2 + 2

⌜⎷⎛⎜⎜⎜⎜⎜⎝ p
(︃
(2p+1)+

√
4p2+1

)︃
2

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝ p

(︃
(2p+1)−

√
4p2+1

)︃
2

⎞⎟⎟⎟⎟⎟⎠.

Thus,
p
(︃
(2p+1)+

√
4p2+1

)︃
2 +

p
(︃
(2p+1)−

√
4p2+1

)︃
2 = 2p2 + p and
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(︃
(2p+1)+

√
4p2+1

)︃
2

⎞⎟⎟⎟⎟⎟⎠
⎛⎜⎜⎜⎜⎜⎝p

(︃
(2p+1)−

√
4p2+1

)︃
2

⎞⎟⎟⎟⎟⎟⎠ = p2.

Therefore, E(Γ) = 2
√︂

2p2 + p + 2
√︁

p3. □

Theorem 3.5. Let Γ = Γgc (D2n). If n = 2p, where p is an odd prime, then Γ is a bipartite graph.

Proof. Consider the following partition of the vertex set V(Γ)

S1 = {H1} ∪
{︁
H1+i; i = 1, 2, 3

}︁
, where |H1| = p and

⃓⃓
H1+i

⃓⃓
= 2p and

S2 =
{︂
H4+ j; j = 1, · · · , 2p + 1

}︂
∪

{︂
H5+2p+l; l = 1, · · · , p

}︂
, where

⃓⃓⃓
H4+ j

⃓⃓⃓
= 2, and⃓⃓⃓

H5+2p+l

⃓⃓⃓
= 4. So, the total number of vertices is |S1| + |S2| = 4 + (3p+ 1) = 3p + 5. Clearly,

V(Γ) = S1 ∪ S2 and S1 ∩ S2 = ∅.

The subgroup H1 in S1 is adjacent to all subgroups H4+ j, j = 1, · · · , 2p+ 1 and H5+2p+l, l = 1, · · · , p
in S2, since neither order divides the other, the subgroups H1+i, i = 1, 2, 3 in S1 are adjacent to all

subgroups H5+2p+l, l = 1, · · · , p in S2, since neither order divides the other. Also, any two vertices

in Si, i = 1, 2 are nonadjacent, since their orders divide each other. Therefore, Γ is bipartite. □

Theorem 3.6. Let Γ = Γgc (D2n). If n = 2p, where p is an odd prime, then the characteristic

polynomial of Γ is P(Γ,λ) = λ3p+1
(︂
λ4
− (6p + 1)λ2 +

(︂
6p2+ 3p) ).

Proof. From Theorem 3.5 , Γ is bipartite with partition S1, S2, where S1 has 4 vertices H1 and H1+i, i =
1, 2, 3, and S2 has 3p + 1 vertices H4+ j, j = 1, · · · , 2p + 1 and H5+2p+l, l = 1, · · · , p. Hence, the

adjacency matrix of Γ is a ( 3p+ 5 ) by ( 3p+ 5) matrix given as A(Γ) =

⎡⎢⎢⎢⎢⎣ 04×4 B4×(3p+1)

BT
(3p+1)×4 0(3p+1)×(3p+1)

⎤⎥⎥⎥⎥⎦,
where B =

[︂
A12 A13

]︂
, all entries of the first row of the submatrix A12 are 1 , all other entries are

zero, and A12 is 4× (2p + 1) and A13 is 4× p, all entries are 1 . The characteristic polynomial of

A(Γ) is P(Γ,λ) = |λI −A(Γ)| =

⃓⃓⃓⃓⃓
⃓⃓ λI4 −B
−BT λI3p+1

⃓⃓⃓⃓⃓
⃓⃓.

