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Abstract. The tensor product of 2-K-frames in 2-Hilbert spaces are studied and some results on it are presented. It is

shown that the tensor product of two 2-K-frames is a 2-K-frame for the tensor product of Hilbert spaces. Some results

on tensor product of 2-K-frames are established.

1. Introduction

The concept of frames in Hilbert spaces have been introduced by Duffin and Schaeffer in their

work on nonharmonic Fourier series in 1952 [5], reintroduced by Daubechies et al. [4], in 1986,

and since then work on frames is going on. Now frames play an important role not only in the

theoretics but also in many kinds of applications.

The concept of linear 2-normed spaces was first introduced by S. Gahler in 1965 [6] and has

been developed extensively in different subjects by many authors. A concept which is related to a

2-normed space is 2-inner product space which has been studied by many mathematicians in the

last three decades.

The notion of K-frames was proposed by Găvruţa to study the atomic systems with respect to a

bounded linear operator K in Hilbert spaces in [7], and its properties have been exposed in [12].

The 2-frames in 2-Hilbert space were introduced by Ali Akbar Arefijammaal and Ghadir Sadeghi

[1], and some results on it are presented [2].

The tensor product of 2-frames in 2-Hilbert spaces is introduced by Reddy, G.U. in 2016 [9] and

some results on tensor frame operator are presented.
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The 2-K-frames in 2-Hilbert space, where K is a θ-bounded linear operator on 2-Hilbert space

H, for a fixed element θ in H were introduced by S. Tatouti and N. Bounader, and some results on

it are presented in 2026 [11].

In the purpose of this article, 2-K-frames in 2-Hilbert spaces are studied and some results on it

are presented. The tensor product of 2-K-frames in 2-Hilbert spaces is introduced, where K is a

θ-bounded linear operator on H, for a fixed element θ in H. It is shown that the tensor product

of two 2-K-frames is a 2-K-frame for the tensor product of Hilbert spaces. Some results on tensor

product of 2-K-frames are established.

2. Notation and Preliminaries

Throughout this paper, we will adopt such notations:

• K denotes the field R or C.

• X is the notation used for linear space of dimension greater than 1 over the field K.

• L(X) is the collection for all bounded linear operators from X to X.

• ⟨., .⟩ is the notation used for inner product on X.

• ⟨., .|.⟩ is the notation used for 2-inner product on X.

• (H, ⟨., .|.⟩) is the notation used for 2-Hilbert space.

• Bθ(H) is the set of all θ-bounded linear operators on H, for un element θ fixed in H.

with ∥ K∥θ = sup
∥ f ,θ∥=1

{∥ K f ,θ∥, f ∈ H}, K ∈ Bθ(H).

• l2(N) refers to the Hilbert space {(an)n∈N; an ∈ C,
∑︂
n∈I

|an|
2 < ∞}.

The following definitions from [12], [8] are useful in our discussion.

Definition 2.1. [12] Let (X, ⟨., .⟩) be a Hilbert space, K is a bounded linear operator on X as an element in
L(H), and K∗ its adjoint operator. A sequence F = {xn}n∈N ⊂ X is a K-frame if there exist two constants
0 < E ≤ F < ∞ satisfying:

E∥K∗x∥2 ⩽
∑︂
n∈N

|⟨x, xn⟩|
2 ⩽ F∥x∥2, ∀x ∈ X. (2.1)

The above inequality is called the k-frame inequality.

The numbers E, F are called lower and upper K-frame bounds respectively.

F = {xn}n∈N ⊂ X is called a Bessel sequence if only the right inequality of (2.1) holds.

F = {xn}n∈N ⊂ X is just an ordinary frames for X if K = IX, where IX is the identity operator

on X.

Definition 2.2. [12] Given a K-frame F = {xn}n∈N for a Hilbert space X where K ∈ L(X). The following
operators are definded.
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The K-synthesis operator is well defined and bounded:

T : l2(N)→ X, where,

T({an}n∈N) =
∑︂
n∈N

anxn

The K-analysis operator is defined and bounded as the adjoint operator of T:

T∗ : X→ ł2(N), where,

T∗x = {⟨x, xn⟩}n∈N, ∀x ∈ X.

The K-frame operator is defined by S = TT∗:

S : X→ X, where,

Sx =
∑︂
n∈N

⟨x, xn⟩xn ∀x ∈ X.

By a simple calculation we have

⟨EKK∗x, x⟩ ⩽ ⟨Sx, x⟩ ⩽ ⟨Fx, x⟩, ∀x ∈ X.

We review here the basic definitions of 2-inner product spaces, 2-normed spaces from [1], [8].

Definition 2.3. [8] Let X be a linear space of dimension greater than 1 over the field K.
A K valued function ⟨., .|.⟩ defined on X×X×X is called a 2-inner product on X if the following properties
are verified

a) ⟨ f , f |g⟩ ⩾ 0 and ⟨ f , f |g⟩ = 0 if and only if f, g are linearly dependent vectors.
b) ⟨ f , f |g⟩ = ⟨g, g| f ⟩ for all f , g ∈ X,

c) ⟨h, f |g⟩ = ⟨ f , h|g⟩ for all f , h, g ∈ X,

d) ⟨α f , h|g⟩ = α⟨ f , h|g⟩ ∀α ∈ K and for all f , h, g ∈ X,

e) ⟨ f + f ′, h|g⟩ = ⟨ f , h|g⟩+ ⟨ f ′, h|g⟩ for all f , f ′, h, g ∈ X.

(X, ⟨., .|.⟩) is called a 2-inner product space (or 2-pre-Hilbert space).

