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Abstract. In this paper, we define a new subclass of close-to-convex functions influenced by the multiplicative derivative.
Multiplicative derivative is defined in a domain which excludes zero, so the defined subclass did not involve replacing
the ordinary derivative with a multiplicative derivative. But we have used the only motivation behind the purpose of
such a restrictive calculus, to define a new family of analytic functions. Estimates involving the initial coefficients of
the functions having Maclaurin series, which belong to the defined function class are our main results. Some examples
along with graphs have been used to establish the inclusion and closure properties. Also, we obtain the logarithmic

and inverse coefficients for the defined function class.

1. INTRODUCTION AND DEFINITION

Let U, R, C and IN denote the unit disc, set of real numbers, set of complex numbers and set of
natural numbers respectively. Let H (a, n) be the class of analytic functions having a series of the
form f(z) = a+a,z" +a, 112" + ... Also, let

Ar=I{feH, f(z) =z+a,12" +a,,02"2 4}

and A = A;. Let P(p) (0 < p < 1) denote the class of the functions p(z) analytic with p(0) = 1
and Re[p(z)] > p. Also we let S to denote the subclass of A which are analytic in U. Famous
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subclasses of S are the so-called classes of starlike and convex function will be denoted by S* and
C respectively. Refer to [24], for formal definitions of various subclasses of S. Gao and Zhou [16]
introduced and studied a class of analytic functions satisfying the condition
2 41

Re(g(zz)fg%) <0, (zeU; geS(1/2)), (1.1)
where §*(1/2) denotes the class of starlike functions of order 1/2. The class of functions satisfying
the above condition will be denoted as K;. Since G(z) = g(z)g(—z)/z is starlike if ¢ € §*(1/2),
the class K; would belong to the family of close-to-convex functions. Hence functions in K are
univalent in U. Using the principle of subordination, Wang, Gao and Yuan [37] (also see [14, 38])
extended the class K to K () by replacing the condition (1.1) with the following condition

2f2)
—— = _<yz), (zeU;geS(1/2)). (1.2)
s@g=) Y $
The class was further generalized and studied by various authors (see [12,15,17, 20, 25,27-29]).
2f/(z #f'(z)

In this paper, we will introduce a new class by replacing f’ with e /@ in (1.2). The term e
is motivated by the definition of non-Newtonian derivative popularly called as multiplicative
derivative.

Bashirov, Kurpinar and Ozyapiin [5] (also see [6,7,26]) studied the properties of Multiplicative
calculus which is not adaptable to many application problems when compared with the calculus
due to Newton and Euler. But it has been a useful mathematical tool in economics and finance.

The multiplicative derivative denoted by f* whose definition is given explicitly by

where f’(x) is the ordinary derivative. The *-derivative of f at z belonging to a small neighbour-

hood of a domain in a complex plane where f is non-vanishing differentiable, is given by

and ') (z) = el/'@/f (Z)w, n =1, 2,.... The multiplicative derivative is defined only on domain
which omits zero. But the subclasses of univalent functions defined on a domain which admits
zero. So we will only be able to use the idea and motivation behind the definition of a multi-
plicative calculus. Influenced by the definition of multiplicative derivative, recently Karthikeyan
and Murugusundaramoorthy in [18] introduced and studied a class of analytic functions R(¢)

satisfying the subordination condition

21 (2)

ze f(@)
f(2)

where ¢ € P is starlike symmetric with respect to horizontal axis and is of the form

<Y(z), (1.4)

P(z) =1+ Liz+ Loz + Lz’ + -+, (L1 eC;ze ). (1.5)
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The class is non-empty and it does not reduce to the subclasses of S. For the detailed analysis and
closure properties of the class R(), refer to [18].

Mittag-Leffler function, is a special transcendental function and it reduces to a well-known ele-
mentary functions. Refer to Srivastava [30,31] and Srivastava et al. [32-34] for detailed studies
which involved Mittag-Leffler function. The Srivastava—Tomovski generalization of the Mittag-

Leffler function [33], is given by
v k _ S () 2"
E)i(z) = nza Tlam g 2B k€ C,Re(a) > 0, Re(k) > 0. (1.6)

where (x), will be used denote the usual Pochhammer symbol. Using (1.6), Cang and Liu in [13]

(also see [8,35,36]) introduced an operator which is given by

‘*’Z T(y +nk)['(a+p)

" 17
T(y + k)T (an + p)mt™™* (17)

Motivated by (1.7), Breaz et al. [9] defined an operator 37" (a, B, v)f(z) : A — Aby

[(y+nk)['(a+p)

IO+ T (an 1 pym ™ (1.8)

Seal@ B Y)f(@) =z+ ) [L=A+An)"
n=2

(0<A<1;meNg=10,1,2,...},a, B 7, keC,Re(a) >0, Re(k) > 0).

