Int. J. Anal. Appl. (2026), 24:312

International Journal of Analysis and Applications

A Computational Matrix Method For Multi-Dimensional Stochastic Volterra Integral
Equations

Edwin Yao Kutorzi*
School of Digital Economy, Hubei University of Automotive Technology, Shiyan 442002, China

*Corresponding author: ekutorzi@yahoo.com/ekutorzi@huat.edu.cn

Abstract. Euler wavelets are constructed using Euler polynomials, which generally contain fewer terms than those
used in alternative wavelet methods. As a result, the corresponding operational matrices are sparser, enabling more
efficient numerical computation. This paper provides a comprehensive comparison of existing approximation methods
for stochastic Volterra integral equations with multi-dimensional Brownian motion. The proposed approach employs
Euler wavelet approximation in combination with block-pulse functions (BPFs). The operational matrices associated
with block-pulse functions enable the transformation of stochastic Volterra equations into algebraic equations. This
methodology offers a direct and efficient computational strategy by converting the single-integral problem into a linear
algebraic system that is straightforward to solve. Several numerical examples are included to illustrate the effectiveness

and accuracy of the proposed method.

1. INTRODUCTION

Given that Gaussian white noise is a formal derivative of Brownian motion in many cases, all
such phenomena are mathematically modeled and essentially represented by complex stochastic
differential or integro-differential equations of the Itd type. Many population models, from deter-
ministic to stochastic, have been considered in the mathematical literature, from simple discrete
random variables to very complex continuous stochastic models ( [1], [2], [3], [4], [5]). However,
some authors, for instance [6], [7], [8], [9], [11], [12], and ( [13]- [24]), used an iterative approach or
the Euler-Maruyama approximation to arrive at the numerical solution of the stochastic Volterra
integral equation.

A general form of such an equation is typically expressed as:
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X(t) = f(t) —|—f0 Ao(t,s)X(s)ds+Zf0 Ai(t,s)X(s)dBi(s), tel0,T]. (1.1)
i—1

Let (), 7, P) denote a probability space. Consider X(t) as an unknown stochastic process, where
t € [0,T). The functions X(t), f(t),Ao(t,s), and A;(t,s), fori = 1,2,...,nand t,s € [0,T), denote
additional stochastic processes defined on this interval. The processes Bi(t), Ba2(t),...,Bn(t) rep-
resent independent Brownian motions. The integrals fot Ai(t,s)X(s)dBi(s), fori = 1,2,...,n, are
interpreted as It6 integrals. The present study is motivated by the analysis of general multidimen-
sional stochastic terms. Based on recent analytical developments in [13], this work investigates
forward stochastic Volterra integral equations (SVIEs) driven by multidimensional Brownian mo-
tion. This study develops a reliable and accurate numerical approximation for the class of SVIEs
under consideration. The proposed approach utilizes Euler wavelets, which are constructed from
Euler polynomials and generally require fewer terms than polynomials employed in alternative
wavelet-based methods. Consequently, the resulting operational matrices are sparser, facilitat-
ing efficient numerical evaluation and reduced computational cost. This sparsity is particularly
advantageous when many collocation points are used to improve solution accuracy.

The structure of the paper is as follows. Section 2 provides definitions related to stochastic
calculus. Section 3 describes the block-pulse function and the operational integration matrix.
Section 4 introduces stochastic integration as the operational matrix. Section 5 discusses key
properties of Euler wavelets. Section 6 presents a stochastic approach for solving stochastic
Volterra integral equations. Section 7 details the implementation of the operational matrices.
Section 8 addresses the convergence analysis. Section 9 presents numerical simulations. Section

10 concludes with brief remarks.