Definition 2.4. [8] Let X be a linear space of dimension greater than 1 over the field K. A real-valued
function ∥., .∥ is defined on X ×X by

∥ f , g∥2 = ⟨ f , f |g⟩, ∀ f , g ∈ X. (2.2)

This function is called a 2-norm and satisfies the following conditions:

a) ∥ f , g∥ ≥ 0 and ∥ f , g∥ = 0 if and only if f, g are linearly dependent vectors,
b) ∥ f , g∥ = ∥g, f ∥ for all f , g ∈ X,

c) ∥α f , g∥ = |α|∥ f , g∥ ∀α ∈ K and for all f , g ∈ X,

d) ∥ f + f ′, g∥ ≤ ∥ f , g∥+ ∥ f ′, g∥ for all f , f ′, g ∈ X.
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The pair (X, ∥., .∥) is called a linear 2-normed space.

Using the above properties, we can prove the Cauchy-Schwarz inequality

|⟨ f , h | g⟩|2 ⩽ ⟨ f , f | g⟩⟨h, h | g⟩; (2.3)

Whenever a 2-inner product space (X, ⟨., .|.⟩ is given, we consider it as a linear 2-normed space

(X, ∥., .∥) with the 2-norm defined by (2.2).

Lemma 2.1. [1] Let (X, ⟨., .|.⟩) be a 2-inner product space and f , g ∈ X. Then,

∥ f , g∥ = sup
{︁
|⟨ f , h | g⟩|

⃓⃓⃓
h ∈ X, ∥h, g∥ = 1

}︁
. (2.4)

Example 2.1. [1] If (X, ⟨., .⟩) is a an inner product space, the K valued function defined on X×X×X by;
for all f , h, g ∈ X

⟨ f , h|g⟩ =

⃓⃓⃓⃓⃓
⃓⃓⟨ f , h⟩ ⟨ f , g⟩
⟨g, h⟩ ⟨g, g⟩

⃓⃓⃓⃓⃓
⃓⃓ = ⟨ f , h⟩⟨g, g⟩ − ⟨g, h⟩⟨ f , g⟩. (2.5)

is called the standard 2-inner product defined on X.

We introduce the definition of a 2-Hilbert space from [1] as follows.

Definition 2.5. [1] Let (X, ⟨., .|.⟩) be a 2-inner product space, θ is a fixed element in X.
A sequence { fn}n∈N ⊂ X is said to be convergent if there exists an element f ∈ X such that
limn→+∞ ∥ fn − f ,θ∥ = 0, for all θ ∈ X.

A sequence { fn}n∈N ⊂ X is said to be a Cauchy sequence if for every ε > 0 there exists N > 0

such that for every m, n ⩾ N, 0 < ∥ fn − fm,θ∥ < ε, for all θ ∈ X.

A 2-inner product space X is said a 2-Hilbert space if it is complete. That is, every Cauchy
sequence in X is convergent in this space.

For the rest of this paper,

• Łθ denotes the subspace of H generated by a fixed element θ ∈ H,

• Mθ denotes the algebraic complement of Lθ in H. So we have Lθ ⊕Mθ = H,

• (Mθ, ∥.∥θ) is a norm space where, ∥ f ∥θ = ⟨ f , f |θ⟩
1
2 , f ∈ Mθ.

• Hθ be the completion of the inner product space Mθ See more Lemma 5.1.2 in [3].

Definition 2.6. [1] Let (H, ⟨., .|.⟩) be a 2-Hilbert space. Then, A sequence { fn}n∈N ⊂ H is a 2-frame
associated to θ if there exist two constants 0 < E ≤ F < ∞ such that

E∥ f ,θ∥2 ⩽
∑︂
n∈N

|⟨ f , fn|θ⟩|2 ⩽ F∥ f ,θ∥2 ∀ f ∈ H. (2.6)
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Then the definition of 2-frame can be written as

E∥ f ∥2θ ⩽
∑︂
n∈N

|⟨ f , fn|θ⟩|2 ⩽ F∥ f ∥2θ ∀ f ∈ Hθ. (2.7)

Given a 2-frame F = { fn}n∈N for H associated to θ. The 2-frame operator is defined by

Sθ : Hθ → Hθ, where,

Sθ f =
∑︂
n∈N

⟨ f , fn|θ⟩ fn, ∀ f ∈ Hθ.

This operator Sθ is a bounded, invertible, and self-adjoint operator. The result leads to the following

decomposition:

f = SθS−1
θ f =

∑︂
n∈N

⟨S−1
θ f , fn|θ⟩ fn, ∀ f ∈ Hθ. (2.8)

3. 2-K-Frame

First we need to define Bθ(H) the collection of all θ-bounded linear operators on H, where θ is

a fixed element in H.

A linear operator K on a 2-Hilbert space H is said a θ-bounded operator if there exists M > 0 such

that

∥K∥θ <M, where ∥K∥θ = sup
∥ f ,θ∥=1

{∥K f ,θ∥, f ∈ H}.

We denote by Bθ(H) the set of all θ-bounded linear operators on H.

The definition of 2-K-frame and some properties on it from [10] as follows.

Definition 3.1. [11] Let (H, ⟨., .|.⟩) be a 2-Hilbert space, θ is a fixed element in H, and K ∈ Bθ(H). A
sequence F = {kn}n∈N of elements in H is called a 2-K-frame for H associated to θ, if there exist two constants
0 < E ≤ F < ∞ satisfying :

E∥K∗ f ,θ∥2 ≤
∑︂
n∈N

|⟨ f , kn|θ⟩|
2
≤ F∥ f ,θ∥2, ∀ f ∈ H. (3.1)

E and F are the lower and upper 2-K-frame bounds respectively.