Motivated by class R(¢) and K (¢’), we introduce a new family influenced by the definition of

multiplicative derivative.

Definition 1.1. For 0 < A <1; m € Ngand a, B, y, k € C such that Re(a) > 0, Re(k) > 0, a function f
in N"(a, B, v, k; A; 1) if it satisfies

D (6,9,p)f" (2) -1
1720 DF(6,3,p)f(2)

DI6, 9, )32 D6, 9, pratz) ~ V@) (19)
where DI'(0, 9, p)g(z) € 8*(1/2), | t|< 1,t # 0and (z) € P is of the form (1.5),

Remark 1.1. Letting « = 0 = m, t = =1 and y = k = 1 in Definition 1.1, then the class
N"(a, B, v, k; A; ¢) reduces to the class
25
z%e
= T , U;.
NW)={feA egzg_z)<1,b(z)ze

Note that N () is neither a subclass nor generalized class of K;(v). If we let (z) = L£ in N (), then

the class reduces to

For other studies related to N/"(«, B, v, k; A; 1), refer to [10,11] and the references provided

therein.



4 Int. . Anal. Appl. (2026), 24:324

i

1\4?' 51

Figure 1. Mapping of G(z) = —ﬁe Tt fz] <1
(2-z) (2+z2)

Example 1.1. Let the fixed function be g(z) = (ZZTZ) It is well-known that ¢(z) = QZTZ) is convex
14i 2
Iz

univalent and maps the unit disc onto a circular shaped region in w-plane. Now let f(z) = z — N
|zl < 1. Clearly, f(z) is univalent in U and Area (f(U)) = n Y. nla,/> = n(l |12 +2~1/4) =3
Now

o) (-142) )
z2e 1) z? T
G(z) = =— e 22
@52 (- -
(2-z) (2+z)
1+i 2
447
. 2 z- L2 . . . . . . .
We can see that the function G(z) = —(ZZ—Ze 2\2 maps the unit disc onto semi-cardioid region in

-2 @42

the left half-plane (see Figure 1). Further, Figure 1 illustrates that the class N is non-empty.

Remark 1.2. Note that functions belonging to classes N, N () and N"*(a, B, v, k; A; 1) need not be
univalent. It is neither a subclass nor a generalized class of S.

2. CoErrICIENT INEQUALITIES AND FEKETE-SZEGO INEQUALITY OF N e (a, B, 7,k A )

We will need the following inequality obtained by Ma and Minda [21] for the class # and the
inequality obtained by Koepf [19] for the class S*.

Lemma2.1. [19,21] Letp(z) =1+ Y, pnz" € Pand g(z) =z + Y., , byz" € S*. For v to be a complex
n=1

number, then we have the following inea}ualities

|p2 - vpﬂ <2max{l;]2v —1]},
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and
|b2 - vbﬂ < max{1;|3 —4vl|}.
The result is sharp.

Throughout this paper, we denote
T(y +nk)I'(a+B)
L(y +k)I(an+ B)n!

which may be real or complex parameters.

n=

Theorem 2.1. If f(z) € N["(a, B, y, k; A; ), then we have

lag| < | (L] + 211+ #].

(1+A)"Dy|

las| < 1 {Mmax {1 L
|(1+24)mT5| | 2 Ly

N |1+t|2max L |+ 14t 45
2 I (1+1)2 ’

+

22l (1+4)

and for all p € C

| pa| ; |Ll'lrnax 1;
27+ 20)m|

2p(1+21)"T;
3o 4p(1+24)"T5  [(1+1)* +2f]
(14 A)2m1% (1+1)?

Ly Lif,_4p(1+24)"Ts
Ly 2 (1+A)>T3

|

+2

1+
+| ‘f2‘| max{l,

Proof. As f € N[*(a, B, v, k; A; 1), by (1.9) we have

O D7 (6, 9, p)s(z) DY (6, 9, p)s(t2)
O =  fu(z)] P .

