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Abstract. The tensor product of 2-K-frames in 2-Hilbert spaces are studied and some results on it are presented. It is
shown that the tensor product of two 2-K-frames is a 2-K-frame for the tensor product of Hilbert spaces. Some results

on tensor product of 2-K-frames are established.

1. INTRODUCTION

The concept of frames in Hilbert spaces have been introduced by Duffin and Schaeffer in their
work on nonharmonic Fourier series in 1952 [5], reintroduced by Daubechies et al. [4], in 1986,
and since then work on frames is going on. Now frames play an important role not only in the
theoretics but also in many kinds of applications.

The concept of linear 2-normed spaces was first introduced by S. Gahler in 1965 [6] and has
been developed extensively in different subjects by many authors. A concept which is related to a
2-normed space is 2-inner product space which has been studied by many mathematicians in the
last three decades.

The notion of K-frames was proposed by Gavruta to study the atomic systems with respect to a
bounded linear operator K in Hilbert spaces in [7], and its properties have been exposed in [12].

The 2-frames in 2-Hilbert space were introduced by Ali Akbar Arefijammaal and Ghadir Sadeghi
[1], and some results on it are presented [2].

The tensor product of 2-frames in 2-Hilbert spaces is introduced by Reddy, G.U. in 2016 [9] and

some results on tensor frame operator are presented.
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The 2-K-frames in 2-Hilbert space, where K is a 0-bounded linear operator on 2-Hilbert space
H, for a fixed element 0 in H were introduced by S. Tatouti and N. Bounader, and some results on
it are presented in 2026 [11].

In the purpose of this article, 2-K-frames in 2-Hilbert spaces are studied and some results on it
are presented. The tensor product of 2-K-frames in 2-Hilbert spaces is introduced, where K is a
0-bounded linear operator on H, for a fixed element 0 in H. It is shown that the tensor product
of two 2-K-frames is a 2-K-frame for the tensor product of Hilbert spaces. Some results on tensor

product of 2-K-frames are established.

2. NOTATION AND PRELIMINARIES

Throughout this paper, we will adopt such notations:

e K denotes the field R or C.

e Xis the notation used for linear space of dimension greater than 1 over the field K.
e L(X) is the collection for all bounded linear operators from X to X.

e (., .)is the notation used for inner product on X.

e (., .|.) is the notation used for 2-inner product on X.

e (H,{.,.l.)) is the notation used for 2-Hilbert space.

e By(H) is the set of all 0-bounded linear operators on H, for un element 6 fixed in H.

with | Kllo = sup {IKf,0l, f € H}, K€ Bo(H).
lIf,011=1

e I(IN) refers to the Hilbert space {(a,)nen; an € C, Z |2, < oo}.
nel
The following definitions from [12], [8] are useful in our discussion.

Definition 2.1. [12] Let (X,<.,.)) be a Hilbert space, K is a bounded linear operator on X as an element in
L(H), and K* its adjoint operator. A sequence F = {x,}nen C X is a K-frame if there exist two constants
0 < E < F < o0 satisfying:

EIK2IP < ) Kx, xR < FIlIP,  Vx e X. 2.1)
nelN

The above inequality is called the k-frame inequality.
The numbers E, F are called lower and upper K-frame bounds respectively.
F = {x4}uen C X is called a Bessel sequence if only the right inequality of (2.1) holds.

F = {xy}uew C X is just an ordinary frames for X if K = Ix, where Ix is the identity operator

on X.

Definition 2.2. [12] Given a K-frame F = {x},eN for a Hilbert space X where K € L(X). The following
operators are definded.
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The K-synthesis operator is well defined and bounded:

T: BL(N)— X, where,

T({an}ne]N) == Z ApXn

nelN

The K-analysis operator is defined and bounded as the adjoint operator of T:
T": X —>H(N), where,

T'x = {<xl xn>}n€IN/ Yx e X.

The K-frame operator is defined by S = TT":

S: X—o X, where,
Sx = Z(x, xx, YxeX.
nelN

By a simple calculation we have
(EKK*x, x) < {Sx,x) < {Fx,x), VYxeX.
We review here the basic definitions of 2-inner product spaces, 2-normed spaces from [1], [8].