Thus,

P(Γ,λ) =
⃓⃓⃓
λI3p+1

⃓⃓⃓ ⃓⃓⃓⃓⃓
λI4 − (−B)

(︂
λI3p+1

)︂−1 (︂
−BT

)︂⃓⃓⃓⃓⃓
= λ3p+1

⃓⃓⃓⃓⃓
λI4 − B

(︂
λI3p+1

)︂−1 (︂
BT

)︂⃓⃓⃓⃓⃓
= λ3p+1

⃓⃓⃓⃓⃓
λI4 − B

(︂
λI3p+1

)︂−1 (︂
BT

)︂⃓⃓⃓⃓⃓
= λ3p+1

⃓⃓⃓⃓⃓
λI4 −

1
λ

B
(︂
λI3p+1

)︂−1 (︂
BT

)︂⃓⃓⃓⃓⃓
= λ3p+1

⃓⃓⃓⃓⃓
λI4 −

1
λ

B
(︂
λI3p+1

)︂−1 (︂
BT

)︂⃓⃓⃓⃓⃓
=
λ3p+1

λ4

⃓⃓⃓
λ2I4 − BBT

⃓⃓⃓
= λ3p−3

⃓⃓⃓
λ2I4 − BBT

⃓⃓⃓
,
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where BBT =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
3p + 1 p p p

p p p p
p p p p
p p p p

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

P(Γ,λ) = λ3p−3

⃓⃓⃓⃓⃓
⃓⃓⃓⃓⃓
⃓⃓⃓
λ2
− (3p + 1) −p −p −p
−p λ2

− p −p −p
−p −p λ2

− p −p
−p −p −p λ2

− p

⃓⃓⃓⃓⃓
⃓⃓⃓⃓⃓
⃓⃓⃓

= λ3p−3
(︂
λ4

(︂
λ4
− (6p + 1)λ2 +

(︂
6p2 + 3p

)︂)︂)︂

= λ3p+1
(︂
λ4
− (6p + 1)λ2 +

(︂
6p2 + 3p

)︂)︂
.

□

Theorem 3.7. Let Γ = Γgc (D2n). If n = 2p, where p is an odd prime, then the energy of Γ is

E(Γ) = 2
(︄√︂

(6p + 1) + 2
√︁

6p2 + 3p
)︄
.

Proof. From Theorem 3.6, the roots of the characteristic polynomial

P(Γ,λ) = λ3p+1
(︂
λ4
− (6p + 1)λ2 +

(︂
6p2 + 3p

)︂)︂
, are the eigenvalues of Γ, which are λ = 0 with

multiplicity (3p + 1), and

λ = ±

√︃
1
2
(6p + 1) ±

1
2

√︂
12p2 + 1.

Hence, E (Γ) =
∑︁3p+5

i=1 |λi| = 2
(︄√︂

1
2 (6p + 1) + 1

2

√︁
12p2 + 1 +

√︂
1
2 (6p + 1) − 1

2

√︁
12p2 + 1

)︄
.

Since
(︄√︂

1
2 (6p + 1) + 1

2

√︁
12p2 + 1 +

√︂
1
2 (6p + 1) − 1

2

√︁
12p2 + 1

)︄2

= 1
2 (6p + 1) + 1

2

√︁
12p2 + 1 +

1
2 (6p + 1) − 1

2

√︁
12p2 + 1 + 2

√︂(︂
1
2 (6p + 1) + 1

2

√︁
12p2 + 1

)︂ (︂
1
2 (6p + 1) − 1

2

√︁
12p2 + 1

)︂
= 12p + 2 + 2

√︁
6p2 + 3p.

Thus,
(︄√︂

1
2 (6p + 1) + 1

2

√︁
12p2 + 1 +

√︂
1
2 (6p + 1) − 1

2

√︁
12p2 + 1

)︄2

= 6p+ 1+ 2
√︁

6p2 + 3p, by taking

square root of both sides, we obtain√︂
1
2 (6p + 1) + 1

2

√︁
12p2 + 1 +

√︂
1
2 (6p + 1) − 1

2

√︁
12p2 + 1 =

√︂
(6p + 1) + 2

√︁
6p2 + 3p.

Therefore, E(Γ) = 2
(︄√︂

(6p + 1) + 2
√︁

6p2 + 3p
)︄
.

□

Theorem 3.8. Let Γ = Γgc (D2n). If n = pq, where p and q are distinct odd primes, then Γ is

tripartite.

