
Int. J. Anal. Appl. (2026), 24:319

Some New Oscillation Criteria for a Class of Nonlinear Sub Elliptic P-Laplacian
Equations on the Heisenberg Group

S. Balamani1, V. Sadhasivam1,∗, S. Priyadharshini2, Faisal Salah3, K. K. Viswanathan4,5,∗

1PG and Research Department of Mathematics, Thiruvalluvar Government Arts College
(Affiliated to Periyar University), Rasipuram - 637 401, Tamil Nadu, India

2Department of Mathematics, Paavai Engineering College (Autonomous), Namakkal – 637018,
Tamil Nadu, India

3Department of Mathematics, College of Science and Arts, King Abdulaziz University,
Rabigh, Saudi Arabia

4Department of Mathematical Modeling, Institute of Artificial Intelligence and Digital Technologies,
Samarkand State University, 15, University Boulevard, Samarkand, 140104, Uzbekistan

5University of Economics and Pedagogy, Karshi, Qashqadaryo Region, Uzbekistan

∗Corresponding authors: ovsadha@gmail.com, visu20@yahoo.com

Abstract. In this article, obtain the some new oscillation criteria for a class of nonlinear sub elliptic p-Laplacian equations

on the Heisenberg group. By employing a Riccati transformation and establishing suitable integral conditions, we

derive both Fite-type and Philo’s-type oscillation criteria for second-order sub-elliptic partial differential equations.

The obtained results extend several known oscillation theorems for elliptic and quasilinear equations to the sub-elliptic

setting. Examples are provided to illustrate the effectiveness of the main results.

1. Introduction

The oscillation theory for differential and partial differential equations has been extensively

developed due to its fundamental importance in qualitative analysis and its wide range of appli-

cations in mathematical physics and engineering. Classical oscillation criteria for second-order

ordinary differential equations were initiated by the pioneering works of Fite [1] and Wintner [2],

and later significantly extended by many other authors, see [3–8].

In recent decades, considerable attention has been devoted to oscillation properties of elliptic

and quasilinear elliptic equations involving the p - Laplacian operator. Such equations arise
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naturally in the study of non-Newtonian fluids, nonlinear elasticity, glaciology, and other applied

fields [9]. Important contributions in this direction include the works of Noussair and Swanson [10],

Usami [11], Marik [12] and Xu [13] among others [14–19].

The Heisenberg group provides a natural non-Euclidean framework in which hypoelliptic op-

erators replace classical elliptic operators. Sub-elliptic partial differential equations on Carnot

groups, particularly on the Heisenberg group, play a central role in harmonic analysis, holder

regularity, sub-Riemannian geometry, and several complex variables. Fundamental analytical

properties of the Heisenberg group have been studied by Folland and Stein [20], Garofalo and

Lanconelli [21], and many others [22–28] and existence results on the Heisenberg group cited

by [29–31].

Motivated by these developments, several authors have recently investigated oscillation behav-

ior of nonlinear equations on Hn. In particular, Wu & Niu [32] extended oscillation theorems to

weighted p sub-Laplacian equations and also Balamani et.al. [33] studied mixed powers on the

Heisenberg group. Motivated by above all works, we constructed the following subelliptic p-

Laplacian equations of the form,

∇Hn(||∇Hnw||p−2A(z, t)∇Hnw + ⟨BT(z, t), ||∇Hnw||p−2
∇Hnw⟩

+ Q(z, t)|w|p−2w +
m∑︂

i=1

Qi(z, t)|w|pi−2w = f (z, t). (1.1)

Here A = (ai j) = (a ji) > 0 with ai j ∈ C2(Ω, R),∇Hn denotes the Heisenberg gradient,

BT(z, t) = (b1, b2..., bn, bn+1, ..., b2n) with bi ∈ C(Ω, R), Q, Qi ∈ C(Ω, R) and p, pi > 1, (i=1,2,...,m,

where m ∈ N) are mutually different real numbers.