Definition 2.3. [8] Let X be a linear space of dimension greater than 1 over the field K.
A K valued function <_, .|.) defined on X X X X X is called a 2-inner product on X if the following properties
are verified

a) (f, fley=0 and <(f,flg) = 0ifandonly iff, g are linearly dependent vectors.

b) (f. flg) = (g slf) forall f,g € X,

Q) (b fIg) = {f ) forall f,h,g € X,

d) (af,hlg) =alf,hlg) VaecKandforall f,h,geX,

e) (f+ S hg) = f hg)+f' hig) forall f,f",h,g € X.

(X, (., .])) is called a 2-inner product space (or 2-pre-Hilbert space).

Definition 2.4. [8] Let X be a linear space of dimension greater than 1 over the field K. A real-valued
function ||., .|| is defined on X x X by

If, gl* = (f, flg), Vf,geX. (2.2)

This function is called a 2-norm and satisfies the following conditions:

a) |If,gll=0 and ||f,gll =0ifandonly iff, g are linearly dependent vectors,
b) If, 8l = llg, fll forall f, 8 € X,

) llaf,gll=lalllf,gll YaeKandforall f,g € X,

d) Nf+f. gl <If, gl +I1If, gll forall f,f', g €X.
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The pair (X, ||, .|) is called a linear 2-normed space.

Using the above properties, we can prove the Cauchy-Schwarz inequality

KF 1L P <(f, f18)h, R g); (2.3)

Whenever a 2-inner product space (X, (., .|.) is given, we consider it as a linear 2-normed space
(X, I., -Il) with the 2-norm defined by (2.2).

Lemma 2.1. [1] Let (X,<.,.|.)) be a 2-inner product space and f,g € X. Then,
If, gll = sup {IKf, i | )1 | h e X, IIh, gll = 1}. (2.4)
Example 2.1. [1]If (X,{.,.)) is a an inner product space, the K valued function defined on X x X x X by;

forall f,h,geX

il f,8)
& h (88
is called the standard 2-inner product defined on X.

(f,hg) = = (f,1)(8, & — <& M)Xf, &) (2.5)

We introduce the definition of a 2-Hilbert space from [1] as follows.

Definition 2.5. [1] Let (X, ., .|.)) be a 2-inner product space, 6 is a fixed element in X.
A sequence {filnen C X is said to be convergent if there exists an element f € X such that
limy,— 4w llfu = f, 01l =0, forall 6 € X.

A sequence {fulnen C X is said to be a Cauchy sequence if for every ¢ > O there exists N > 0
such that for every m,n > N,0 < ||fy — fu, Oll < &, forall 0 € X.

A 2-inner product space X is said a 2-Hilbert space if it is complete. ~ That is, every Cauchy
sequence in X is convergent in this space.

For the rest of this paper,

e Ly denotes the subspace of H generated by a fixed element 0 € H,
e My denotes the algebraic complement of Ly in H. So we have Ly @ Mg = H,

e (Mp,|lllp) is a norm space where, ||f|lo = (f,f|9>%, feMsp.

e Hgy be the completion of the inner product space Mg See more Lemma 5.1.2 in [3].

Definition 2.6. [1] Let (H,(.,.|.)) be a 2-Hilbert space. Then, A sequence {fy}nen C H is a 2-frame

associated to O if there exist two constants 0 < E < F < oo such that

Elf, 01F < Y Kf, fIO)F <EIlf, 0IF Vf € H. (2.6)

nelN
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Then the definition of 2-frame can be written as
EIFIZ < Y KK, flOP <FIfI; Vf € Ho. (2.7)
nelN

Given a 2-frame F = {f,},en for H associated to 0. The 2-frame operator is defined by

Sg : Hgp —» Hyg, where,

Sof = Y (f, ful®)fu, Vf€Ho.

nelN

This operator Sg is abounded, invertible, and self-adjoint operator. The result leads to the following

decomposition:

f=50S5'f =Y (S5, flOfu, Vf€Ho. (2.8)

nelN

3. 2-K-FrRaME

First we need to define By(H) the collection of all 6-bounded linear operators on H, where 6 is
a fixed element in H.
A linear operator K on a 2-Hilbert space H is said a 6-bounded operator if there exists M > 0 such
that

IKllo < M, where ||Kl|lg = sup {lIKf,0l, f € H}.
lIf,6ll=1

We denote by By(H) the set of all 6-bounded linear operators on H.