F = {kn}n∈N is called a 2-frame for H associated to θ if K = IH, where IH is the identity

operator on H.

F = {kn}n∈N is called a 2-Bessel sequence for H associated to θ if only the right inequality

of (3.1) holds.

Definition 3.2. [11] Let {kn}n∈N ⊂ H be a 2-K-frame associated to θ in a 2-Hilbert space H, where
K ∈ Bθ(H). Then the 2-pre-K-frame operator or the 2-K-synthesis operator Tθ is defined as follow

Tθ : l2(N)→ Hθ, where;
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Tθ({an}n∈N) =
∑︂
n∈N

ankn

.

Definition 3.3. [11] Let {kn}n∈N ⊂ H be a 2-K-frame associated to θ in a 2-Hilbert space H, where
K ∈ Bθ(H). Then, the 2-K-analysis operator T∗θ is defined by

T∗θ : Hθ → l2(N), where;

T∗θ( f ) = {⟨ f , kn|θ⟩}n∈N, ∀ f ∈ Hθ.

Definition 3.4. [11] Let {kn}n∈N ⊂ H be a 2-K-frame associated to θ in a 2-Hilbert space H, where
K ∈ Bθ(H). Then the 2-K-frame operator Sθ = TθT∗θ for F is defined as:

Sθ : Hθ → Hθ

Sθ f =
∑︂
n∈N

⟨ f , kn|θ⟩kn ∀ f ∈ Hθ.

Remark 3.1. Let θ be a fixed element in H and let {kn}n∈N be a 2-K-frame for a 2-Hilbert space H associated
to θ, where K ∈ Bθ(H), and the range R(K) of K is closed. There exists { fn}n∈N a 2-Bessel sequence for H
associated to θ such that

∀ f ∈ H, K f = αKθ+
∑︂
n∈N

⟨ f , fn|θ⟩kn, (3.2)

for some α ∈ K.

Proposition 3.1. [11] Suppose that {kn}n∈N is a 2-K-frame for a 2-Hilbert space H associed to θ, a fixed
element in H, and T ∈ Bθ(H). Then {Tkn}n∈N is a 2-TK-frame for H associed to θ.

As a consequence of above proposition we have.

Consequence 1. For every 2-frame { fn}n∈N for 2-Hilbert space H associated to θ, {K fn}n∈N ⊂ H is a

2-K-frame for H associated to θ for all K ∈ Bθ(H).

4. Main Results

4.1. Tensor Product of 2-K-Frames. First of all of this section we need to recall the notion of the

tensor product from [9].

Vocabulary and notations

(H1, ⟨., .|.⟩1), (H2, ⟨., .|.⟩2) are two 2-Hilbert spaces, η ∈ H1, θ ∈ H2.

∥ ., . ∥1, ∥ ., . ∥2 are norms generated by ⟨., .|.⟩1 and ⟨., .|.⟩2 respectively.

K1 ∈ Bη(H1), and K2 ∈ Bθ(H2).

Definition 4.1. [9] The tensor product of H1 and H2 is denoted by H1 ⊗H2 and is an inner product space
with respect to the inner product given by ∀ f1, g1 ∈ H1,∀ f2, g2 ∈ H2

⟨ f1 ⊗ f2, g1 ⊗ g2|h1 ⊗ h2⟩ = ⟨ f1, g1|h1⟩1⟨ f2, g2|h2⟩2. (4.1)

∥ f1 ⊗ f2, g1 ⊗ g2 ∥=∥ f1, g1 ∥1∥ f2, g2 ∥2 . (4.2)
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The space H1 ⊗H2 is completion with the above inner product. Therefore, the space H1 ⊗H2 is a

2-Hilbert space.

In order to define a tensor product of 2-K-frame for the tensor product of Hilbert spaces H1 ⊗H2

associated to η⊗ θ, where K = K1 ⊗K2, K1 ∈ Bη(H1), K2 ∈ Bθ(H2). We will first show the existence

of the adjoint K∗ of K as follows:

Lemma 4.1. Let (H1, ⟨., .|.⟩1), (H2, ⟨., .|.⟩2) are two 2-Hilbert spaces, η ⊗ θ is a fixed element in H1 ⊗H2,
K1 ∈ Bη(H1), and K2 ∈ Bθ(H2). There exist K∗ the adjoint operator of K = K1 ⊗K2 such that

∥K∥η⊗θ = ∥K∗∥η⊗θ = ∥K∗1∥η∥K
∗

2∥θ. (4.3)

and ⎧⎪⎪⎨⎪⎪⎩⟨ f1 ⊗ f2, K∗(g1 ⊗ g2) | η⊗ θ⟩ = ⟨K( f1 ⊗ f2), g1 ⊗ g2 | η⊗ θ⟩,

∀ f1, g1 ∈ H1,∀ f2, g2 ∈ H2.
(4.4)

Proof. K1 ∈ Bη(H1), K2 ∈ Bθ(H2) from Corollary 3.1.4 in [11] there exists K∗1 and K∗2 the adjoints

operators of K1 and K1 respectively such that

⟨K1 f1, g1|η⟩1 = ⟨ f1, K∗1g1|η⟩1, ∀ f1, g1 ∈ H1 and ∥ K1 ∥η=∥ K∗1 ∥η .

⟨K2 f2, g2|θ⟩2 = ⟨ f2, K∗2g2|θ⟩2, ∀ f2, g2 ∈ H2 and ∥ K2 ∥θ=∥ K∗2 ∥θ .