Assume the following notations: The number p∗ is a conjugate of p, ie., p∗ = p
p−1 , λ be the smallest

eigen value of A and there exists λ(||(z, t)||Hn) ∈ C(R+, R+) defined by

λ(||(z, t)||Hn) ⩽ min
||z,t||Hn=r

λ

||A||
p∗

p∗−1

, r > a0 > 0, (1.2)

where ||A|| =
(︃∑︁2n

i, j=1 a2
i j

)︃1/2
.

The following sets are defined as,

A(a1, a2) = {(z, t) ∈Hn : a1 ≤ ||(z, t)||Hn ≤ a2},

A[a1,∞) = {(z, t) ∈Hn : ||(z, t)||Hn ≥ a1} ⊂ Ω,

BHn = {(z, t) ∈Hn; ||(z, t)||Hn < r},

SHn = {(z, t) ∈Hn; ||(z, t)||Hn = r},

and ραρr2n+1 is the area of SHn(o, r) with ρ = 2n + 2 denotes the homogeneous dimension of Hn,

αρ be volume of BHn(0, r) and Hausdorff measure with a 2n dimension dHn is R2n+1. We denote

BHn(0, r) and SHn(0, r) by Br and Sr respectively, where r = ||(z, t)||Hn .
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The aim of this paper studying Fite-type and Philo’s-type oscillation theory to a general class of

nonlinear sub-elliptic p- Laplacian equations. By using Riccati-type transformations and appropri-

ate integral inequalities, we establish new sufficient conditions for oscillation. The obtained criteria

generalize several known results in the Euclidean case and provide new insights into oscillatory

behavior in the sub-elliptic differential equations.

The following is the structure of the paper. We provide some fundamental lemmas and definitions

in Section 2. We have discussed the Fite and Philo’s type oscillation criterion in Section 3. Section

4 presents illustrative examples that demonstrate the validity of the main results.

2. Definitions and lemmas

The nilpotent Lie group, or Hn of real dimension 2n + 1, is a manifold that is the product Hn=

Cn x R with the group law followed,

η̄ ◦ η =

⎛⎜⎜⎜⎜⎜⎝x + x̄, y + ȳ, t + t̄ + 2
n∑︂

i=1

(xi ȳi − yix̄i)

⎞⎟⎟⎟⎟⎟⎠ , (2.1)

where η = (x1, x2, ..., xn, y1, y2, ..., yn, t):= (x, y, t) := (z, t) ∈ C2n
×R,

η̄ = (z̄, t̄). The horizontal vectors on Hn is given by

Xi = ∂xi + 2yi∂t, Yi = ∂yi − 2xi∂t, T = ∂t,

where i = (1, 2, ..., n). The Heisenberg gradient is given by

∇Hn = (X1, ..., Xn, Y1, .., Yn),

and the sub-Laplacian on the Heisenberg group, defined by

⟨∇Hn ,∇Hn⟩ = ∆Hn =
∑︁n

i=1 X2
i + Y2

i ,

is hypoelliptic by Hormonder’s theorem [34].The norm is defined on Hn

||η||Hn =
(︂
(x2 + y2)4 + t2

)︂ 1
4 . (2.2)

We have provided some fundamental definitions and lemmas before presenting of our main

theorems in the next section.

Definition 2.1. If w(η) = w(z, t) is said to be nontrivial solution of (1.1), then w(η) satisfies

sup{|w(η)| : (η) ∈ Ω} > 0. (2.3)

Definition 2.2. A nontrivial solution w of (1.1) is considered oscillatory if it contains arbitrarily large
zeros; otherwise, it is referred to as nonoscillatory. The equation (1.1) is considered oscillatory if all of its
solutions are oscillatory.