2. STOCHASTIC CONCEPTS AND ITO INTEGRAL

Several definitions of stochastic calculus are presented in this section. A stochastic process
is defined as a collection of random variables {X(t),t € [0, T|} specified on a probability space
(Q,F,P). If the following criteria are satisfied, the stochastic process B(f) is classified as a
Brownian motion:

e B(0) = 0 (with the probability 1),

e for 0 < f; < fp < T the random variable given by the increment B(t,) — B(#1) is normally
distributed with mean zero and variance t, — t1,

o for0 <t; <t <t3 <ty <T theincrements B(f;) — B(t1) and B(ts) — B(t3) are independent,

e for t >0, B(t) is a continuous function of t.

Definition 1.1. A process f(t,w) : [0,00) X Q) — R is called F;-adapted if for each t > 0, the
function — — f(t, ) is F; measurable, where 7 is an increasing sequence of O- algebras of 7.
Let W = W(s, T) be the class of functions f(t,w) : [0, 00) x Q) — R, which satisfy the conditions:

e the function (t,w) — f(t,w) is B X F measurable, where B is the Borel algebra,
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e fis Fi-adapted forall t > 0,
o E[LTf(t,w)zdt] <00,
Theorem 1. (The It6 isometry) : Let f € W(S, T), Then

E[(f:f(t,w)dst(!))z = EUSTfZ(t,w)dt]. (2.1)

Refer to [25] for additional properties of stochastic integrals.

3. Brock-puLse FuncTioNs (BPFs)

This section outlines the notations, definitions, known results, and formulas concerning BPFs,
which are pertinent to this paper, as previously discussed in [17]- [18].
The block-pulse functions ®; is defined over the unit interval [0,1) as: 0 < i < m, and m €
{1,2,...},
1 (i-1)h<t<ih,

D(t) = _ 3.1)
0 otherwise,

wheret € [0,T),i =1,2,--- ,m,and h = L.

m
The block-pulse functions have the following properties:

(1) Disjointness: The BPFs are disjointed with each other in the interval t € [0, T).
D;(t)D;(t) = 0ijPi(t), (3.2)

wherei,j=1,2,...,m, and 6;; denotes the Kronecker delta.
(2) Orthogonality: The BPFs are orthogonal with each other in the interval t € [0, T).

T
f q)i(t)q)]'<t>dt = héi]', i,j = 1, 2, ol n. (33)
0

(3) The third property is completeness: For every f € L2[0,T), when m — oo, Parseval’s identity

holds, that is
T 00
[ poa= Y. oo,
0 i=1

where f; = } fOT f(t)®;(t)dt. The set of function can be described by an m vector
q)(t) = (ch(t)lq)Z(t)/ /q)m(t))T, te [O, T)

Therefore, the relationship between BPFs and their integrals can be expressed in the following
matrix form.

The derivation of the matrix representation and the disjointness property is presented below:

(Pl(t) 0 0

L I G I 64

0 0 e m(b) e
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additionally, yield

and,
()T (HFT = Ed(t), (3.5)
where F usually denotes a diagonal matrix whose diagonal entries are related to a constant vector

F=(f,fo, -, fm)T It is also straightforward to show that for an m X m matrix B
OT(H)BD(t) = BO(t), (3.6)
where B = diag(B) is a m-vector.

3.1. Functions approximation. A real bounded function f(t), can be expanded into a block pulse
series, which is square integrable in the interval t € ([0, T)). Then, it minimizes the mean square

error f(t) and its approximation

m
F() = f(t) =) fibi(t) = DT (1), (37)
i=1
where f; is the block pulse coefficient with respect to the ith BPF ®;(t). The vector representation

is given as follows:

f=tori f),

where f,,(t) is a linear combination of BPFs.
Let A(t,s) € L*([0, T1) x [0, T2)). It can be similarly expanded with respect to BPFs such as

A(t,s) = An(ts) = Y1 (s)AD(t) = DT (H)ATY(s), (3.8)

where ¥(s) and ®(t) are m; and m, dimensional BPFs vectors respectively, and A = (a;;),i =

1,2,...,my,j=1,2,...,my is the m; X my block pulse coefficient matrix with

1 T\ T
= A(t, ) (s)P:(t)dsdt,
w= i | [ A 0
where hy = ;—ll,hz = 7% For convenience, let my = my = m.
3.2. Integration operational matrix. Computing fot D;(s)ds follows
0<t<(i—=1)h,

0

t

fqbi(s)ds: t—(i—-1)h (i-1h<t<ih, (3.9)

0
h ih<t<T.