The definition of 2-K-frame and some properties on it from [10] as follows.

Definition 3.1. [11] Let (H,{.,.|.)) be a 2-Hilbert space, O is a fixed element in H, and K € Bg(H). A
sequence F = {k,},en of elements in H is called a 2-K-frame for H associated to O, if there exist two constants
0 < E < F < oo satisfying :
EIK £, 0P < Y Kf kO < FIIf, 61, VfeH. (3.1)
neN

E and F are the lower and upper 2-K-frame bounds respectively.
F = {ku}uen is called a 2-frame for H associated to 0 if K = Iy, where Iy is the identity

operator on H.

F = {ku}nen is called a 2-Bessel sequence for H associated to 0 if only the right inequality
of (3.1) holds.

Definition 3.2. [11] Let {ky}uenw C H be a 2-K-frame associated to O in a 2-Hilbert space H, where
K € By(H). Then the 2-pre-K-frame operator or the 2-K-synthesis operator Ty is defined as follow

To: ©L(IN)— Hy, where;
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T@({an}neN) - Z ankn

nelN

Definition 3.3. [11] Let {ky}uenw C H be a 2-K-frame associated to O in a 2-Hilbert space H, where
K € Bg(H). Then, the 2-K-analysis operator Tj, is defined by

T,: Hg— L(N), where;
T*G(f) = {<f/ kn|9>}neN, Vf € Hy.

Definition 3.4. [11] Let {ky}uenw C H be a 2-K-frame associated to O in a 2-Hilbert space H, where
K € Bg(H). Then the 2-K-frame operator Sg = T Ty, for F is defined as:

Sof = Y (fkulOs Vf € Ho.
nelN

Remark 3.1. Let O be a fixed element in H and let {k,},en be a 2-K-frame for a 2-Hilbert space H associated
to 6, where K € Bg(H), and the range R(K) of K is closed. There exists {f,}nen a 2-Bessel sequence for H
associated to O such that

VfeH, Kf=aKo+ ) (ffilo)k, (3.2)
nelN
for some a € K.

Proposition 3.1. [11] Suppose that {k,}neN is a 2-K-frame for a 2-Hilbert space H associed to O, a fixed
element in H,and T € Bg(H). Then {Tky}nen is a 2-TK-frame for H associed to ©.

As a consequence of above proposition we have.
Consequence 1. For every 2-frame {f,},en for 2-Hilbert space H associated to 0, {Kf,},en € His a
2-K-frame for H associated to 0 for all K € Bg(H).

4. MaiN Resurts

4.1. Tensor Product of 2-K-Frames. First of all of this section we need to recall the notion of the
tensor product from [9].
Vocabulary and notations

(H1,{.,101), (H2,<., .l.)2) are two 2-Hilbert spaces, n € Hy, 6 € Hj.

Il .,. lli, 1l ., . |l are norms generated by (., .|.); and (., .|.)> respectively.

Ky € By(H1), and K, € Bg(Ha).

Definition 4.1. [9] The tensor product of Hy and H is denoted by Hy ® Hy and is an inner product space
with respect to the inner product given by V¥ f1,¢1 € H1,Vf2, 82 € Ho

(1 ® f2, 81 ®@ g2l ®h2) = (f1, g1lh1)1{f2, §2lh2)2. (4.1)
lAi®f,g1®% 1=l fi,81 Il f2,.82 12 (4.2)
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The space H; ® H, is completion with the above inner product. Therefore, the space H; ® H» is a
2-Hilbert space.