If w , 0 in Ω with based on Riccati type partial differential inequality, we obtain following

lemma.
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Lemma 2.1. Suppose a function D(η) = D such that

D ≤ Q(η) +
m∑︂

i=1

Qi(η)|w|pi−pw−
f (η)
|w|pi−2w

. (2.4)

Define

U =
||∇Hnw||p−2A(η)∇Hnw

|w|p−2w
. (2.5)

The function U satisfies the following inequality

∇HnU + (p− 1)
λ(η)

||A(η)||p∗
|U|p∗ + ⟨BT(η)A−1(η), U⟩+ D ≤ 0. (2.6)

Proof. Dividiving (1.1) by |w|p−2w on bothsides, we get

∇Hn .U =
f (η)
|w|p−2w

−Q(η) −

m∑︁
i=1

Qi(η)|w|pi−2w

|w|p−2w

−(p− 1)
||∇Hnw||p−2

∇HnwTA(η)∇Hnw
|w|p

− ⟨BT(η)A−1(η), U⟩. (2.7)

Using the hypothesis (2.4), we obtain the following inequality

∇Hn .U − (p− 1)
||∇Hnw||p−2

∇HnwTA(η)∇Hnw
|w|p

− ⟨BT(η)A−1(η), U⟩+ D ≤ 0. (2.8)

From (2.5),

||U|| ≤
||∇Hnw||p−1

||A(η)||

|w|p−1
. (2.9)

It yields

||∇Hnw||p−2(∇Hnw)TA(η)∇Hnw ≥ λ(η)
||∇Hnw||p

|w|p

=
λ(η)

||A(η)||
p

p−1

||U||
p

p−1 , (2.10)

substitute (2.10) in (2.8), we get the require inequaliy (2.6). □

The following lemma that ensues a vital role in our main results.

Lemma 2.2. Assume that (2.4)-(2.6) of Lemma 2.1 holds. Also U(η) satisfies

∇Hn .U + Dc + 2k
λ(η)

||A(η)||p∗
||U||p∗ ≤ 0, (2.11)

where

Dc = D−
1
p

(︄
c
p

)︄p−1
||A(η)||p

λp−1(η)
||BT(η)A−1(η)||p, (2.12)

and k =
(p− 1)(c− 1)

2c
.
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Proof. Consider

(p− 1)
λ(η)

||A(η)||p∗
||U||p∗ + ⟨BT(η)A−1(η), U⟩

=
(︃p

c

)︃ λ(η)

||A(η)||p∗

[︄
1
p∗
||U||p∗ +

c||A(η)||p∗

pλ(η)
⟨BT(η)A−1(η), U⟩+

c− 1
p∗
||U||p∗

]︄
. (2.13)

Using Young’s inequality

1
p∗
||U||p∗+

c||A(η)||p∗

pλ(η)
⟨BT(η)A−1(η), U⟩

≥ −
1
p

(︄
c
p

)︄p
||A(η)||p∗

λp(η)
||BT(η)A−1(η)||p,

which implies

(p− 1)
λ(η)

||A(η)||p∗
||U||p∗ + ⟨BT(η)A−1(η), U⟩

≥ −
1
p

(︄
c
p

)︄p−1
||A(η)||p

λp(η)
||BT(η)A−1(η)||p + 2k

λ(η)

||A(η)||p∗
||U||p∗. (2.14)

Adding bothsides by D(η) in the above inequality,

(p− 1)
λ(η)

||A(η)||p∗
||U||p∗ + ⟨BT(η)A−1(η), U⟩+ D

≥ −
1
p

(︄
c
p

)︄p−1
||A(η)||p

λp(η)
||BT(η)A−1(η)||p + 2k

λmin(η)

||A(η)||p∗
||U||p∗ + D. (2.15)

In the view of (2.8), (2.12) and (2.15), we get desired result (2.11). Hence the work is done. □

From [35], the first lemma is known as divergence formula on Hn and obtain Ricatti inequality

on Hn by using second lemma.

Lemma 2.3. For any C
′

(Ω0) vector field V = (V1, V2, ..., Vn), we have∫︂
Ω0

∇Hn .Vdzdt =
∫︂
∂Ω0

MV.νdH (2.16)

where

M =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
In 0

0 In

2y −2x

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
(2n+1)X2n

. (2.17)

Lemma 2.4. Let vector field V = (V1, V2, ..., V2n), and p > 1, we have

||MV.ν||2L1(Sr)
≤ (ραρr2n+1)

2
q (4r2 + 1)||V||2

L
p

p−1 (Sr)

. (2.18)

In the following section, we provide Fite-type and Philo’s-type oscillatory criteria of (1.1).
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3. Main results

First, we obtain oscillation criteria for (1.1) by using Fite-type in below.