Thus, let 9 € P be of the form 9(z) =1+ } ;7 ; 9,z" and defined by

1+ w(z)
8@ = 1-w(z)’
On computation, the right hand side of (2.4)

b [w(z) 220 p)g(Z)tZIzL”(@, % p)g(tz) _ 1+[%+b2(1+t)]

192
+ {L1 [92 - (1 - 2)] LA S L bgt} 22

L1(1+t)(1—

1

e U.

2 Ly 2

Expanding (2.4), we have

DI(6,9,p)f'(2)

¢ DI 6.5,/

1
=1+ (1+A)"mlz + 5 (4as(1 +2A)"T3 - a3(1 + A)*"T3) 22 + + - -

2.1)

(2.2)

(2.3)

(2.5)

(2.6)

2.7)
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From (2.7) and (2.6), we obtain

1 8L ]
= by(1+t 2.8
w = e | g 28)
and
1 Ly 92 ( Ly Ll) bp91Lq
= Jly, -2 2 1
T M+ 20)T; { 4 {‘92 L 2|t )
bs(1+1)? b3 2
+T+Z[<l+t) +2t] . (2.9)

Since ¢(z) = z+ Y., byz" € 8 implies that |b,| < n, Yn > 2. Also it is well-known that 94| < 2.
Equations (2.1) can be obtained by applying the well-known bounds of b, and $; in (2.8). From
(2.9), we have

e — L [illg Ly Pl )
3_|(1+2)\)mr3| 4 2 Li 2 5
(1+1)? 1) 2t )
2 b3_(_2 Y are byl (2.10)

Applying Lemma 2.1 together with inequalities [$1] < 2 and |by| < 2 in (2), we get (2.2).
Now to prove the Fekete-Szeg6 inequality for the class N/" (a, B, v, k; A; ), we consider

I S 7R N _9_%(1_2_&)
(T+20)mTs |4 |72 2V L 2

+%[(1+t>2+2t]}— P

by91L
+ o (1) +

b3(1+12)

- ] = :

+ 9 Lyba(1+t) + b5(1 + t)ZJ

! F%%_§@_2_a+mmu+uwnﬂ

+

(1+2A)"T3 | 4 L 2 (14 A)2"T,
by91L4 _2p(1+ 2A)mr3]
N (1+41)2 ) B (4p(1+20)"T5  [(1+1)2+24]
2 2 (1+2A)>13 (1+41)? '

14+¢t)(1
() ( (14 A)?"T2
Using Lemma 2.1, we obtain the assertion (2.3). O

Lettinga =0 =m,t = -1 and y = k = 1 in Theorem 2.1, we get the following result.

Corollary 2.1. If f(z) € N () (see Remark 1.1), then we have
22| < |Laf.

L L
L L

L] {
< — 1:
las| < > maxi{1; L >

2
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and forall p € C

L L L
|a3 —pa%| < |2—1|max{1; L—j + ?1 (1 —4p)‘}.

Letting (z) = 11%5 in Corollary 2.1, we get
Corollary 2.2. If f(z) € N (see Remark 1.1), then we have
a2l <2, las| < 2.

and forall p € C

2(1-2p)|}.

|a3 - pa§| < max{l;

3. Inversk FuncTioN CorrrICIENT EsTiMATES FOR FuncTiONs BELONGING TO N (a, B, 7, kA o)

We let S to denote the class of functions univalent in U. It is well-known from Koebe 1/4-
quarter theorem that every function f(z) = z+ Y ,a,z" in S has an inverse f~!, defined by
fUf(z)) =z zeUand f(f(w)) =w, (lw| <r; r>1/4) where

x(w) = fH(w) = w-aw + (245 —a3)w? - (Sag —5apaz + a4) w4 (3.1)
Now we will obtain the inverse function coefficient bounds for functions in N}" (a, B, 7,k A ).

Theorem 3.1. Let f € N™(a, B, y, k; A; ) and let =1 be the inverse of f defined by

f_l(w) =w+ dewk, (lwl <r,r=>=1/4),
k=2

then
1
2] < [(L1] + 211 + ¢]
|(1+A)"Ty|
and
8(1+2A)™T
lds| < _ Mmax 1; 24-ﬂ(1_<+—2>23]
(14 24)mT5| | 2 Ly 2 (11 A)2r2
4(1 +21)"T5
2L (1+H)|1- —mF—
1(1+1) G ]

3-2

8(14+210)"T3 [(1+6)2+ 21”

11+t
+ max<1,
2 (14 A)?"T3 (1+1)?