In order to define a tensor product of 2-K-frame for the tensor product of Hilbert spaces H; ® H»
associated to n® 0, where K = K1 ® Ky, Ky € B;(Hy), K2 € Bg(Hz). We will first show the existence
of the adjoint K* of K as follows:

Lemma 4.1. Let (Hy, (., .l)1), (H2,{., .|.)2) are two 2-Hilbert spaces, n® O is a fixed element in H; ® Hp,
K € B,(H1), and Ky € Bg(H3). There exist K* the adjoint operator of K = Ky ® Ko such that

IKllgo = 1K' lnge = IIKilI5lIK;lo- (4.3)

and

{<f1 ®f,K(§19) 1®0)=(K(/i®f2), 8198 |180), a4

Vfi,81 € Hi,Yf2, 82 € Hy.
Proof. Ky € By(Hi1), K2 € Bg(Hz) from Corollary 3.1.4 in [11] there exists K} and K the adjoints
operators of K; and Kj respectively such that

(Kifi, &1lm1 = <{fi,Kig1lm1, VfH,81 € Hi and || Ky |l;=I K Il -

(Kaf2,£210)2 = (f2,K58210)2, Vf2,82€ Hy and || Kz |lo=Il K5 |6 -

Then for each fi ® f», 91 ® g2 € H1 ® H, we have

(K(fi®f),81®8In®0) = (Ki®K2(f1 ® f2), 81 ® $2In® O)
= (K1f1, £1Im1({K2f2, §216)2
= (f1, K{g1m1{f2, K5£210)2
=(fi® £, K[g1®K,52[n® O)
= (1® 2, K] ®K;(81© £2)In®6)

which proves that there exists an operator denoted by K* = K] ® K} as an adjoint operator of the

product operator K = K; ® Kj.

Furthermore, we have

| K* lly00 = sup{lK*(f®g),n®0|, f®g € HH®H;|f®g,n®0| =1}

sup{[[K] @ K5 (f®¢),n®0ll, f®g € HI®Hy;lIf ®g,n® 0Ol =1}

{
SUP{”K;f,T]”l”KEg/ 6”21f € Hl/g € HZ/”f/ T]”l = 1/ ”g/ 6”2 = 1}
= sup{|IK}f,nlli, f € Hi; If, nllh = 1} sup{lIK3g, Oll2, § € Ha; lIg, Oll2 = 1}

= [IK{[I5lIKle,
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On the other hand,

Il K lljeo = supllK(f®g),n®0ll, f®g € Hi®Hy;llf ® g, n® 0l = 1}
=sup{l[Ki®Kx(f®g),n®0|, f®gec HH®H|lf®gn®0| =1}
= sup{lIKi f, nlhlIKa2g, Ollo, f € H1,g € Hy;lIf, nllh = 1,1Ig, Ol = 1}
= sup{lIKif, nlh, f € Hi; lIf, nllh = 1} sup{|IK2g, Oll2, § € Hz;llg, Oll = 1}
= [IKllylIKzlle-

then the adjoint for K = K; ® K3 is the operator K* = K] ® K;, satisfying

IKllhee = K lIlIK;lle = [IKillylIKzllg = [IKllpge-

Hence, the result O

Definition 4.2. Let {ky}neN, {Im}men be two sequences of vectors in 2-Hilbert spaces Hy, Hy respectively,
n® 0 is a fixed element in Hy ® H, and K = Ky ® Ky where Ky € B, (Hy), K2 € Bg(Hz) . Then, the
sequence of vectors {ky ® lyy}nmenN is said to be a tensor product of 2-Ki-frame, 2-Ko-frame for the tensor
product of Hilbert spaces Hy ® Hy associated to n ® 0 if there exist two constants E,F with0 < E < F < o0
such that: forall f® g € Hi ® Hy,

EIK (f®5) n®0P < Y. Kf©g ki@, 1®0)F < Flf©g,n® 0l (4.5)

n,melN

The numbers E and F are called lower and upper frame bounds of the tensor product of
2-K-frame, respectively.

{kn ® Lntnmen is called a tensor product of 2-frame for H associated to n® 0 if K1 = Iy,, and
Ky = I,.

The family {k, ® L} men is a 2-(K1 ® K )-frame for H; ® H, associated with n® 6

Theorem 4.1. Let {ky}nen and {1} men be two sequences in 2-Hilbert spaces Hy and Hy respectively. Then,
the sequence {k, ® Ly} nmen is a 2-Ky ® Ky-frame for Hy ® Hy associated to n® 0 if and only if {k,}nen and
{lm}men are the 2-Ki-frame for Hy associated to n and 2-Ko-frame for Hy associated to O respectively.