At midpoint of [(i — 1)k, ih), the term t — (i — 1)k, equals to 4. Hence, for (i—1)h < t < ih,
t — (i — 1)h can be approximated by 4.
According to [17], it follows that:

t
f P(s)ds = PO(t), (3.10)
0
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where operational matrix of integration is given by
122 - 2
o012 .- 2
p:g oo01 .- 2 (3.11)
000 -1
mxXim
Thus, the integral of every function f(t) can be approximated as follows
t t
f f(s)ds ~ f FT®(s)ds ~ FTPO(t). (3.12)
0 0
4. STOCHASTIC INTEGRATION OPERATIONAL MATRIX
The integral of It of a single BPF ¢;(t) may be computed as follows,
t 0 0<t<(i—=1)h,
f &i(s)dB(s) = AB(t) = B((i-1)h)  (i—D)h<t<ih, (4.1)
0
B(ih) — B((i—1)h) ih<t<T.
Now expressing fot ¢i(s)dB(s), in terms of the BPFs follows
t
fo 01(s)dB(s) = (B(ih/2) = B((i - h/2)y(t) + (B(ih) ~B((i-1)h)) Y ¢;(8),  (42)
Therefore
t
f D(s)dB(s) = Psd(t), (4.3)
0
In this case, the stochastic operational matrix of integration can be expressed as follows:
Y1 p1 p1 ot P
O ')/2 pz e p2
Ps=1 0 0 y3 -+ p3 , (4.4)
0 0 0 - ym)
where p; = B(ih) = B((i—=1)h),i =1,2,--- ,m—1;y; = B(ih/2) = B((i-1)h/2),j = 1,2,--- ,m.
This can be approximated by computing the It6 integral for every function f(t) as follows:
t
f f(s)dB(s) =~ FT®(s)dB(s) =~ FTPs®(t). (4.5)
0
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5. DEFINITION AND FEATURES OF EULER WAVELETS

The Euler wavelets presented in this section exhibit unique characteristics and are applicable to
several mathematical disciplines. In particular, they share significant similarities with the theory

of Bernoulli polynomials and numbers.

The Euler Wavelets E, (t) of degree n can be expressed as follows:

i (Z)Ek(t) +Ep(t) = 2t". (5.1)

k=0

Therefore, the Euler vector E(t) is specified:
E(t) = [Eo(t), E1(t), ..., En(t)]T. (5.2)
The Euler Wavelets given by (5.1). can be defined in the matrix form
E(t) = AT, (t), (5.3)

where T, (t) = [1,t,12,...,tN]T and since A is a lower triangular matrix with nonzero diagonal
elements, it is nonsingular, and hence A1 exists.
Definition 2. Euler polynomials have several distinctive features:
(i) E,(t) =nE,—1(t), n=1,2,...,
() E,(t+1)+E,(t) =2t", n=12,...,
(i) Ex(t) = 715 ZpH -2 ("I DB(0) 1K, n=1,2,...,
where Bi(t), k = 0,1, ..., are the Bernoulli polynomials of order k which has been defined:

i(” . 1)Bk(t) — (n+1)P"

k=0
5.1. Functions approximation. Assume an arbitrary function f(t) € L?[0,1), which can be ap-
proximated by a truncated Euler series as follows:

