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Abstract. Let D be a division ring with centre Z(D) and σ be an automorphism of D. For additive maps f : D → D,

we study the functional identity σ(x)G(x) f (x) = H(x), where G(X) and H(X) are non-zero generalized polynomials in

the variable X over D. By applying the inverse automorphism, we reduce the problem to the classical case and prove

that either [D : Z(D)] < ∞ or f is a σ-elementary operator, that is, a finite sum of terms a σ(x) b with a, b ∈ D. We

also consider additive solutions of f (x) = σ(x)ng(x−1) for n > 2 and obtain the corresponding forms under the stated

hypotheses.

1. Introduction

Throughout the paperD is a division ring with centreZ = Z(D) and σ is a fixed automorphism

of D. A generalized polynomial in one indeterminate X over D is an element of the free product

D ∗ZZ[X], denoted by D{X}; more generally D{X1, . . . , Xm} is the free product of D and the free

Z-algebra Z⟨X1, . . . , Xm⟩. A non-zero P ∈ D{X1, . . . , Xm} is a generalized polynomial identity (GPI)

forD if P(x1, . . . , xm) = 0 for all xi ∈ D. Martindale’s theorem [2] states that a division ring admit-

ting a non-trivial GPI is necessarily finite-dimensional over its centre. Standard background on

noncommutative rings, division rings, generalized polynomial identities, and functional identities

can be found in [3,4,6,7]. Related inverse-type rational functional identities on division rings were

studied in [5].

An additive map f : D → D is called elementary if there exist finitely many ai, bi ∈ D such that

f (x) =
∑︁

i aixbi for all x ∈ D. This notion plays a central role in the theory of functional identities.

In a recent landmark paper, Lee and Lin [1] proved the following: if f is additive and satisfies

G(x) f (x) = H(x) for non-zero G, H ∈ D{X}, then either [D : Z] < ∞ or f is elementary. As an
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application they completely solved the identity f (x) = xng(x−1) on non-commutative division

rings of characteristic , 2.

In the present work we incorporate an automorphism σ into the picture. A natural σ-twisted

analogue of an elementary operator is a map of the form

f (x) =
∑︂

j

a j σ(x) b j for all a j, b j ∈ D. (1.1)

When σ = idD this reduces precisely to an ordinary elementary operator, so (1.1) is the gen-

uine twisted generalization. Our first main result shows that this class appears unavoidably in

functional identities containing a factor σ(x).

Theorem 1.1. Let D be a division ring, σ an automorphism of D, and f : D → D an additive map.
Assume that there exist generalized polynomials G(X), H(X) ∈ D{X} with G(X) . 0 such that

σ(x)G(x) f (x) = H(x) for all x ∈ D. (1.2)

Then either [D : Z] < ∞ or f is σ-elementary.

This theorem extends [1, Theorem 2.3], which is the special caseσ = idD. The proof is remarkably

as follows: applying σ−1 to (1.2) turns it into an identity of the type treated by Lee and Lin, and the

conclusion follows immediately. Thus the whole multilinearization machinery developed in [1] is

inherited without change; the automorphism merely twists the final form of the solution.

As an application we consider the concrete functional equation

f (x) = σ(x)n g(x−1) for all x ∈ D×, n > 2, (1.3)

where f , g : D → D are additive. By the same reduction technique we obtain a complete classifi-

cation, which generalizes [1, Theorem 4.1].

Theorem 1.2. Let D be a non-commutative division ring with charD , 2 and let n > 2 be an integer.
Let σ be an automorphism of D. If additive maps f , g : D → D satisfy (1.3) for all x ∈ D×, then either
f = g = 0, or charD = p > 0, p − 1 | n − 2, and n is a sum of two powers of p; in the latter case there
exist α, β ∈ D and integers ℓ, m ≥ 0 with n = pℓ + pm such that

f (x) = σ(α) σ(x)pℓ + σ(β) σ(x)pm
, g(x) = σ(α) σ(x)pm

+ σ(β) σ(x)pℓ for all x ∈ D.

The paper is organized as follows. Section 2 fixes notation and recalls Lee–Lin’s theorem. The

proof of Theorem 1.1 is given in Section 3. Section 4 contains the proof of Theorem 1.2. We close

with a few concrete examples in Section 5 and some remarks on further directions.