Proof. Suppose that {k, ® Iy}nmen is a 2-K; ® Kp-frame for H; ® H, associated to n® 6. Then, for
each f®ge HH®H; - {0®0}

EIK'(f®8),n® 0P < )| Kf®gk ®lLln® o) <Flfegno0lP.

n,meN
On using (4.1) and (4.2) the above equation becomes
ECKG £, K FimdEsg, Kog10) < YK KalmhaP Y Kg, lul0al? < FCF, flindg, g10)a.
€N meN
This gives

(K38, K3gl0) gl6
828R ke Kl < Y KF kil < Fe— 8892 oy,

Y ven K8, Inl6)2P o Y en K8, Inl6)2P
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That is
EKLf, K flmn < Y KE Kl < Fig, fla.
nelN
Therefore
EAIK £l < ) KF kalma P < Fullf, il
nelN
where,
(K38, K5816)2 (8,810)2
Eq 1=F

B Zme]N |<g, lm|9>2|2, B Zme]N |<g, lm|8>2|2'

Which shows that {k,},eN is a 2-Kj-frame for H; associated to 7.

Similarly we can prove that {/;}men is a 2-K-frame for H; associated to 0.

Conversely, assume that {k;},en is a 2-K;-frame for H; associated to n with frame bounds E; , Fy,

and {l;;}men is a 2-Kr-frame for H, associated to 6 with frame bounds E; , F». Then

EAIK £l < Y Kf kalin P < Billf,nli2, Vg € H. (4.6)
nelN
And
EollK3g, Ol < Y K8, Lol < Fallg, 0113, Vg € Ho. (4.7)
meN

multiplying the relations (4.6) and (4.7) we get

EiElIK (f®g),n® 6l < Z Kf ® g kn®Ln,n® O < FiFallf ® g, @06l

n,melN
Which shows that{k, ® I}, men is a tensor product of 2-K;-frame, 2-K>-frame for H; ® H, associated
to n® 0 with lower and upper boundes E = E{E;, F = F1F; respectively. m]

Example 4.1. Suppose that the Hilbert space H = C3, and suppose that {ei}?zl be the orthonormal basis
for C3, no =¢1,0,00 e H 6, =<0,0,1) € H where

1 0 0
e1 =0, e =|1], e3=|0
0 0 1
Let F = {e;}} | = le1, e2,€3).
Vfe C3, since {ei}?:1 is an orthonormal basis for H, there exist x, y, z such that f = xe; + ye3 + zes.

Obviously the sequence F is 2-frame for the standad 2-inner product space H associated to 1.

indeed by a simple calculation we have

3
Il =2 +2% ) Kf el = y* +22
i=1

Define  Ki € By, (H) as follows:

K1 H— H, K1€1 = 61,K1€2 = 61,K183 = €.
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So, we have for each f € H
f=xe1+yer+zes, Kif = (x+y)e + zen.

IKif, ml? = 2%, lIf.nll® = v* +22, [IKallg < 1.
And
(Kiex, f,m0) = (e, Kif,mo) = {e1, (x + y)er + ze3, mo0) = {ex, f,Mo) i-e Kjer = ex.
(Kiea, f,1m0) = ez, Kif,mo) = {ea, (x + y)e1 + ze3, o) = {e3, f,Mo) i.e Kjea = e3.

(Kies, f,10) = {e3, Kif,mo) = (es, (x + y)er + zes3, o) = (e, f, o) i.e Kjes = ey.
Since

ZZ-B Kf, kilno)? = KKf, e1lno)® + IKf, e1l0a) + K f, e2lnod)* = y2, 11K £, 10l = 2,
then

3
1K £, ol < Y KF Kol < 1, ol
i=1
which shows that {kl-}f’:1 = {Klei}?:l is a 2-Ki-frame for the standad 2-inner product space C3 associated to
To-

Similarly, we have the sequence F is 2-frame for the standad 2-inner product space H = C> associ-
ated to 6,.
Vf € C3, since {ei}f’:1 is an orthonormal basis for H, there exist x’, y’, z" such that § = x’e; + y'e3 + Ze3.