Then for each f1 ⊗ f2, g1 ⊗ g2 ∈ H1 ⊗H2 we have

⟨K( f1 ⊗ f2), g1 ⊗ g2|η⊗ θ⟩ = ⟨K1 ⊗K2( f1 ⊗ f2), g1 ⊗ g2|η⊗ θ⟩

= ⟨K1 f1, g1|η⟩1⟨K2 f2, g2|θ⟩2

= ⟨ f1, K∗1g1|η⟩1⟨ f2, K∗2g2|θ⟩2

= ⟨ f1 ⊗ f2, K∗1g1 ⊗K∗2g2|η⊗ θ⟩

= ⟨ f1 ⊗ f2, K∗1 ⊗K∗2(g1 ⊗ g2)|η⊗ θ⟩

which proves that there exists an operator denoted by K∗ = K∗1 ⊗ K∗2 as an adjoint operator of the

product operator K = K1 ⊗K2.

Furthermore, we have

∥ K∗ ∥η⊗θ = sup{∥K∗( f ⊗ g), η⊗ θ∥, f ⊗ g ∈ H1 ⊗H2; ∥ f ⊗ g, η⊗ θ∥ = 1}

= sup{∥K∗1 ⊗K∗2( f ⊗ g), η⊗ θ∥, f ⊗ g ∈ H1 ⊗H2; ∥ f ⊗ g, η⊗ θ∥ = 1}

= sup{∥K∗1 f , η∥1∥K∗2g,θ∥2, f ∈ H1, g ∈ H2; ∥ f , η∥1 = 1, ∥g,θ∥2 = 1}

= sup{∥K∗1 f , η∥1, f ∈ H1; ∥ f , η∥1 = 1} sup{∥K∗2g,θ∥2, g ∈ H2; ∥g,θ∥2 = 1}

= ∥K∗1∥η∥K
∗

2∥θ,
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On the other hand,

∥ K ∥η⊗θ = sup{∥K( f ⊗ g), η⊗ θ∥, f ⊗ g ∈ H1 ⊗H2; ∥ f ⊗ g, η⊗ θ∥ = 1}

= sup{∥K1 ⊗K2( f ⊗ g), η⊗ θ∥, f ⊗ g ∈ H1 ⊗H2; ∥ f ⊗ g, η⊗ θ∥ = 1}

= sup{∥K1 f , η∥1∥K2g,θ∥2, f ∈ H1, g ∈ H2; ∥ f , η∥1 = 1, ∥g,θ∥2 = 1}

= sup{∥K1 f , η∥1, f ∈ H1; ∥ f , η∥1 = 1} sup{∥K2g,θ∥2, g ∈ H2; ∥g,θ∥2 = 1}

= ∥K1∥η∥K2∥θ.

then the adjoint for K = K1 ⊗K2 is the operator K∗ = K∗1 ⊗K∗2 satisfying

∥K∗∥η⊗θ = ∥K∗1∥η∥K
∗

2∥θ = ∥K1∥η∥K2∥θ = ∥K∥η⊗θ.

Hence, the result □

Definition 4.2. Let {kn}n∈N, {lm}m∈N be two sequences of vectors in 2-Hilbert spaces H1, H2 respectively,
η ⊗ θ is a fixed element in H1 ⊗H2, and K = K1 ⊗ K2 where K1 ∈ Bη(H1), K2 ∈ Bθ(H2) . Then, the
sequence of vectors {kn ⊗ lm}n,m∈N is said to be a tensor product of 2-K1-frame, 2-K2-frame for the tensor
product of Hilbert spaces H1 ⊗H2 associated to η⊗ θ if there exist two constants E, F with 0 < E ≤ F < ∞
such that: for all f ⊗ g ∈ H1 ⊗H2,

E∥K∗( f ⊗ g), η⊗ θ∥2 ≤
∑︂

n,m∈N

|⟨ f ⊗ g, kn ⊗ lm, η⊗ θ⟩|2 ≤ F∥ f ⊗ g, η⊗ θ∥2. (4.5)

The numbers E and F are called lower and upper frame bounds of the tensor product of

2-K-frame, respectively.

{kn ⊗ lm}n,m∈N is called a tensor product of 2-frame for H associated to η⊗θ if K1 = IH1 , and

K2 = IH2 .

The family {kn ⊗ lm}n,m∈N is a 2-(K1 ⊗K2)-frame forH1 ⊗H2 associated with η⊗ θ

Theorem 4.1. Let {kn}n∈N and {lm}m∈N be two sequences in 2-Hilbert spaces H1 and H2 respectively. Then,
the sequence {kn ⊗ lm}n,m∈N is a 2-K1 ⊗K2-frame for H1 ⊗H2 associated to η⊗ θ if and only if {kn}n∈N and
{lm}m∈N are the 2-K1-frame for H1 associated to η and 2-K2-frame for H2 associated to θ respectively.

Proof. Suppose that {kn ⊗ lm}n,m∈N is a 2-K1 ⊗ K2-frame for H1 ⊗H2 associated to η ⊗ θ. Then, for

each f ⊗ g ∈ H1 ⊗H2 − {0⊗ 0}

E∥K∗( f ⊗ g), η⊗ θ||2 ≤
∑︂

n,m∈N

|⟨ f ⊗ g, kn ⊗ lm|η⊗ θ⟩|2 ≤ F∥ f ⊗ g, η⊗ θ||2.