2. Preliminaries

We denote byD{X} the free product ofD and the polynomial ringZ[X]. Its elements are finite

sums of monomials a0Xa1X · · · ak−1Xak with ai ∈ D. The degree of such a monomial is the number

of occurrences of X. A generalized polynomial is homogeneous if all its monomials have the same

degree.
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For an additive map f : D → D and a generalized polynomial G(X) ∈ D{X}, the expression

G(x) f (x) is evaluated by substituting x for X and multiplying on the right by f (x). We shall use

the following fundamental result.

Theorem 2.1 (Lee–Lin [1], Theorem 2.3). Let D be a division ring and f : D → D an additive map.
Suppose there exist generalized polynomials G(X), H(X) ∈ D{X} with G(X) . 0 such that

G(x) f (x) = H(x) for all x ∈ D.

Then either [D : Z] < ∞ or f is an elementary operator, i.e. f (x) =
∑︁

i aixbi for some ai, bi ∈ D.

An automorphism σ of D acts on generalized polynomials coefficient-wise: for G(X) =∑︁
a0Xa1 · · ·Xak we set σ(G)(X) =

∑︁
σ(a0)Xσ(a1) · · ·Xσ(ak). Clearly σ(G) ∈ D{X} and σ(G(x)) =

σ(G)(σ(x)) for all x ∈ D. In the sequel we use the inverse automorphism σ−1 in the same way.

Definition 2.1. An additive map f : D→D is called σ-elementary if there exist finitely many ai, bi ∈ D

such that

f (x) =
∑︂

i

ai σ(x) bi for all x ∈ D.

When σ = id, an σ-elementary map is simply an elementary operator, so the definition extends

the classical one.

3. Proof of the σ-twisted structure theorem

Proof of Theorem 1.1. Let f : D→D be an additive map satisfying

σ(x)G(x) f (x) = H(x) for all x ∈ D, (3.1)

where G(X), H(X) ∈ D{X} and G(X) . 0.

Reduction via the inverse automorphism. Apply the automorphism σ−1 to both sides of (3.1).

Since σ−1 is a ring automorphism ofD, it is additive and multiplicative, and thus

σ−1
(︂
σ(x)G(x) f (x)

)︂
= σ−1

(︂
σ(x)
)︂
σ−1
(︂
G(x)

)︂
σ−1
(︂

f (x)
)︂

for all x ∈ D. Hence

x · σ−1
(︂
G(x)

)︂
· (σ−1

◦ f )(x) = σ−1
(︂
H(x)

)︂
.

Define an additive map g : D→D by

g := σ−1
◦ f ,

and define generalized polynomials˜︁G(X) := X · σ−1(G)(X), ˜︁H(X) := σ−1(H)(X).

Then the above identity can be rewritten as˜︁G(x) g(x) = ˜︁H(x) for all x ∈ D. (3.2)

Non-vanishing of ˜︁G. We claim that ˜︁G(X) . 0 inD{X}.
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Since G(X) . 0 and σ−1 is an automorphism of D, it follows that σ−1(G)(X) . 0. It therefore

suffices to show that left multiplication by X is injective onD{X}.
Recall thatD{X} is the free product ofD andZ[X] overZ(D). Every nonzero element ofD{X}

admits a unique representation as a finiteZ(D)-linear combination of reduced monomials of the

form

a0Xa1X · · ·Xak (ai ∈ D, k ≥ 0),

and these reduced monomials are linearly independent overZ(D).

Let P(X) ∈ D{X} be nonzero. Then P(X) contains at least one nonzero reduced monomial.

Multiplication on the left by X transforms each reduced monomial

a0Xa1X · · ·Xak

into the reduced monomial

Xa0Xa1X · · ·Xak,

which has strictly greater degree. In particular, distinct reduced monomials in P(X) are sent to

distinct reduced monomials in XP(X), and no cancellation can occur. Hence XP(X) , 0.

Applying this to P(X) = σ−1(G)(X) yields ˜︁G(X) , 0.