3
Ig, QP =% +y2, Y g edo)f =%+ y?
i=1

Define K, € Bg,(H) as follows:
Ky :H —> H, Kpe; =ep,Koep =e3,Koez = e3.
So, we have for each g € H
g=xe1+yer+ze, Kog=x'ex+ (y +2)es.

IK2g, Bol* = 22, g, 6ull* = x + %, IIKallg, < 1.

(K3e1, 8, 00) = (e1,Kag, 0,) = (e1,x'ex + (' +2)es, 0,) = {e3, 8, 00) i.e Kier = es.
(Ke2, &, 10) = (€2, Kag, O0) = {e1, X'ex + (y' +2')es, 0o) = {e1, 8, 00) i.e Kyer = ey.
(Kjes, g, 00) = (e3, Ko f, 0,) = (e3, X'ea + (y' + 2" )es, Op) = (e3, &, 00) i.e Kie3 = e3.
Since

?:1 (8, Ll = (g, e2100)1* + (g, e3lO)* + (g, e300 = x2,  |IK f, 6ol = x'2,
then

3
K38, 0ol < )" K8, 1O < g, Ol
i=1
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which shows that {l j}]S'zl = {Kzej}i |isa 2-Ky-frame for C3 associated to 6,.

So from Theoem 4.1 {k; (X)lj}‘;?’,].:l is a tensor product of 2-Ki-frame, 2-Kp-frame for C3 ® C3 associ-
ated to 1, ® O,.

Theorem 4.2. Suppose that {ky ® Ly}nmen is a tensor product of 2-frame for Hy ® H, associated to n® 0,
where 1 and O are two fixed elements in Hy and Hy respectively. For all Ky € B,(Hy), K2 € Bg(H2),
{(K1 ® K2) (kn ® L) YnmeN is a tensor product of 2-Ky-frame, 2-Kp-frame for Hy ® Hy associated to 1 ® 6.

Proof. Suppose that {k; ® l;;},,men is a tensor product of 2-frame for H; ® H, associated to n® 0.
According to Theorem 4.1 {k,},eN is a 2-frames for H; associated to n and {l,;}en is a 2-frame for
H> associated to 6.

by applying the (consequence 1),

for all K1 S B,](Hl), Kz S BQ(H2> we have

{Kiku}nen is a 2-K;-frame forH; associated with 1,
(Kol b men is a 2-Kr-frame forH, associated with6.
So we conclude

{K1 ® Ky (kyy ® Iiy) }umen is a tensor product of 2-K;-frame and 2-K;-frame for H; ® Hj associatied to
n®o. m]

Theorem 4.3. let K = Ky ® Ky, where Ky € B,(Hy), and Ky € Bg(H>). Suppose that {ky ® Ly}nmen is a
tensor product of 2-Ky-frame, 2-Kao-frame for H; ® Hy associatied to n® 6. Then {T1 ® Ta(ky ® L) }nmeN
is a tensor product of 2-T1Ky-frame, 2-TrKp-frame for Hy ® H, associated to n® O for all T, € B, (Hy) and
T> € Bo(H>).

Proof. {ky ® Ly}nmen is a tensor product of 2-K;-frame, 2-K>-frame for H; ® H; associated to n® 0.
According to Theorem 4.1 {k;},en and {l;,}men are the 2-Kj-frame for H; associated to 1 and
2-K»-frame for Hj associated to 0 respectively. By using Proposition 3.1 we have,

{T1kn}nen is a 2-T1K;-frame for Hy associated with 7,

{Tol}men is a 2-T>Ky-frame de H; associated with 6.

Which gives,
E(KSTi ), 0B < Y K, Toka/mP < Fallfni, V£ € Hy. (48)
nelN
Ell(K3T33), 0 < Y K3, Talw/O)? < Fallg, 613, Vg € Ha. (49)
meN

By multiplying the two above inequalities (4.8) and (4.9), there exist two constants E = E{1Ej, F =
F1F, such that for each f ® g € H; ® Hy,

EIKT; ®Ty(f@g),n®0P < Y. Kfeg T1®Ta(ki®ly),n@ O < Flf & g,n® 0|2,

n,melN
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Which shows that {T; ® T2 (ky ® Ly ) }n,men is a 2-T1 K1 @ ToKp-frame for H ® Hp associated ton® 6. O

4.2. Frame operator of tensor Product of 2-K-Frames. In this paragraph, we define the frame

operator of any tensor product of two 2-K-frames.