Proof. Consider the following partitions of the vertex set V(Γ) : S1 = {H1, H2}, where |H1| =

p and |H2| = pq, S2 = {H3} ∪
{︁
H3+i; i = 1, · · · , p

}︁
, where |H3| = q and

⃓⃓
H3+i

⃓⃓
= 2q and S3 =
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H3+p+ j; j = 1, · · · , pq

}︂
∪

{︂
H3+p+pq+l; l = 1, · · · , q

}︂
, where

⃓⃓⃓
H3+p+ j

⃓⃓⃓
= 2, and

⃓⃓⃓
H3+p+pq+l

⃓⃓⃓
= 2p. Hence,

the total number of vertices is |S1|+ |S2|+ |S3| = 2 + (1 + p) + (pq + q) = 3 + p + q + pq. Then

S1, S2 and S3 form partitions of V(Γ), that is V(Γ) = S1 ∪ S2 ∪ S3 and Si ∩ S j = ∅, if i , j. The

subgroup H1 in S1 is adjacent to the subgroups H3 and H3+i, i = 1, · · · , p in S2 and the subgroups

H3+p+ j, j = 1, · · · , pq in S3, and the subgroup H2 in S1 is adjacent to the subgroups H3+i, i = 1, · · · , p
in S2 and the subgroups H3+p+ j, j = 1, · · · , pq and H3+p+pq+l, l = 1, · · · , q in S3, the subgroup H3 in

S2 is adjacent to the subgroups of H3+p+ j, j = 1, · · · , pq and H3+p+pq+l, l = 1, · · · , q in S3, and the

subgroups H3+i, i = 1, · · · , p in S2 is adjacent to the subgroups H3+p+pq+l, l = 1, · · · , q in S3. Also,

any two vertices in Si, i = 1, 2, 3 are nonadjacent, since their orders divide each other. Therefore, Γ

is 3 -partite graph. □

Theorem 3.9. Let Γ = Γgc(D2n). If n = pq, where p and q are distinct odd primes, then the

characteristic polynomial of Γ is P(Γ, λ) = λd
(︂
λ4
−Aλ2

− Bλ+ C
)︂
, where d = 2n − ∅(n), A =

4pq + 2p + 2q + 1, B = 4pq, and C = 3pq(pq + 1) + (2pq + 1)(p + q).

Proof. From Theorem 3.8, Γ is 3-partite with partitions S1, S2, and S3 where S1 has 2 ver-

tices H1 and H2, S2 has p + 1 vertices H3 and H3+i, i = 1, · · · , p, and S3 has pq + q ver-

tices H3+p+ j, j = 1, · · · , pq and H3+p+pq+l, l = 1, · · · , q. Hence, the adjacency matrix of Γ is

A(Γ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
02×2 B2×(1+p) C2×(pq+q)

BT 0(1+p)×(1+p) D(1+p)×(pq+q)

CT DT 0(pq+q)×(pq+q)

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦, where B =

⎡⎢⎢⎢⎢⎣ J1×1 J1×p

01×1 J1×p

⎤⎥⎥⎥⎥⎦ ,

C =

⎡⎢⎢⎢⎢⎣ J1×pq 01×p

J1×pq J1×p

⎤⎥⎥⎥⎥⎦, and D =

⎡⎢⎢⎢⎢⎣ J1×pq 01×p

0p×pq Jp×p

⎤⎥⎥⎥⎥⎦. Here J denotes all ones matrix. The characteristic

polynomial of Γ is P(Γ,λ) = |λI − A(Γ)| = λd
(︂
λ4
−Aλ2

− Bλ+ C
)︂
, where d = 2n − ∅(n), A =

4pq + 2p + 2q + 1, B = 4pq, and C = 3pq(pq + 1) + (2pq + 1)(p + q). □

4. The Energy of Γgc (Zn)

In this section we compute the energy of Γgc (Zn), where n ∈
{︂
pqr, pkq, p2q2

}︂
and p, q, and r are

distinct primes.

Theorem 4.1. Let Γ = Γgc(Zpqr), where p, q, and r are distinct primes. Then the characteristic

polynomial of Γ is P(Γ,λ) = λ2
(︂
λ4
− 9λ2

− 4λ+ 12
)︂
.