3.1. Fite type.

Theorem 3.1. Let ϕ ∈ C
′

([r0,∞), R) and c > 1 hold. If

lim
r→∞

∫︂ r

r0

Dϕ,c(s)ds = ∞ and (3.1)

lim
r→∞

∫︂ r

r0

λ(s)g(s)ds = ∞, (3.2)

where

Dϕ,c(r) = ϕ
∫︂

Sr

Dc(η)dH−
1
p
(p∗k)1−p(λg)1−p(r)

⃦⃦⃦⃦⃦
⃦ϕ

′

ϕ

⃦⃦⃦⃦⃦
⃦

p

, (3.3)

g(r) =
(︂
(4r2 + 1)p/2ϕ(r)ραρr2n+1

)︂ 1
1−p , (3.4)

then (1.1) is oscillatory.

Proof. Suppose that, w > 0 on Ω(r1), r1 ≥ r0 and define

V(r) = ϕ
∫︂

Sr

MU(η).νdH. (3.5)

Bothsides differentiate with respect to r ,

V
′

=
ϕ
′

ϕ
V + ϕ

∫︂
Sr

∇HnUdH.

The value of (2.11) and in view of (1.2),

V
′

≤
ϕ
′

ϕ
V −ϕ

∫︂
Sr

Dc(η)dH− 2kλ(r)ϕ
∫︂

Sr

||U||p
∗

dH. (3.6)

By using Lemma 2.4 implies that,

∥V∥ =

⃦⃦⃦⃦⃦
⃦
∫︂

Sr

MU(η).νdH

⃦⃦⃦⃦⃦
⃦ ,

≤

(︂
(4r2 + 1)

)︂1/2
ϕ

(︂
ραρr2n+1

)︂1/p
(︄∫︂

Sr

∥U∥p
∗

dH

)︄ 1
p∗ ,∫︂

Sr

∥U∥p
∗

dH ≥
(︂
4r2 + 1

)︂ p
2(1−p)

(︂
ϕpραρr2n+1

)︂ 1
1−p
∥V∥p

∗

.

It follows,

V
′

≤
ϕ
′

ϕ
V −ϕ

∫︂
Sr

Dc(η)dH− 2kλ(r)g(r) ∥V∥p
∗

. (3.7)
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Applying Young’s inequality,⃦⃦⃦⃦⃦
⃦ϕ

′

ϕ
V

⃦⃦⃦⃦⃦
⃦ ≤ kλ(r)g(r) ∥V∥p

∗

+
1
p
(kp∗)1−p (λg)1−p(r)

⃦⃦⃦⃦⃦
⃦ϕ

′

ϕ

⃦⃦⃦⃦⃦
⃦

p

.

Using the above inequality and (2.5) in (3.7),

V
′

(r) ≤ −Dϕ,c(r) − kλ(r)g(r)
⃦⃦⃦
V(r)

⃦⃦⃦p∗
. (3.8)

Integrate from r1 to r in equation (3.8), we have

V(r) ≤ V(r1) −

∫︂ r

r1

Dϕ,c(s)ds−
∫︂ r

r1

kλ(s)g(s)
⃦⃦⃦
V(s)

⃦⃦⃦p∗
ds. (3.9)

By (3.1), implies

V(r1) −

∫︂ r

r1

Dϕ,c(s)ds ≤ 0, r ≥ r2 ≥ r1.

From (3.8) and above inequaliy,⃦⃦⃦
V(r)

⃦⃦⃦
≥ k

∫︂ r

r1

λ(s)g(s)
⃦⃦⃦
V(s)

⃦⃦⃦q∗
ds = J(r),(︄

J
′

Jp∗

)︄
(r) ≥ kg(r).

Integration of the above inequality over [r2,∞], the L.H.S becomes convergent but R.H.S (by

hypothesis (3.2) gives divergent, which is contradicts the proof. □

In Theorem 3.1, we take ϕ(r) = 1, A(η)= I2nX2n by using (1.2) implies
⃦⃦⃦
A(η)

⃦⃦⃦2
= 2n and

minimum eigen value of A(η) is 1, then the following known as Fite type theorem.