On using (4.1) and (4.2) the above equation becomes

E⟨K∗1 f , K∗1 f |η⟩1⟨K∗2g, K∗2g|θ⟩2 ≤
∑︂
i∈N

|⟨ f , kn|η⟩1|
2
∑︂
m∈N

|⟨g, lm|θ⟩2|2 ≤ F⟨ f , f |η⟩1⟨g, g|θ⟩2.

This gives

E
⟨K∗2g, K∗2g|θ⟩2∑︁
m∈N |⟨g, lm|θ⟩2|2

⟨K∗1 f , K∗1 f |η⟩1 ≤
∑︂
n∈N

|⟨ f , kn|η⟩1|
2
≤ F

⟨g, g|θ⟩2∑︁
m∈N |⟨g, lm|θ⟩2|2

⟨ f , f |η⟩1.
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That is

E1⟨K∗1 f , K∗1 f |η⟩1 ≤
∑︂
n∈N

|⟨ f , kn|η⟩1|
2
≤ F1⟨ f , f |η⟩1.

Therefore

E1||K∗1 f , η||21 ≤
∑︂
n∈N

|⟨ f , kn|η⟩1|
2
≤ F1|| f , η||21.

where,

E1 = E
⟨K∗2g, K∗2g|θ⟩2∑︁
m∈N |⟨g, lm|θ⟩2|2

, F1 = F
⟨g, g|θ⟩2∑︁

m∈N |⟨g, lm|θ⟩2|2
.

Which shows that {kn}n∈N is a 2-K1-frame for H1 associated to η.

Similarly we can prove that {lm}m∈N is a 2-K2-frame for H2 associated to θ.

Conversely, assume that {kn}n∈N is a 2-K1-frame for H1 associated to η with frame bounds E1 , F1,

and {lm}m∈N is a 2-K2-frame for H2 associated to θwith frame bounds E2 , F2. Then

E1∥K∗1 f , η∥21 ≤
∑︂
n∈N

|⟨ f , kn|η⟩1|
2
≤ F1∥ f , η∥21, ∀g ∈ H1. (4.6)

And

E2∥K∗2g,θ∥2 ≤
∑︂
m∈N

|⟨g, lm|η⟩2|2 ≤ F2∥g,θ∥22, ∀g ∈ H2. (4.7)

multiplying the relations (4.6) and (4.7) we get

E1E2∥K∗( f ⊗ g), η⊗ θ∥2 ≤
∑︂

n,m∈N

|⟨ f ⊗ g, kn ⊗ lm, η⊗ θ⟩|2 ≤ F1F2∥ f ⊗ g, η⊗ θ∥2.

Which shows that{kn ⊗ lm}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated

to η⊗ θwith lower and upper boundes E = E1E2, F = F1F2 respectively. □

Example 4.1. Suppose that the Hilbert space H = C3, and suppose that {ei}
3
i=1 be the orthonormal basis

for C3, ηo = ⟨1, 0, 0⟩ ∈ H θo = ⟨0, 0, 1⟩ ∈ H where

e1 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
1

0

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, e2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0

1

0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠, e3 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0

0

1

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
Let F = {ei}

3
i=1 = {e1, e2, e3}.

∀ f ∈ C3, since {ei}
3
i=1 is an orthonormal basis for H, there exist x, y, z such that f = xe1 + ye3 + ze3.

Obviously the sequence F is 2-frame for the standad 2-inner product space H associated to η0.
indeed by a simple calculation we have

∥ f , η0∥
2 = y2 + z2,

3∑︂
i=1

|⟨ f , ei|ηo⟩|
2 = y2 + z2

Define K1 ∈ Bη0(H) as follows:

K1 : H→ H, K1e1 = e1, K1e2 = e1, K1e3 = e2.
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So, we have for each f ∈ H

f = xe1 + ye2 + ze3, K1 f = (x + y)e1 + ze2.

∥K1 f , η0∥
2 = z2, ∥ f , η0∥

2 = y2 + z2, ∥K1∥η0 ⩽ 1.

And
⟨K∗1e1, f , ηo⟩ = ⟨e1, K1 f , ηo⟩ = ⟨e1, (x + y)e1 + ze3, ηo⟩ = ⟨e1, f , ηo⟩ i.e K∗1e1 = e1.
⟨K∗1e2, f , ηo⟩ = ⟨e2, K1 f , ηo⟩ = ⟨e2, (x + y)e1 + ze3, ηo⟩ = ⟨e3, f , ηo⟩ i.e K∗1e2 = e3.
⟨K∗1e3, f , ηo⟩ = ⟨e3, K1 f , ηo⟩ = ⟨e3, (x + y)e1 + ze3, ηo⟩ = ⟨e1, f , ηo⟩ i.e K∗1e3 = e1.

Since∑︁3
i |⟨ f , ki|ηo⟩|

2 = |⟨ f , e1|η0⟩|
2 + |⟨ f , e1|θo⟩|

2 + |⟨ f , e2|ηo⟩|
2 = y2, ∥K∗1 f , η0∥ = y2,

then

∥K∗1 f , η0∥
2 ⩽

3∑︂
i=1

|⟨ f , ki|η0⟩|
2 ⩽ ∥ f , η0∥

2

which shows that {ki}
3
i=1 = {K1ei}

3
i=1 is a 2-K1-frame for the standad 2-inner product space C3 associated to

η0.

Similarly, we have the sequence F is 2-frame for the standad 2-inner product space H = C3 associ-
ated to θ0.
∀ f ∈ C3, since {ei}

3
i=1 is an orthonormal basis for H, there exist x’, y’, z’ such that g = x′e1 + y′e3 + z′e3.