Proof. The cyclic group Zpqr has the following proper nontrivial subgroups, Hp, Hq, Hr, Hpq, Hpr,

and Hqr of orders p, q, r, pq, pr, and qr, respectively. Then, the subgroup of order p is adjacent to

three subgroups of order q, r, and qr, and not adjacent to the subgroups of orders pq and pr, the

subgroup of order q is adjacent to three subgroups of order p, r and pr, and not adjacent to the

subgroups of order pq and qr. Similarly, subgroup of order r is adjacent to three subgroups of

order p, q and pq, not adjacent to the subgroups of order pr and qr. Hence, the adjacency matrix of

Γ is a 6× 6 matrix as given
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A(Γ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 1 1 0 0

1 0 1 0 1 0

1 1 0 0 0 1

1 0 0 0 1 1

0 1 0 1 0 1

0 0 1 1 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
The characteristic polynomial of Γ is P(Γ,λ) = λ2

(︂
λ4
− 9λ2

− 4λ+ 12
)︂
.

□

Theorem 4.2. Let Γ = Γgc
(︂
Zpqr

)︂
, where p, q, and r, are distinct primes. Then the energy of Γ is

E(Γ) = 8.

Proof. From Theorem 4.1, the roots of the characteristic polynomial P(Γ, λ) =

λ2
(︂
λ4
− 9λ2

− 4λ+ 12
)︂

are the eigenvalues of Γ, which are λ1 = 0, λ2 = 0, λ3 = 1, λ4 = 3,

λ5 = −2, λ6 = −2. So E(Γ) = 8. □

Theorem 4.3. Let Γ = Γgc
(︂
Zpk1 qk2

)︂
, where p and q are distinct primes and k1, k2 ≥ 1. Then Γ is (

k2 + 1 )-partite.

Proof. Consider the sets

Si =
{︂
H||H |= p jqi; 0 ≤ j ≤ k1 and 0 ≤ i ≤ k2 − 1} and

Sk2 =
{︂
K||K |= psqk2 ; 0 ≤ s ≤ k1 − 1

}︂
.

Then V(Γ) = ∪k2
i=1Si and∩k2

i=1Si = ∅. Within each Si, 0 ≤ i ≤ k2 any two subgroups have orders

p j1qi and p j2qi are nonadjacent, since their orders divide each other. Let H0 ∈ Si0 and H1 ∈ Si1 , where

i0 , i1 and |H0| = p j1qi0 for some j1 and |H1| = p j2qi1 for some j2. Then, H0 is adjacent to H1 if and

only if i0 < i1 and j1 > j2. Therefore, Γ is (k2 + 1 )-partite.

□

Theorem 4.4. Let Γ = Γgc
(︂
Zpkq

)︂
, where p and q are distinct primes and k ≥ 1. Then λ = 0 is not

an eigenvalue of Γ.

Proof. The adjacency matrix A(Γ), where p and q are distinct primes and k ∈ Z+is of the form

A(Γ) =

⎡⎢⎢⎢⎢⎣ 0k Bk

BT
k 0k

⎤⎥⎥⎥⎥⎦, where 0k is the k-by- k zero matrix, Bk is the k -by- k lower triangular matrix

with all entries ones, and BT
k is the transpose of Bk. Suppose λ = 0 is an eigenvalue of A(Γ). Then

there exists a nonzero eigenvector v =

⎡⎢⎢⎢⎢⎣ x
y

⎤⎥⎥⎥⎥⎦ such that Av = 0. Thus

⎡⎢⎢⎢⎢⎣ 0k Bk

BT
k 0k

⎤⎥⎥⎥⎥⎦ ⎡⎢⎢⎢⎢⎣ x
y

⎤⎥⎥⎥⎥⎦ = 0, and so

Bky = 0, which implies y = 0 and BT
k x = 0 gives x = 0. Thus, v =

⎡⎢⎢⎢⎢⎣ 0

0

⎤⎥⎥⎥⎥⎦, a contradiction. Therefore,

λ = 0 is not eigenvalue of Γ.