Corollary 3.1. Let p ≥ ρ− 2 and c ≥ 1 holds. If∫︂
Ω(r0)

⎡⎢⎢⎢⎢⎣D− (︄ √
2n
q

)︄p

cp−1
⃦⃦⃦
BT(η)

⃦⃦⃦p
⎤⎥⎥⎥⎥⎦ dHds = ∞, (3.10)

then (1.1) is oscillatory.

Next obtain the following Corollary , again we take A(z, t)= I2nX2n and ϕ(r) = rp−(ρ−2),

implies
⃦⃦⃦⃦⃦
ϕ
′
(r)
ϕ(r)

⃦⃦⃦⃦⃦
=

⃦⃦⃦
p− ρ+ 2

⃦⃦⃦
r−1 in Theorem 3.1,

Corollary 3.2. If∫︂
Ω(r0)

⎡⎢⎢⎢⎢⎣D− 1
p

(︄
2

p− 1

)︄p−1 ⃦⃦⃦
p− ρ+ 2

⃦⃦⃦p (︂
4s2 + 1

)︂p/2
s−p
−

(︄ √
2n
p

)︄p ⃦⃦⃦
BT(η)

⃦⃦⃦p
⎤⎥⎥⎥⎥⎦ sp−ρ+2dHds = ∞, (3.11)

then (1.1) is oscillatory.

In the next section, by using [36], we discuss Philo’s type oscillation criteria.
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3.2. Philo’s type oscillation criteria. Let B(r, s, l) = B ∈ Y, if B ∈ C (D∗; R),

where D∗ =
{︁
(r, s, l) : r ≥ s ≥ l ≥ r0 ≥ 0

}︁
, with B(r, r, l) = 0 = B(r, l, l), B(r, s, l) ≥ 0 for l < s < r

and has the partial derivative ∂B∂s in D∗. Also define B = B1(r, s)B2(s, l). Here B1(r, s) = B1 and

B2(s, l) = B2 ∈ X, if B1(r, s),B2(s, l) ∈ C (D; R) whereD =
{︁
(r, s) : r ≥ s ≥ r0 ≥ 0

}︁
, with

∂B1

∂s
= −h1(r, s)

√︁
B1, and

∂B2

∂s
= h2(s, l)

√︁
B2,

where h1, h2 are locally integrable functions inD. Using the above, we get the following theorem.

Theorem 3.2. For each ϕ ∈ C
′

([r0,∞), R+), there exists B ∈ Y such that

lim sup
r→∞

1
B(r, r1, l)

∫︂ r

r1

B

[︄
Dϕ,c(s) −

(p∗k)1−p

p
(λg)1−p(s) ∥b∥q

]︄
ds = ∞, (3.12)

where

b =
h2
√
B2
−

h1
√
B1

, (3.13)

then (1.1) is oscillatory.

Proof. Assume that the contrary, w > 0 on Ω(r1) for some r1 ≥ r0. Multiply bothsides by B on (3.7)

and taking integration over [r1, r], we get∫︂ r

r1

BDϕ,c(s)ds ≤ −
∫︂ r

r1

BV
′

(s)ds− k
∫︂ r

r1

λ(s)g(s)B
⃦⃦⃦
V(s)

⃦⃦⃦p∗
ds,

≤ B(r, r1, l)V(r1) +

∫︂ r

r1

BbV(s)ds− k
∫︂ r

r1

λ(s)g(s)B
⃦⃦⃦
V(s)

⃦⃦⃦p∗
ds. (3.14)

Using Young’s inequality in following,⃦⃦⃦
bV(s)

⃦⃦⃦
≤

1
p
(p∗k)1−p (λg)1−p (s) ∥b∥p + kλ(s)g(s)

⃦⃦⃦
V(s)

⃦⃦⃦p∗
.

The above inequality (3.14) implies,∫︂ r

r1

B

[︄
Dϕ,c(s) −

1
p
(p∗k)1−p (λg)1−p (s) ∥b∥p

]︄
ds ≤ B(r, r1, l)V(r1).