Also, for all T € C, we have

2 1 ILa .
|d3 - Td2| < |(1 +2/\)mF3| { > max {1,

2(1=2)(1+2A)"T;3
(14 A)2mT3 )

i

4(t =2)(1421)"T3
(1)1 )

L, L
L1+ 2

|

+2

L1(1+t)[1—
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1+t
+| +1l max{l, }}

2

3o 4(r=2)(1+20)"T5  [(1+1)*+24]
(14 A)?"T2 (14 1)?

Proof. From f(z) =z + )., ,a,z" and (3.1), we have
dp = —a, and d; = 2a§ - as.

The estimate for |dp| = |ay| follows immediately from (2.8). Letting p = 2 in (2.3), we get the

estimate |d3|. Now, consider
|d3 - ’cd§| = |2a§ — a3 — ’ca%| = |a3 — (- 2)a§| )
Changing p = (7 —2) in the (2.3), we get the desired result. o
Lettinga@ =0 =m, t = -1 and y = k = 1 in Theorem 3.1, we get the following result.

Corollary 3.1. If f(z) € N(¢) (see Remark 1.1) and let f~! be the inverse of f defined by
Y w) =w+ dewk, (lwl <1, r=1/4),
k=2

then we have

|do| < |L4q].

L]

L 7L
|ds| < Tmax{l; 2 1

L, 2

and for all p € C

L L L
'd3—Td%| < %max{l,’ L—j + ?1 (9—41)‘}.

Letting 1(z) = £ in Corollary 3.1, we get

Corollary 3.2. If f(z) € N (see Remark 1.1) and let f~! be the inverse of f defined by
f_l(w) =w+ dewk, (lwl <1, r=1/4),
k=2

then we have
lda] <2, |d3] < 6.

and forall p € C

|ds — 3| < max {1; |(10 - 47)|}.
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4. LogaritHMIC COEFFICIENTS

Milin in [22] studied the properties of the logarithmic coefficients to obtain the bounds of
the Taylor coefficients of univalent functions. The Milin conjuncture about the inequalities of
the logarithmic coefficients garnered the attention several researchers in those period of time,
because proving Milin conjuncture would imply proving Robertson conjecture and the Bieberbach
conjecture. Refer to [1-4,23] for the detailed study on properties and significance of the logarithmic

fz)

The logarithmic coefficients ¢, of a function f € A such that — # 0 for all z € U is defined by

coefficients.

log f(z) = 22 Enz". (4.1)
n=1
Note that for all functions f(z) € N["(a, B, v, k; A; 1), the relation (4.1) is well-defined.
Theorem 4.1. If f(z) € N["(a, B, v, k; A; ¢), with the logarithmic coefficients given by (4.1), then,
1
1ta] < (ILal+211+1],

2|(1 4 A)my|

|€2|<; Hrnax 1; 24_[4_1 1_w
T 2|(1+24)mr5] | 2 LT 2T At A
(1+24)"T3
2L 1+l - —F—
1 >{ (14 A)2mT3
+—|1+t|2 max{1,|3-2 2(1+20)"Ts _ [(1+6) +21]
2 ' (1+7)2n12 (1414)2 ‘
For u € C we have
|€2—[J52|<; Mmax 1: E_i_ﬂ 1_2(1-|-y)(1+2/\)’”1"3
U7 2|1+ 24y | 2 i (1+ A2

(14 p)(1+24)"T;
afqrofs- )
11+ ¢} 2(1+u)(1+24)"T5  [(1+1t)%+ 24
T max{1’3_2[ A+A2T2 (1182 ]}} (4.2)

Proof. From f(z) =z+ )., ,a,z" and equating the first two coefficients of the relation (4.1) we get
2
_ o 1 h

6= X 0 = 2(ﬂ3 2]-

Using (2.1) and (2.3) in the above expression, we can find the estimates for ¢; and ¢,. To find the

estimate (4.1), consider

<1;u>a§]_

1
62— uti]| = 5 [g3 -
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Changing p = HT” in (2.3), we get the desired result. m]

Remark 4.1. For different choices of ¢ and parameters involved in the Definition 1.1, the class
N[ (&, B, v, k; A; ) reduces to classes impacted by conic regions but classes like starlike, convex, and
spirallike are not special case of N}"(a, B, y, k; A; ). Hence main results have lots of applications, here we

pointed out only few of them.

Conlflicts of Interest: The authors declare that there are no conflicts of interest regarding the

publication of this paper.
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