21 M-1

F =YY comBEun(t) = CTE(t) = ET (1), (5.4)

n=1m=0
in which C and E(t) have dimension m = NM for
C = (c1o, €11, 7 €1(M-1),€20, €21, "~ , C2(M-1), " "~ Cok-10, Cok-11, " " rczkfl(M—l))T-
E = (Ei0, E1, -+, Byv-1), B2o, Bo1, -, Bty - Bareng, Byreng, -+ Bt ) (5.5)
Similarly, let A(t,s) € L2([0,T;) X [0,T2)). It can be similarly expanded with respect to Euler
such as
A(t,s) =~ A(t,s) = E'(s)AE(t) = ET(t)ATE(s), (5.6)

where E(s) and E(t) are m; and m; dimensional Euler vectors respectively, and A = (a;j),i =

1,2,...,my,j=1,2,...,my is the m; X my Euler coefficient matrix with
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1 T T>
ajj = hl_hzj(; L A(t,S)Ei(S)Ej(t)det,

T .
where iy = m—ll,hz = nT1—22 For convenience, we put m; = m; = m.

5.2. Euler Wavelets and Block Pulse Functions. Now the relation between the Euler wavelet and
block pulse functions is discussed.
Theorem 2. Let E(t) and ®(t) be the m-dimensional Euler wavelet and block pulse function

vectors. Then E(t) is expressed by block pulse functions ®(t) as

E(t) = (1), (5.7)
where © is an m X m matrix and
2j-1\
@i]‘:Ei W ’ z,]:1,2,...,m.

Proof: Let E;(t),i = 1,2,...,m, be the i-th element of Euler wavelet vectors. Expanding E;(t)

into an m-term of BPFs, then
m
Ei(t) = ) ©0;(t) = O] (1), i=12,...,m.
i=1

where ©; is the i-th row and ©; is the (i, j)-th element of matrix ©. By using orthogonality of BPFs,

then ' '
1 (! 1 (o . (Y
0=+ fo (1) (1)dt = fo f,_ E()dt = 2%m fo f}_ B (1)t

Thus, the final equation can be formulated using the mean value theorem for integrals.
i 1
©; = 2°m (é - ]_)hizl (Xj), xj€ (]—, i)-

=1

7

As hj_1(t) is constant on the interval (

m
2i-1
®if:22hi—1( J ), ij,=1,2,...,m

Therefore, proof is established.
Remark 1. It is clear from the definition of matrix ® in (5.7), that
1

—of
O

0! =

The following remarks are drawn from (3.5), (3.6), and Theorem 2:
Remark 2. An m-vector F,
E(t)ET(t)F = FE(t),
in which F is an m X m matrix as F = @FO®~! where F = diag(OTF).

Remark 3. Let B be any m X m matrix. Subsequently, the Euler vector E(t) is obtained

E(t)BE(t) = BTE(¢t),
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where BT = T@! and T = ding(@7B®) is a m-vector.

6. STOCHASTIC OPERATIONAL MATRIX OF EULER WAVELETS

The operational matrix of stochastic integration for the Euler wavelet basis is derived in this
section. To achieve this derivation, the BPFs matrix ®, shown in (5.7) , is utilized.

Theorem 3. Let E(t) be the Euler wavelet vector defined in (5.5). The integral of this vector is
derived as

t
f E(s)ds ~ ~OPOE(t) = AE(t), 6.1)
0 m

where O is introduced in (5.7) and P is the operational matrix of integration for BPFs derived in
(3.11).

Proof: Using Theorem 2, let E(¢) be an Euler wavelet vector,

t t t
f E(s)ds =~ f O (s)ds = @f D(s)ds = OPD(t),
0 0 0
Theorem 2 and Remark 1 now provide

¢
f E(s)ds ~ OPO(t) = %@P@TE(t) = AE(t),
0
therefore the proof is established.
Theorem 4. Assume E(t) is the Euler wavelet vector defined in (5.5). The Ito integral of this

vector is derived as

f tE(s)dB(s) ~ l@PSG)TE(t) = AE(D), (6.2)
0 m

where A; is stochastic operational matrix for Euler wavelet, ® is introduced in (5.7) and P is
the stochastic operational matrix of integration for BPFs derived in (4.4).