∥g,θ0∥
2 = x′2 + y′2,

3∑︂
i=1

|⟨g, ei|θo⟩|
2 = x′2 + y′2

Define K2 ∈ Bθ0(H) as follows:

K2 : H→ H, K2e1 = e2, K2e2 = e3, K2e3 = e3.

So, we have for each g ∈ H

g = x′e1 + y′e2 + z′e3, K2g = x′e2 + (y′ + z′)e3.

∥K2g,θ0∥
2 = x′2, ∥g,θ0∥

2 = x′2 + y′2, ||K2||θ0 ⩽ 1.

⟨K∗2e1, g,θ0⟩ = ⟨e1, K2g,θ0⟩ = ⟨e1, x′e2 + (y′ + z′)e3,θo⟩ = ⟨e3, g,θ0⟩ i.e K∗2e1 = e3.
⟨K∗2e2, g, η0⟩ = ⟨e2, K2g,θ0⟩ = ⟨e1, x′e2 + (y′ + z′)e3,θo⟩ = ⟨e1, g,θ0⟩ i.e K∗2e2 = e1.
⟨K∗2e3, g,θ0⟩ = ⟨e3, K2 f ,θ0⟩ = ⟨e3, x′e2 + (y′ + z′)e3,θ0⟩ = ⟨e3, g,θ0⟩ i.e K∗2e3 = e3.
Since∑︁3

j=1 |⟨g, li|θ0⟩|
2 = |⟨g, e2|θ0⟩|

2 + |⟨g, e3|θ0⟩|
2 + |⟨g, e3|θ0⟩|

2 = x′2, ∥K∗2 f ,θ0∥ = x′2,
then

∥K∗2g,θ0∥
2 ⩽

3∑︂
i=1

|⟨g, li|θo⟩|
2 ⩽ ∥g,θ0∥

2
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which shows that {l j}
3
j=1 = {K2e j}

3
=1 is a 2-K2-frame for C3 associated to θ0.

So from Theoem 4.1 {ki ⊗ l j}
3
i, j=1 is a tensor product of 2-K1-frame, 2-K2-frame for C3

⊗ C3 associ-
ated to η0 ⊗ θ0.

Theorem 4.2. Suppose that {kn ⊗ lm}n,m∈N is a tensor product of 2-frame for H1 ⊗H2 associated to η⊗ θ,
where η and θ are two fixed elements in H1 and H2 respectively. For all K1 ∈ Bη(H1), K2 ∈ Bθ(H2),
{(K1 ⊗K2)(kn ⊗ lm)}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated to η⊗ θ.

Proof. Suppose that {kn ⊗ lm}n,m∈N is a tensor product of 2-frame for H1 ⊗H2 associated to η ⊗ θ.

According to Theorem 4.1 {kn}n∈N is a 2-frames for H1 associated to η and {lm}m∈N is a 2-frame for

H2 associated to θ.

by applying the (consequence 1) ,

for all K1 ∈ Bη(H1), K2 ∈ Bθ(H2) we have⎧⎪⎪⎪⎨⎪⎪⎪⎩{K1kn}n∈N is a 2-K1-frame forH1 associated with η,

{K2lm}m∈N is a 2-K2-frame forH2 associated withθ.

So we conclude

{K1 ⊗K2(kn ⊗ lm)}n,m∈N is a tensor product of 2-K1-frame and 2-K2-frame for H1 ⊗H2 associatied to

η⊗ θ. □

Theorem 4.3. let K = K1 ⊗ K2, where K1 ∈ Bη(H1), and K2 ∈ Bθ(H2). Suppose that {kn ⊗ lm}n,m∈N is a
tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associatied to η ⊗ θ. Then {T1 ⊗ T2(kn ⊗ lm)}n,m∈N

is a tensor product of 2-T1K1-frame, 2-T2K2-frame for H1 ⊗H2 associated to η⊗ θ for all T1 ∈ Bη(H1) and
T2 ∈ Bθ(H2).

Proof. {kn ⊗ lm}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated to η ⊗ θ.

According to Theorem 4.1 {kn}n∈N and {lm}m∈N are the 2-K1-frame for H1 associated to η and

2-K2-frame for H2 associated to θ respectively. By using Proposition 3.1 we have,⎧⎪⎪⎪⎨⎪⎪⎪⎩{T1kn}n∈N is a 2-T1K1-frame for H1 associated with η,

{T2lm}m∈N is a 2-T2K2-frame de H2 associated with θ.

Which gives,

E1∥(K∗1T∗1 f ), η∥21 ≤
∑︂
n∈N

|⟨ f , T1kn/η⟩|2 ≤ F1∥ f , η∥21, ∀ f ∈ H1. (4.8)

E2∥(K∗2T∗2g),θ∥21 ≤
∑︂
m∈N

|⟨g, T2lm/θ⟩|2 ≤ F2∥g,θ∥22, ∀g ∈ H2. (4.9)

By multiplying the two above inequalities (4.8) and (4.9), there exist two constants E = E1E2, F =

F1F2 such that for each f ⊗ g ∈ H1 ⊗H2,

E∥K∗T∗1 ⊗ T∗2( f ⊗ g), η⊗ θ∥2 ≤
∑︂

n,m∈N

|⟨ f ⊗ g, T1 ⊗ T2(kn ⊗ lm), η⊗ θ⟩|2 ≤ F∥ f ⊗ g, η⊗ θ∥2.
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Which shows that {T1⊗T2(kn⊗ lm)}n,m∈N is a 2-T1K1⊗T2K2-frame for H1⊗H2 associated toη⊗θ. □

4.2. Frame operator of tensor Product of 2-K-Frames. In this paragraph, we define the frame

operator of any tensor product of two 2-K-frames.