Remark 4.1. If the {kn}tneN, {ntmen, and {ky, ® Ly}umen are the 2-Kyi-frame for Hy associated to 1), 2-Ko-
frame for Hy associated to 0, and 2-K; ® Ky-frame for Hy ® H, associated to n ® O respectively. From (3.2)
in [10] Sy, Sg , and S,xg are the frame operators respectively of above frames, we have the following.

Suf = Z(f,knm)kn, VfeH,. Sog= Z(g, LulO)y, Vg€ H,. (4.10)
nelN meN
Sieo(f®g) = Z (f®gki®lun®0)(ky®lyn), Vf®g€H ®H,. (4.11)
n,meN

Theorem 4.4. If {ky}neN, {Intmen and {ky ® L}y men are the 2-Ky-frame for Hy associated to 1, 2-Ka-frame
for Hy associated to 0, and 2-K; ® Ka-frame for Hy ® Hy associated to n ® 0, with the frame operators S,
Se , and Sygg respectively, then Sygp = S, ® Sg

Proof. Vf € H;,Vg € H,Vf®g € H ® Hy, we have

Sieo(f®8) = Y. (F®kn®Ly|1®O)(ky® L)

n,meN
= Y (Fokn (g b | O2(kn @ 1)
n,melN
= [Z< f ke | n>1kn]®(z (8l | 6>zzm)
nelN meN
= Spf ®Seg = (57®50)(f®Q).
Hence S;g0 = 5, ® So. O

We call S,g¢ the frame operator for 2-K; ® K-frame for H; ® H; associated to 7® 0. By a simple
calculation we have
(Sy®So(fRg) fOgN@O) = Y Kf®gki®ly,n®0)P, Vf@geH &H,.
n,melN
Conseqeuce 2. Let {k,},en be a 2-K;j-frame for H; associated to n and {I,,},en be a 2-Kp-frame for
H> associated to 0, with the frame operators S, and Sg respectively. The frame operator S,gg for a

2-K; ® K>-frame for Hy ® H; associated to n® 0; {k; ® L}, men Checks the following inequality:
E1KiK] < S < Filg,, E2KoK;, < Sg < Falp,, (4.12)
E1E2(K1 ®K2)(K1 ®K2)* < Sn@,g < F1F21H1®H2. (4.13)

Example 4.2. Let {ei}?:1 be an orthonormal basis for a three-dimensional vector space C3 with the inner

product.n, = (1,0,0) e C3, 6, = (0,0,1) € C3

Consider the sequences {ki}?_,, {lj}]3.:1, and {k; ® l]'}?].:1 seen in Example 4.1 are 2-Ky-frame for H; = C3
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associated to 1,, 2-Ko-frame for Hy = C3 associated to 6, , 2-Kq ® Ka-frame for Hy ® Hy associated to
1o ® O, respectively.

We define their frame operator Sy, Sg,and S, ® Sg as follows:

For each f = xe1 + yeo +ze3 € Hy, g = x'e1 + y'ep +z'e3 € Hp,

3
Siof = Y (F kilnodki = e,
i=1

3
S8 = ) (& 1100 = y'es,
j=1

STI0®90(f®g) = W'ez Rey =

o O O
o = O
o O O

Next we use the frame operator of 2-K; ® K>-frame to give another equivalent characterization
for 2-K; ® Kr-frame.

Theorem 4.5. Let {ky}neN, and {ln}men are two 2-Bessel sequences in H1, H2 respectively, Ky € B, (Hy),
K> € Bg(Hz). Then {k; ® Ly }nmeN is a tensor product of 2-Ky-frame, 2-Kp-frame for H; ® Hy associated to
n® 0, if and only if there exists E > 0 such that

S;®Se > E(KiK] ® KoK3),

where Sy, and Sg are the frame operators for {ky}tneN and {l}meN respectively.

