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Abstract. This paper introduces the ArcTangent Weibull Log Logistic Mixture (AT-WLLM) distribution, a novel and

flexible lifetime model constructed by applying an arctangent transformation to a mixture of Weibull and log-logistic

distribution functions. The proposed model exhibits several desirable properties, including the ability to capture a wide

range of hazard rate shapes commonly encountered in reliability engineering and survival analysis. The theoretical

properties of the AT-WLLM distribution are thoroughly investigated. Parameter estimation is carried out using the

maximum likelihood method, and a comprehensive simulation study is conducted to assess the performance of the

estimators. Across all parameter configurations considered, the MLE procedure for the AT-WLLM distribution exhibits

numerical stability and satisfactory finite–sample performance. The practical applicability of the model is demonstrated

through three real-data analyses, in which the AT-WLLM distribution is compared with seven well-known competing

models. The empirical results consistently affirm the superior flexibility and strength of the AT-WLLM distribution in

modeling lifetime data.

1. Introduction

The pursuit of probability distributions that can accurately capture the complexity of modern

real-world data remains a fundamental challenge in the evolving landscape of statistical modeling.

Most traditional distributions such as the Weibull distribution [1] and log-logistic distribution [2]

have served as workhorses for numerous disciplines, but have proven inadequate when confronted

with data sets exhibiting multiple failure regimes in reliability engineering, complex hazard pat-

terns in survival analysis, heavy-tailed behavior in financial and environmental applications, and
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mixed population in biological and medical studies.This gap between model flexibility and prac-

tical applicability has driven the development of more complicated distributional families, among

which mixture models have emerged as particularly promising due to their enhanced capacity to

capture multimodal properties and complex patterns. Moreover, when the heterogeneous nature

of a process is taken into account, it is more appealing and appropriate to employ mixture models

that capture the underlying behavior of the process. A substantial body of literature documents

numerous contributions that employ two-fold mixture approaches for reliability and failure-time

modeling. Examples include mixtures of two Weibull models [3], the use of the method of moments

for mixtures of two exponential distributions [4], mixtures of two inverse Weibull distributions [5],

Weibull and inverse Weibull mixture models [6], mixtures of two different distributions [7], two-

fold Weibull mixtures [8], a new mixture of Pareto and length-biased Pareto distributions [9], the

two-component unit Weibull mixture distribution [10], and two-component Weibull–log-logistic

mixture models [11].

Other mixture-based lifetime distributions include the three-component mixture of Rayleigh

distributions [12, 13], the three-component mixture of exponential distributions [14], the three-

component mixture of Pareto distributions [15, 16], and the three-component mixture of Ku-

maraswamy distributions [17].

The novelty of the AT-WLLM distribution lies in its construction, rather than in the introduction

of additional parameters. First, although the AT-WLLM model involves a mixing weight, it does

not belong to the class of conventional finite mixture distributions. Classical mixtures combine

baseline distributions directly, whereas the present model aggregates nonlinear transformations

of the baseline cumulative distribution functions. Consequently, the resulting density and hazard

functions are not convex combinations of the corresponding Weibull and log-logistic quantities.

This structural distinction leads to hazard-rate behavior that cannot be reproduced by standard

mixture or competing-risk models [18]. Recent works in mixture models include [35], [36], [37],

[38], [39], [40], [41], and [42]

Second, the use of a trigonometric transformation as a CDF generator distinguishes the pro-

posed model from most existing generalized lifetime distributions. The literature on distribution

generators has focused primarily on polynomial, exponential and beta-type mechanisms [19], [20].

In contrast, trigonometric mappings such as the arctangent function remain largely unexplored in

this context, despite their smoothness and boundedness. This choice introduces a different mode

of shape control that affects skewness, tail behavior, and hazard dynamics in a unified manner.