□
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Theorem 4.5. Let Γ = Γgc
(︂
Zpkq

)︂
, where p and q are distinct primes and k ≥ 1. Then the characteristic

polynomial of Γ is P(Γ,λ) =
∑︁k

j=0(−1) j(k+ j
k− j)λ

2(k− j).

Proof. Consider the sets S1 =
{︂
H||H |= pi; 1 ≤ i ≤ k

}︂
and

S2 =
{︁
K||K |= psq; 0 ≤ s < k

}︁
. Then V(Γ) =

⋃︁2
j=1 S j. From Theorem 4.3, Γ is bipartite and the

adjacency matrix of Γ is A(Γ) =

⎡⎢⎢⎢⎢⎣ 0 B
BT 0

⎤⎥⎥⎥⎥⎦, where 0 is the k-by- k zero matrix, B is the k-by- k lower

triangular matrix with all entry’s ones, and BT is the transpose of B. The characteristic polynomial

of Γ is

P(Γ,λ) = |A− λI2k| =

⃓⃓⃓⃓⃓
⃓⃓ −λIk B

BT
−λIk

⃓⃓⃓⃓⃓
⃓⃓ , where Ik is k-by- k identity matrix.

Then P(Γ,λ) =

⃓⃓⃓⃓⃓
⃓⃓ −λIk B

BT
−λIk

⃓⃓⃓⃓⃓
⃓⃓ = det (−λIk)det

(︂
(−λIk) − BT (−λIk)

−1 B
)︂

= det (−λIk)det
(︃
(−λIk) +

1
λ

BTIkB
)︃

= det (−λIk)det
(︃ 1
λ

Ik

)︃
det

(︂(︂
−λ2Ik

)︂
+ BTB

)︂
= (−λ)k 1

λk
det

(︂(︂
−λ2Ik

)︂
+ BTB

)︂
= (−1)k det

(︂(︂
−λ2Ik

)︂
+ BTB

)︂
= (−1)k det

(︂
BTB− λ2Ik

)︂
.

Since B is the lower triangular matrix of all ones and BT is the transpose of B, then the entry (i, j)
of the matrix BTB is of the form k−max(i, j) + 1.

Therefor, P(Γ,λ) =
∑︁k

j=0(−1) j(k+ j
k− j)λ

2(k− j).

□

Theorem 4.6. Let Γ = Γgc
(︂
Zpkq

)︂
, where p and q are distinct primes and k ≥ 1. Then E(Γ) =

4
∑︁k

m=1 sin
(︃
(2m−1)π
2(2k+1)

)︃
, for m = 1, 2, · · · , k.

Proof. Since Γ is bipartite with the adjacency matrix A(Γ) =

⎡⎢⎢⎢⎢⎣ 0 B
BT 0

⎤⎥⎥⎥⎥⎦, by Theorem 4.5, then the

eigenvalues of the matrix BTB are of the form λm = 4 sin2
(︃
(2m−1)π
2(2k+1)

)︃
, for m = 1, 2, · · · , k and the

eigenvalues µm of the adjacency matrix A(Γ) is the square root of the eigenvalues λm of BTB,

µm = ±
√︁
λm = ±

√︄
4 sin2

(︄
(2m− 1)π
2(2k + 1)

)︄
= ±2 sin

(︄
(2m− 1)π
2(2k + 1)

)︄
.

The energy of Γ is E(Γ) =
∑︁2k

m=1

⃓⃓⃓
µm

⃓⃓⃓
= 4

∑︁k
m=1

(︃
sin

(︃
(2m−1)π
2(2k+1)

)︃)︃
.

□
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Theorem 4.7. Let Γ = Γ
(︂
Zp2q

)︂
, where p and q are distinct primes. Then ε

(︂
Γ
(︂
Zp2q

)︂)︂
= 2
√

5.

Proof. From Theorem 4.5, the characteristic polynomial of Γ is P(Γ,λ) =
(︂
λ4
− 3λ2 + 1

)︂
and from

Theorem 4.6 the roots of P(Γ,λ) are the eigenvalues of Γ, which are

λ1 =
√︂

1
2 (3 +

√
5),λ2 = −

√︂
1
2 (3 +

√
5),

λ3 =
√︂

1
2 (3−

√
5), λ4 = −

√︂
1
2 (3−

√
5).