Proof: Given an Euler wavelet vector E(t), we may use Theorem 2 to obtain

f(; E(s)dB(s) =~ f(; Od(s)dB(s) = @f(; ®(s)dB(s) = OP;P(t),
Theorem 2 and Remark 1 yield
f E(5)dB(s) ~ OP.d(t) — LOP.OTE(H) = AE(®),
0 m

therefore the proof is established.

7. MULTIDIMENSIONAL STOCHASTIC ITO-VOLTERRA INTEGRAL EQUATIONS

This section transforms multidimensional stochastic It6-Volterra integral equations into linear
algebraic equations using the stochastic operational matrix of Euler wavelet. The function X(t)
obtained from (1.1) enables the approximation of X(t), f(t), Ao(t,s), and A;(t,s) in the following

forms:
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) (7.1)
(5)AgE(t) = ET (ATE(s),

Ai(t,s) ~ET(s)AE(t) = ET(H)ATE(s), i=1,2,...,n,

X and F are Euler coefficient vectors; Ag and A; are Euler coefficient matrices defined in equations

(5.5) and (5.6). Substituting the above approximation into (1.1) yields

XTE(t) = FTE(t) + E' (1) A) (ft E(s)ET(s)de) +
0

;ET(f)AiT(fO E(S)ET(S)XdBi(s)), te[0,T].

By applying Remark 2,

XTE(t) = FTE(t) + ET (1) A} (ft XE(s)ds) + Zn: ET(t)AiT(ft XE(s)dBi(s)), tel0,T] (7.3)
0 = 0

where X is an m X m matrix. By applying A and A, the following expression is obtained:

XTE(t) = FTE(t) + ET () A XAE(t) Z E' () ATXAE(t). (7.4)
i=1
Let Zy = Agf(/\ and Z; = Ain(As,-, be m-dimensional vectors. Utilizing Remark 2, the following

result is obtained:

XTE(t) - ZTE(t) Z ZTE(t) = FTE(t).
This equation holds for t € [0,1). Consequently,
n
xT-77 - Z 7T = FT. (7.5)
i=1

For the unknown vector X, equation (7.5) represents a linear system of equations. To find X,
solve this linear system. Next, substitute the obtained X into equation (7.1) to approximate the

solution of equation (1.1).

8. ERROR ESTIMATE AND RATE OF CONVERGENCE

This section presents a detailed analysis of the exact solution corresponding to the Euler approx-
imation and evaluates its convergence rate. The error characteristics of the proposed method,
denoted by Xn () and representing the Euler approximation of X(t), are systematically evaluated.
The approximate and exact solution values are compared at selected points based on the absolute

error metric.

ex(t) = |X(t) = Xn(£), t€[0,1],
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where X(t) and X () represent exact and approximate solutions, respectively.
Theorem 6. Assume f(t) and A(t,s) are smooth functions, and fy(t) and An(t,s) are their Euler
approximations. Therefore, the error bound can obtained thus
GQ) IIf(t) = Av(Bllo < CEQ2m)™N, te]0,1],
(ii) |A(t,s) — An(t,8)llo < CN(2m)7N,
where F = supl||f)) (X)|loo,i = 0,1,2...} and C is a positive constant.

Theorem 7. Let X(t) and Xn(f) be solutions of the exact and approximate of equation (1.1),
respectively of Euler approximation. Furthermore, assume that
() IX(Hllo <pi t€[0,1],i=1,2,
(ii) [|Ai(t,s)lleM; t,5 €[0,1]%[0,1],i =0,1,2,
(i) (Mo + p(N)) +1IBi(t)lleo (M; + A(N)) < 1.