Remark 4.1. If the {kn}n∈N, {lm}m∈N, and {kn ⊗ lm}n,m∈N are the 2-K1-frame for H1 associated to η, 2-K2-
frame for H2 associated to θ, and 2-K1 ⊗K2-frame for H1 ⊗H2 associated to η⊗ θ respectively. From (3.2)
in [10] Sη, Sθ , and Sη⊗θ are the frame operators respectively of above frames, we have the following.

Sη f =
∑︂
n∈N

⟨ f , kn|η⟩kn, ∀ f ∈ H1. Sθg =
∑︂
m∈N

⟨g, lm|θ⟩lm, ∀g ∈ H2. (4.10)

Sη⊗θ( f ⊗ g) =
∑︂

n,m∈N

⟨ f ⊗ g, kn ⊗ lm|η⊗ θ⟩(kn ⊗ lm), ∀ f ⊗ g ∈ H1 ⊗H2. (4.11)

Theorem 4.4. If {kn}n∈N, {lm}m∈N and {kn ⊗ lm}n,m∈N are the 2-K1-frame for H1 associated to η, 2-K2-frame
for H2 associated to θ, and 2-K1 ⊗ K2-frame for H1 ⊗H2 associated to η ⊗ θ, with the frame operators Sη,
Sθ , and Sη⊗θ respectively, then Sη⊗θ = Sη ⊗ Sθ

Proof. ∀ f ∈ H1, ∀g ∈ H1, ∀ f ⊗ g ∈ H1 ⊗H2, we have

Sη⊗θ( f ⊗ g) =
∑︂

n,m∈N

⟨ f ⊗ g, kn ⊗ lm | η⊗ θ⟩(kn ⊗ lm)

=
∑︂

n,m∈N

⟨ f , kn | η⟩1⟨g, lm | θ⟩2(kn ⊗ lm)

=

⎛⎜⎜⎜⎜⎜⎝∑︂
n∈N

⟨ f , kn | η⟩1kn

⎞⎟⎟⎟⎟⎟⎠⊗
⎛⎜⎜⎜⎜⎜⎝∑︂

m∈N

⟨g, lm | θ⟩2lm

⎞⎟⎟⎟⎟⎟⎠
= Sη f ⊗ Sθg = (Sη ⊗ Sθ)( f ⊗ g).

Hence Sη⊗θ = Sη ⊗ Sθ. □

We call Sη⊗θ the frame operator for 2-K1 ⊗K2-frame for H1 ⊗H2 associated to η⊗ θ. By a simple

calculation we have

⟨Sη ⊗ Sθ( f ⊗ g), f ⊗ g|η⊗ θ⟩ =
∑︂

n,m∈N

|⟨ f ⊗ g, kn ⊗ lm, η⊗ θ⟩|2, ∀ f ⊗ g ∈ H1 ⊗H2.

Conseqeuce 2. Let {kn}n∈N be a 2-K1-frame for H1 associated to η and {lm}m∈N be a 2-K2-frame for

H2 associated to θ, with the frame operators Sη and Sθ respectively. The frame operator Sη⊗θ for a

2-K1 ⊗K2-frame for H1 ⊗H2 associated to η⊗ θ; {kn ⊗ lm}n,m∈N Checks the following inequality:

E1K1K∗1 ⩽ Sη ⩽ F1IH1 , E2K2K∗2 ⩽ Sθ ⩽ F2IH2 , (4.12)

E1E2(K1 ⊗K2)(K1 ⊗K2)
∗ ⩽ Sη⊗θ ⩽ F1F2IH1⊗H2 . (4.13)

Example 4.2. Let {ei}
3
i=1 be an orthonormal basis for a three-dimensional vector space C3 with the inner

product.ηo = (1, 0, 0) ∈ C3, θo = (0, 0, 1) ∈ C3

Consider the sequences {ki}
3
i=1, {l j}

3
j=1, and {ki ⊗ l j}

3
i, j=1 seen in Example 4.1 are 2-K1-frame for H1 = C3
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associated to ηo, 2-K2-frame for H2 = C3 associated to θo , 2-K1 ⊗ K2-frame for H1 ⊗H2 associated to
ηo ⊗ θo respectively.
We define their frame operator Sη, Sθ,and Sη ⊗ Sθ as follows:
For each f = xe1 + ye2 + ze3 ∈ H1, g = x′e1 + y′e2 + z′e3 ∈ H2,

Sηo f =
3∑︂

i=1

⟨ f , ki|ηo⟩ki = ye2,

Sθo g =
3∑︂

j=1

⟨g, l j|θo⟩l j = y′e2,

Sηo⊗θo( f ⊗ g) = yy′e2 ⊗ e2 =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
0 0 0

0 1 0

0 0 0

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ .

Next we use the frame operator of 2-K1 ⊗K2-frame to give another equivalent characterization

for 2-K1 ⊗K2-frame.

Theorem 4.5. Let {kn}n∈N, and {lm}m∈N are two 2-Bessel sequences in H1, H2 respectively, K1 ∈ Bη(H1),
K2 ∈ Bθ(H2). Then {ki ⊗ lm}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated to
η⊗ θ, if and only if there exists E > 0 such that

Sη ⊗ Sθ ⩾ E(K1K∗1 ⊗K2K∗2),

where Sη, and Sθ are the frame operators for {kn}n∈N and {lm}m∈N respectively.