Proof. {ky ® Ly}nmen is a tensor product of 2-K;-frame, 2-K>-frame for H; ® Hj associated to n® 0,
with frame bounds E, F and frame operator S, ® Sy, if and only if

forall f € Hy, g € Hy,

EIK; @Ky (f@g),n®90IP < Y. 1(fegk ®@L,n@0l < Flfeg,ne 0|

n,melN
thatis, Vf € Hy, g € Hy,
(KiK]® KK (f®8), f®gIN®O) <(S;®So(f®3), f@ZM®O) <(f®g,xf®8IN®O),
So the conclusion holds
S, ®8q 2 E(KlK; ® KoK3).
O
In general the frame operator of 2-K; ® K>-frame is note inversible on H; ® H», but we can show

that it is invertible on a subspace R(K; ® Kz) , when R(K7), and R(K;) are closed. What we will

prove in the following.
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Proposition 4.1. Let K = Ky ® K, where Ky € B, (Hy), and K, € Bg(Hz). Suppose that {ky ® Ly}nmen
is a tensor product of 2-Ky-frame, 2-Ko-frame for Hy ® H, associated to n® O as element fixed in Hy ® H».
If the range R(K7) of Ky and the range R(K3) of Ky are closed, then the 2-K-frame operator,

S-q@@ : R(K1 ®K2) - SW®Q(R(K1 ®K2)>

is a homeomorphism and S;ée = S,‘]1 ® Sy!, which verifies: Vf ® g € Spe0((R(K1 ®K3))

1 _ 1

Flf @8, 01l <11S,3o(f ®.2),n® 6l < ZIKIFIKIIIf @ 8, n @0l (414)
where KI is the pseudo-inverse of K, K; is the pseudo-inverse of Ko
Proof. {k; ® L}nmeN is a tensor product of 2-K;-frame, 2-K>-frame for Hy ® H, associated to n® 0
as element fixed in H; ® Hy. Then,
{kntmen and {l;y}men are 2-Ki-frame for H; associated to 1 and 2-Kr-frame for H; associated to 0
respectively.
Since, K; and K; had a closed ranges, then the frame operators
S; is a homeomorphism from R(K7) onto S;(R(Ky)),

Sp is a homeomorphism from R(K;) onto Sg(R(Kz)),

and verifying the following inequalities :

E(IKTIEIf, nll < 1Sy (f), nll < Fillf ik, Yf € R(Ky), (4.15)
Eo|IK3IS2Ng, Oll2 < 1Se(8), Oll2 < Fallg, Oll. Vg € R(K»). (4.16)
1 _ 1
F—lllf,nnl <15, (F), il < E—1||KI||$,||f,n||1, Vf e Sy(R(Kq)), (4.17)
1 1
P—an,enz <11S5'(8), 6l < E—2||K§||§||g,9||z, Vg € Sp(R(K2)). (4.18)

multiplying the Equations (4.17) and (4.18) we get,
Vf®g € Sypo(R(Ki) ®R(K2)) = Speo(R(K; ®K3))
%Ilf,nlllllg,ellz <IS;'(f) @S5 (g). @0l < ﬁIIKfII%IIKz*IIéIIf,72||1||g,9||z
which gives:
Vf®g € Sypo(R(K1 ®K3)

1 _ 1
FlIfegn@oll <IS,de(f@g),ne 6l < ZIKIPIKIPIf ® g n® ol
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So, we have S,]®9 is a homeomorphism.
Moreover by the lemma 3.6 in [10], S;ég = 5,71 ® 551. |

Based on equation (3.2), we can therefore make the following remark.

Remark 4.2. If the sequences {ky ® Ly} nmen is a tensor product of 2-Ky-frame, 2-Ko-frame for the 2-Hilbert
spaces Hy ® Hy. If Ky, Ky had a closed ranges, there exist two 2-Bessel sequence {f,},en for Hy associated
to n, and {gu}neN for Hy associated to O such that:

VfegeHioH, Kigky(fog)=aKi®K(n®0)+ Y. (f@gki@Ln® ok, &L, (419)

n,meN

for some a € K.
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