Consequently,
IX(£) = XN (B)lleo <
N(N) + (Mo + p(N) + u(N)p1) + L IB()lleo (Mi + A(N) + A(N)p2) (8.1)
1= (Mo + u(N)) = ZiLq IB(H)lleo (M + A(N)) ’
where

Proof. Equation (1.1) yields the following result.
t

X(t) = Xn(t) = f(t) = fn(t) +f(; Ao(t,s)X(s)ds —f(; Aon(t,s)Xn(s)ds

nooat noot
+ Z{ fo Ai(t,5)X(s)dB;(s) - Z{ fo Ain(t,5)Xn ()dBi(s).
Consequently,
IX(t) = Xn(B)lleo < NIf(£) = fN(B)lleo + 140 (2, 5) X (5) — Aon (t,5) Xn () lloo
1Y Bl 5)X(6) - At XNl

. (8.2)

By combining assumptions (i) and (ii) with Theorems 6 and 7, the following result is obtained.
1A0(t,5)X(s) — Aon (t, ) XN (8)lleo < [A0(2, 5)lleollX(5) = XN (5)lleo
HIA) = At IX(5) - X6 + Xl

< (Mo + p(N)IX(t) = Xn(E)lleo + (Mo + u(N)) + u(N)pi, (8.3)
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and
1Ai(t,5)X(s) = Ain(t,5) Xn(5)lleo < NlAi (2, 5)lleollX(s) = XN (5)lleo
HIAi(t,8) — Ain(t,8)llo 1IX(5) — X (8)lleo + 1X(8)lloo
< (M + AN)IX(E) = Xn(B)lleo + (M + A(N)) + A(N)p;, (8:4)

Equations (8.2)-(8.4) and assumption (iii) yield

1X(#) = Xn (D)l <

N(N) + (Mo + u(N) + p(N)p1) + Xisy IB(E)lleo (Mi + A(N) + A(N) p2)
1= (Mo + pu(N)) = LiZq IB(t)lleo (M; + A(N)) '

(8.5)

9. NUMERICAL RESULTS

A comprehensive comparative analysis was performed to quantify the discrepancies between
the Euler approximation and the BPFs method. The simulation results, as depicted by the pink
(BPFs method), red (Euler method), and blue (exact solution) lines, reveal distinct error profiles
for each approach. Simulations were conducted for m = 16,32,64 and n = 50,100,150, 200 to
systematically evaluate the deviation from the exact solution. The absolute error, defined as
E = |X; - Yi| where X; denotes the approximate solution from either the BPF or Euler method
and Y; represents the exact solution, is summarized in Tables 1 and 2. The absolute error within
the interval (]0,1]) is presented in Figures 2 and 5. The BPF method exhibits a maximum error
at approximately 0.1s, which decreases to near zero after 0.4s. In contrast, the Euler method
reaches its maximum error at approximately 0.2s, then gradually decreases. All computations
were performed using Python.

Example 1( [10]). (The basic Black-Scholes model): The Black-Scholes model is a stochastic
framework for modeling financial markets with derivative instruments. The model is defined by a
two-dimensional continuous-time process {(Xo(f), X(t)) : 0 < t < T}, where X, (t) denotes the risk-
free asset and X(t) denotes the risky asset. The risk-free asset evolves according to the differential
equation dXo(t) = rXo(t)dt, where r > 0 denotes the instantaneous interest rate. Setting X, (0) = 1
yields the solution Xy () = e"’. The evolution of the stock price is governed by

dX(t) = AX(t)dt + uX(t)dB(t), 9.1)

where {B(t) : 0 < t < T} is a standard Brownian motion with B(0) = 0, A is a constant and
p(f) as a function. The model is accurate for the range [0, T], where T is the option’s maturity.
X(t) = exp ((/\ -1 yz) t+ uB (t)) provides the exact solution. In Table 1, the results obtained for
this example’s A = =8,u = 1, and n = 500 are presented. The comparison between the exact

solutions and absolute error are depicted in Figures 1-3, respectively.
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TasLE 1. Comparison Table of Absolute Error of Multiple Experiments of Example
1 atm =16, 32, and 64.