Taking lim sup
r→∞

and dividing B(r, r1, l) in above equation, we get

lim sup
r→∞

1
B(r, r1, l)

∫︂ r

r1

B

[︄
Dϕ,c(s) −

1
p
(p∗k)1−p (λg)1−p (s) ∥b∥p

]︄
ds ≤ ∞.

Which is contradiction for (3.8). Hence the proof. □

The following corollary obtain by choose B = (r − s)m(s − l)n for m, n > 1
2 , ie., B1 = (r − s)m ,

B2 = (s− l)n, then
⃦⃦⃦
b(r, s, l)

⃦⃦⃦p
=
|nr−(m+n)s−ml|

p

(r−s)p(s−l)p in above Theorem 3.2.

Corollary 3.3. If

lim sup
r→∞

1
rm

∫︂ r

r1

(r− s)m(s− l)nDϕ,c(s) −
(p∗k)1−p

p
(λg)1−p(s)

⃓⃓⃓
nr− (m + n)s−ml

⃓⃓⃓p
(r− s)p−m(s− l)p−n ds = ∞, (3.15)

then (1.1) is oscillatory.
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Examples are illustrate by using Theorem 3.1.

Example 3.1. Consider (1.1) with

A(η) = diag
(︃⃦⃦⃦
η
⃦⃦⃦3

(4
⃦⃦⃦
η
⃦⃦⃦2

+ 1),
⃦⃦⃦
η
⃦⃦⃦3

(4
⃦⃦⃦
η
⃦⃦⃦2

+ 1),
⃦⃦⃦
η
⃦⃦⃦3

(4
⃦⃦⃦
η
⃦⃦⃦2

+ 1)
)︃

,

BT(η) = (1, 1, 1), Q(η) =
1 + sin

⃦⃦⃦
η
⃦⃦⃦

⃦⃦⃦
η
⃦⃦⃦4

, Qi(η) = 0, f (η) = 0, (3.16)

where η ∈ Ω(1), n = 1, p = 2 and c = 2. put ϕ(r) = 1. Using the above values and apply the conditions
(3.1) - (3.4) of Theorem 3.1, we get

Dϕ,c(r) =
ραρ(1 + sinr)

r
−

(︃27
2

)︃ ραρ

r6(4r2 + 1)3 , g(r) =
1

(4r2 + 1)ραρr3 .

Also,

lim
r→∞

∫︂ r

r0

Dϕ,c(s)ds = ραρ lim
r→∞

∫︂ r

r0

(︄
(1 + sins)

s
−

(︃27
2

)︃ 1
s6(4s2 + 1)3

)︄
ds = ∞,

and

lim
r→∞

∫︂ r

r0

λ(s)g(s)ds = ραρ lim
r→∞

∫︂ r

r0

ds = ∞.

Hence (3.1), (3.2) of Theorem 3.1 are satisfied. Therefore equation (1.1) is oscillatory.

Example 3.2. Consider (1.1) with

A(η) = diag(1, 1, 1), BT(η) = (1, 1, 1), Q(η) =
1⃦⃦⃦
η
⃦⃦⃦ , Q1(η) = Q2(η) = 2

⃦⃦⃦
η
⃦⃦⃦
, f (η) = 0, (3.17)

where η ∈ Ω(1), n = 1, p = 2 and c = 2. Also ϕ(r) =
⃦⃦⃦
η
⃦⃦⃦
.Using the above values and apply the

conditions (3.1) - (3.4) of Theorem 3.1, we get

Dϕ,c(r) =
2− 3

√
3

2
ραρr2, lim

r→∞

∫︂ r

r0

g(r) = lim
r→∞

∫︂ r

r0

1
(4r2 + 1)ραρr3 .

Also

lim
r→∞

∫︂ r

r0

Dϕ,c(s)ds =
(︄

2− 3
√

3
2

)︄
ραρ lim

r→∞

∫︂ r

r0

s2ds = ∞,

and

lim
r→∞

∫︂ r

r0

λ(s)g(s)ds = ραρ lim
r→∞

∫︂ r

r0

1
(4s2 + 1)s3 ds < ∞.

Here one of the condition (3.2) is not satisfied. Therefore equation(1.1) is not oscillatory.
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