Proof. {kn ⊗ lm}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated to η ⊗ θ,

with frame bounds E, F and frame operator Sη ⊗ Sθ, if and only if

for all f ∈ H1, g ∈ H2,

E∥K∗1 ⊗K∗2( f ⊗ g), η⊗ θ∥2 ≤
∑︂

n,m∈N

|( f ⊗ g, kn ⊗ lm, η⊗ θ∥2 ≤ F∥ f ⊗ g, η⊗ θ∥2.

that is, ∀ f ∈ H1, g ∈ H2,

⟨K1K∗1 ⊗K2K∗2( f ⊗ g), f ⊗ g|η⊗ θ⟩ ≤ ⟨Sη ⊗ Sθ( f ⊗ g), f ⊗ g|η⊗ θ⟩ ≤ ⟨ f ⊗ g, x f ⊗ g|η⊗ θ⟩,

So the conclusion holds

Sη ⊗ Sθ ⩾ E(K1K∗1 ⊗K2K∗2).

□

In general the frame operator of 2-K1 ⊗K2-frame is note inversible on H1 ⊗H2, but we can show

that it is invertible on a subspace R(K1 ⊗ K2) , when R(K1), and R(K2) are closed. What we will

prove in the following.
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Proposition 4.1. Let K = K1 ⊗ K2, where K1 ∈ Bη(H1), and K2 ∈ Bθ(H2). Suppose that {kn ⊗ lm}n,m∈N

is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated to η⊗ θ as element fixed in H1 ⊗H2.
If the range R(K1) of K1 and the range R(K2) of K2 are closed, then the 2-K-frame operator,

Sη⊗θ : R(K1 ⊗K2)→ Sη⊗θ(R(K1 ⊗K2))

is a homeomorphism and S−1
η⊗θ = S−1

η ⊗ S−1
θ , which verifies: ∀ f ⊗ g ∈ Sη⊗θ((R(K1 ⊗K2))

1
F
∥ f ⊗ g, η⊗ θ∥ ≤ ∥S−1

η⊗θ( f ⊗ g), η⊗ θ∥ ≤
1
E
∥K†1∥

2
η∥K

†

2∥
2
θ∥ f ⊗ g, η⊗ θ∥, (4.14)

where K†1 is the pseudo-inverse of K1, K†2 is the pseudo-inverse of K2

Proof. {kn ⊗ lm}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for H1 ⊗H2 associated to η ⊗ θ

as element fixed in H1 ⊗H2. Then,

{kn}m∈N and {lm}m∈N are 2-K1-frame for H1 associated to η and 2-K2-frame for H2 associated to θ

respectively.

Since, K1 and K2 had a closed ranges, then the frame operators

Sη is a homeomorphism from R(K1) onto Sη(R(K1)),

Sθ is a homeomorphism from R(K2) onto Sθ(R(K2)),

and verifying the following inequalities :

E1∥K†1∥
−2
η ∥ f , η∥1 ⩽ ∥Sη( f ), η∥1 ⩽ F1∥ f , η∥1, ∀ f ∈ R(K1), (4.15)

E2∥K†2∥
−2
θ ∥g,θ∥2 ⩽ ∥Sθ(g),θ∥2 ⩽ F2∥g,θ∥2 ∀g ∈ R(K2). (4.16)

1
F1
∥ f , η∥1 ⩽ ∥S−1

η ( f ), η∥1 ⩽
1

E1
∥K†1∥

2
η∥ f , η∥1, ∀ f ∈ Sη(R(K1)), (4.17)

1
F2
∥g,θ∥2 ⩽ ∥S−1

θ (g),θ∥2 ⩽
1

E2
∥K†2∥

2
θ∥g,θ∥2, ∀g ∈ Sθ(R(K2)). (4.18)

multiplying the Equations (4.17) and (4.18) we get,

∀ f ⊗ g ∈ Sη⊗θ(R(K1) ⊗R(K2)) = Sη⊗θ(R(K1 ⊗K2))

1
F1F2

∥ f , η∥1∥g,θ∥2 ≤ ∥S−1
η ( f ) ⊗ S−1

θ (g), η⊗ θ∥ ≤
1

E1E2
∥K1

†
∥

2
η∥K2

†
∥

2
θ∥ f , η∥1∥g,θ∥2

which gives:

∀ f ⊗ g ∈ Sη⊗θ(R(K1 ⊗K2)

1
F
∥ f ⊗ g, η⊗ θ∥ ≤ ∥S−1

η⊗θ( f ⊗ g), η⊗ θ∥ ≤
1
E
∥K†1∥

2
∥K†2∥

2
∥ f ⊗ g, η⊗ θ∥
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So, we have Sη⊗θ is a homeomorphism.

Moreover by the lemma 3.6 in [10], S−1
η⊗θ = S−1

η ⊗ S−1
θ . □

Based on equation (3.2), we can therefore make the following remark.

Remark 4.2. If the sequences {kn ⊗ lm}n,m∈N is a tensor product of 2-K1-frame, 2-K2-frame for the 2-Hilbert
spaces H1 ⊗H2. If K1, K2 had a closed ranges, there exist two 2-Bessel sequence { fn}n∈N for H1 associated
to η, and {gn}n∈N for H2 associated to θ such that:

∀ f ⊗ g ∈ H1 ⊗H2 K1 ⊗K2( f ⊗ g) = αK1 ⊗K2(η⊗ θ) +
∑︂

n,m∈N

⟨ f ⊗ g, kn ⊗ lm|η⊗ θ⟩kn ⊗ lm. (4.19)

for some α ∈ K.
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