m=16 m=32 m=64

n Absolute Error Absolute Error Absolute Error

BPF Euler BPF Euler BPF Euler
50 | 0.04331 | 0.030051 | 0.030889 | 0.012457 | 0.027406 | 0.004436
100 | 0.039773 | 0.029888 | 0.027541 | 0.01246 | 0.027491 | 0.004895
150 | 0.042872 | 0.030309 | 0.02946 | 0.013007 | 0.024479 | 0.004735
200 | 0.03026 | 0.03026 | 0.029278 | 0.012506 | 0.026244 | 0.004642

101 BPF

Euler

08 + exact solution

0.6 -

0.4

0.2

0.0 4 P R W '

00

0z

04

t

Ficure 1. The comparison between the exact solution and the approximation of

both BPF and Euler solutions of Example 1.

020 4

015

Error

010

005 1

000 4

i

e

\'\-“"‘y*f** g Mo

+ BPF
Euler

:::::

00

0z

04

06
t

08

Ficure 2. Comparison of the absolute errors of the BPF and Euler expansions for

Example 1.
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0175 = BPF
0.150
0125
5 0.100
w
0075
0.050
0.025
0.000
0.0 0.2 04 0.6 08 10
t
Euler
0.035
0.030
0.025
5 0020
fri]
0.015
0.010
0.005
0.000
0.0 02 04 06 0.8 10

Ficure 3. The absolute error of BPF and Euler expansions comparison at random

points of Example 1.

Example 2( [10]). Consider the linear SVIDE

t mo
vy =+ [ueyeds+ Y, [ pOuEdBE, ste ), 02
i=1
with the exact solution is y(t) = yoe(”(s)_%Z;‘n:lﬁiz(s))dt*x":l5f(s)dBi(t), for 0 < t < 1 where

y(t) is an unknown stochastic process defined on a complete probability space, and By =
(B1(t),Ba(t), -+ ,Bw(t)) is an m-dimension Brownian motion process. The numerical results for
Yo = Z%w,u(s) = %,[31 = %,ﬁz = 52—0,,83 = %,54 = %. Table 2 presented numerical results. The
comparison between the exact solutions and absolute error are depicted in Figures 4-6, respectively.

TaBLE 2. Comparison Table of Absolute Error of Multiple Experiments of Example
2 atm =16, 32 and 64.

m=16 m=32 m=64
n Absolute Error Absolute Error Absolute Error
BPF Euler BPF Euler BPF Euler

50 | 0.000466 | 0.000022 | 0.000369 | 0.000024 | 0.027406 | 0.004436
100 | 0.000391 | 0.000023 | 0.000457 | 0.000022 | 0.027491 | 0.004895
150 | 0.000415 | 0.000022 | 0.000417 | 0.000022 | 0.024479 | 0.004735
200 | 0.00046 | 0.000022 | 0.000434 | 0.000022 | 0.026244 | 0.004642
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Ficure 4. The comparison between the exact solution and the approximation of
both BPF and Euler solutions of Example 2.
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Ficure 5. Comparison of the absolute errors of the BPF and Euler expansions for
Example 2.



Int. ]. Anal. Appl. (2026), 24:312 15

0.0006

* BPF
0.0005
0.0004
£ 0.0003
E
0.0002
0.0001
0.0000
0.0 02 0.4 06 08 10
t
200 le=5
Euler
175
150
125
5 100
e
0.75
0.50
0.25
0.00
0.0 02 04 06 0.8 10

t

Ficure 6. The absolute error of BPF and Euler expansions comparison at random

points of Example 2.

10. CoNcLUSION

This study presents a method for solving stochastic Volterra integral equations by comparing the
Euler approximation with a computational technique based on the properties of BPFs. Numerical
examples demonstrate the effectiveness of function-based approximations for integral equations
and facilitate detailed error analysis of these methods. The Euler method exhibits a trend closely
aligned with the exact solution obtained by the BPFs method, although it generally produces larger
errors. In certain cases, the Euler method yields greater errors than the BPFs method. Overall, the

results indicate that the proposed procedure achieves high accuracy.
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