Thus, E(Γ) = 2
(︃√︂

1
2 (3 +

√
5) +

√︂
1
2 (3−

√
5)

)︃
. Since (

√
a +

√
b)2 = a + b + 2

√
ab, then(︃√︂

1
2 (3 +

√
5) +

√︂
1
2 (3−

√
5)

)︃2
= 1

2 (3+
√

5)+ 1
2 (3−

√
5)+ 2

√︂
1
4 (9− 5) = 5, and so

√︂
1
2 (3 +

√
5)+√︂

1
2 (3−

√
5) =

√
5. Therefore, E(Γ) = 2

√
5. □

Theorem 4.8. Let Γ = Γgc
(︂
Zp2q2

)︂
, where p and q are distinct primes. Then the characteristic

polynomial of Γ is P(Γ,λ) = λ7
− 9λ5

− 2λ4 + 15λ3
− 7λ+ 2.

Proof. The cyclic group Zp2q2 has the following proper nontrivial subgroups, Hp,

Hq, Hp2 , Hpq, Hq2 , Hp2q and Hpq2 of orders p, q, p2, pq, q2, p2q and pq2, respectively. Then, the sub-

group of order p is adjacent to the subgroups of order q and q2, the subgroup of order q is adjacent

to the subgroups of order p and p2 and not adjacent to the other subgroups. Similarly, the subgroup

of order p2 is adjacent to subgroups of orders pq, q2 and pq2, the subgroup of order q2 is adjacent to

subgroups of order pq, and qp2.

Hence, the adjacency matrix of Γ is a 7× 7 matrix, which is

A(Γ) =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 1 0 0 1 0 0

1 0 1 0 0 0 0

0 1 0 1 1 0 1

0 0 1 0 1 0 0

1 0 1 1 0 1 0

0 0 0 0 1 0 1

0 0 1 0 0 1 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.

The characteristic polynomial of Γ is P(Γ,λ) = λ7
− 9λ5

− 2λ4 + 15λ3
− 7λ+ 2.

□

Theorem 4.9. Let Γ = Γgc
(︂
Zp2q2

)︂
, where p and q are distinct primes.

Then ε(Γ) ≤ 4 + 2
√

2 + 2
√

13.

Proof. From Theorem 4.8, the roots of the characteristic polynomial

P(Γ,λ) = λ7
− 9λ5

− 2λ4 + 15λ3
− 7λ+ 2 are the eigenvalues of Γ,

which are λ1 = 1,λ2 = −1, λ3 = −
√

2− 1, λ4 = −1 +
√

2,
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λ5 =
2
3
+

13

9
3
√︂

8
27 +

√
237
9 i

+
3

√︄
8
27

+

√
237
9

i

λ6 =
2
3
+

13

9
(︃
−

1
2 +

√
3

2 i
)︃

3
√︂

8
27 +

√
237
9 i

+

(︄
−

1
2
+

√
3

2
i
)︄

3

√︄
8
27

+

√
237
9

i

λ7 =
2
3
+

13

9
(︃
−

1
2 −

√
3

2 i
)︃

3
√︂

8
27 +

√
237
9 i

+

(︄
−

1
2
−

√
3

2
i
)︄

3

√︄
8

27
+

√
237
9

i

Therefore, E(Γ) ≤ 1 + 1 +
√

2 + 1 +
√

2− 1 + 3
(︃

2+2
√

13
3

)︃
= 4 + 2

√

2 + 2
√

13.

□

Conclusion

In this study, we characterized the structural and spectral properties of the generalized coprime

graph Γgc (G). we established sharp bounds its diameter and girth, proving that the typically

exhibits a bipartite or star like structure depending on the subgroup lattice. By deriving the

characteristic polynomials, we successfully computed the exact energy of generalized coprime

graph of dihedral group D2n, forn ∈
{︂

2p, pk, pq
}︂
, and the cyclic group Zn, for n ∈

{︂
pqr, pkq, p2 q2

}︂
.

Our finding demonstrates a direct correlation between the prime factorization of the group order

and the spectral energy of the graph.
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