Application of the Lee–Lin theorem. Equation (3.2) is now a functional identity of the standard

form ˜︁G(x) g(x) = ˜︁H(x) for all x ∈ D,

with ˜︁G(X) . 0 and g additive. By Theorem 2.1, it follows that either [D : Z(D)] < ∞ or g is an

elementary operator. In the latter case, there exist elements ai, bi ∈ D such that

g(x) =
∑︂

i

aixbi for all x ∈ D.

Reconstruction of f . Applying σ to the above identity and using multiplicativity, we obtain

f (x) = σ(g(x)) =
∑︂

i

σ(ai) σ(x) σ(bi) for all x ∈ D.

Thus f is a σ-elementary operator.

This completes the proof. □

Remark 3.1. The argument shows that the factor σ(x) in the original identity is completely harmless: it
can be removed by applying σ−1, reducing the problem to the well-understood case σ = id. The appearance
of σ(x) in the solution (1.1) is the sole remnant of the automorphism.

4. Application to f (x) = σ(x)ng(x−1)

We now turn to the concrete identity (1.3). The same reduction technique transforms it into the

equation solved in [1], yielding Theorem 1.2 without any additional labour.
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Proof of Theorem 1.2. Apply σ−1 to both sides of f (x) = σ(x)ng(x−1). For every x ∈ D× we obtain

(σ−1
◦ f )(x) = xn (σ−1

◦ g)(x−1).

Set F := σ−1
◦ f and G := σ−1

◦ g; these are additive maps fromD toD. The identity becomes

F(x) = xn G(x−1) for all x ∈ D×,

which is precisely the functional equation studied in [1, Theorem 4.1]. Because D is non-

commutative and charD , 2, that theorem gives a complete classification:

• either F = G = 0;

• or charD = p > 0, p − 1 | n − 2, and n = pℓ + pm for some integers ℓ, m ≥ 0. In this case

there exist α, β ∈ D such that

F(x) = αxpℓ + βxpm
, G(x) = αxpm

+ βxpℓ for all x ∈ D.

If F = G = 0, then clearly f = g = 0. In the exceptional case, applying σ to the expressions for

F and G yields

f (x) = σ(F(x)) = σ(α) σ(x)pℓ + σ(β) σ(x)pm
,

g(x) = σ(G(x)) = σ(α) σ(x)pm
+ σ(β) σ(x)pℓ ,

which is exactly the stated form. This finishes the proof. □

Remark 4.1. The original theorem of Lee–Lin required charD , 2 and thatD be non-commutative; these
hypotheses are inherited without change. No additional restriction on σ (such as σ|Z = idZ) is needed
because the reduction removes σ from the equation before the classification is invoked.

5. Examples and further remarks

Example 5.1. If σ = idD, Theorem 1.1 recovers the original Lee–Lin theorem, and Theorem 1.2 reproduces
the classical solutions f (x) = αxpℓ + βxpm

.

Example 5.2. LetD be a non-commutative division ring of characteristic p > 0 and letσ be an automorphism
that is not the identity. Choose n = pℓ + pm with p− 1 | n− 2. For any α, β ∈ D, the pair

f (x) = σ(α)σ(x)pℓ + σ(β)σ(x)pm
, g(x) = σ(α)σ(x)pm

+ σ(β)σ(x)pℓ

satisfies (1.3). For instance, takeD to be the division ring of quaternions over an infinite field of characteristic
p and σ conjugation by a non-central element; then σ(x) is not a polynomial in x, and the maps are truly
σ-twisted.

Example 5.3. The σ-elementary form (1.1) appears naturally when one studies derivations and au-
tomorphisms simultaneously. For an inner automorphism σ(x) = uxu−1, an σ-elementary map is
f (x) =

∑︁
aiuxu−1bi =

∑︁
(aiu)x(u−1bi), which is again an ordinary elementary operator. Thus the

novel phenomenon occurs only for outer automorphisms.
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Remark 5.1. The reduction technique used in this paper applies to any functional identity of the form

σ1(x)e1G1(x) f1(x) + · · · = H(x),

where each term starts with a power of an automorphism applied to x. By composing with an appropriate
automorphism one can always reduce to the case where all outer automorphisms are replaced by the identity,
after which the classical theory of functional identities takes over. This observation opens the way to a unified
treatment of twisted identities on division rings.
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