Thirdly, AT-WLLM distribution achieves considerable flexibility without increasing model com-

plexity. With only five parameters, it is capable of exhibiting increasing, decreasing, unimodal,

and bathtub-shaped hazard functions, a feature that is often associated with heavily parameterized

models [21]. This flexibility arises from the nonlinear interaction between the baseline distributions

and the trigonometric transformation rather than from additional shape parameters.
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Finally, by combining Weibull and log-logistic baselines, the AT-WLLM distribution accom-

modates both light-tailed and heavy-tailed behavior within a single coherent framework. This

transformation moderates the contribution of each baseline distribution, producing a smooth tran-

sition between different distributional regimes rather than a simple dominance of one component

over the other [22].

The remainder of this paper is organized as follows. Section 2 reviews the general framework

of M-fold mixture models and introduces the proposed ArcTan–Weibull–Log–Logistic Mixture

(AT–WLLM) distribution, including its cumulative distribution, probability density, survival, and

hazard rate functions. In Section 3, the mathematical properties of the AT–WLLM model are

derived, including crude moments, moment generating function, limiting behavior, entropy mea-

sures, order statistics, and special cases. Section 4 develops the parameter estimation procedure

using the maximum likelihood method and presents the associated score equations. Section 5

reports an extensive Monte Carlo simulation study to evaluate the finite-sample performance of

the maximum likelihood estimators under different parameter configurations and sample sizes.

Section 6 assesses the practical applicability of the proposed model through three real data ap-

plications drawn from economic and epidemiological contexts, with comprehensive comparisons

against several competing lifetime distributions using information criteria and goodness-of-fit

tests. Finally, Section 7 concludes the paper with a summary of the main findings and directions

for future research.

2. Materials andMethods

2.1. M-fold Mixture Model. The cumulative distribution function (CDF), probability density

function (PDF), and hazard function (HF) of a general M-fold mixture model involving M subpop-

ulations have been extensively discussed in [23,24]. For such a model, the cumulative distribution

function is defined as

F(x) =
M∑︂

k=1

pkGk(x), (2.1)

where Gk(x) denotes the CDF of the kth subpopulation, pk is the mixing proportion associated with

the kth component, pk > 0, and
∑︁M

k=1 pk = 1.

The corresponding probability density function is given by

f (x) =
M∑︂

k=1

pkgk(x), (2.2)

where gk(x) is the PDF of Gk(x).
The survival function takes the form

S(x) = 1−
M∑︂

k=1

pkGk(x), (2.3)
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and the hazard rate function is expressed as

h(x) =
f (x)
S(x)

=
M∑︂

k=1

qk(x)hk(x), (2.4)

where hk(x) is the hazard rate of the kth subpopulation and

qk(x) =
pkSk(x)∑︁M

k=1 pkSk(x)
, k = 1, 2, . . . , M. (2.5)

with Sk(x) = 1− Fk(x). It follows that
M∑︂

k=1

qk(x) = 1, (2.6)

so that the overall hazard function is a mixture of the component hazards weighted by the condi-

tional probabilities qk(x).

2.2. Theoretical Motivation of the Model. The AT-WLLM distribution adopts the arctangent

transformation of the components of the cumulative distribution function (CDFs) to surmount

the inherent shape limitations in conventional linear mixtures F(x) = pG1(x) + (1− p)G2(x). This

approach is theoretically rooted in the well-known T-X family framework studied by [25], where

a new distribution is constructed by applying a continuous CDF T(u) to the CDF of a classical

distribution G(x). Given that T(u) is a valid CDF on [0, 1], then F(x) = T(G(x)) is also a valid

CDF. By choosing T(u) = 4
πarctan(u) (where u ↦→ 4

πarctan(u) maps the interval [0, 1] unto [0, 1])

produces the arctangent transformation of equation (2.1) into a two-component structure of (CDF)

in a smooth, monotonic manner with the resulting mixture. Consider a mixture model consisting

of two distinct subpopulations (m = 2), where each subpopulation follows a different lifetime

distribution. For such a two–component structure, the cumulative distribution function (CDF) of

the resulting mixture can be written as

Fy,z(x;ψ) =
4
π

[︂
p · arctan

(︂
Gy(x;θy)

)︂
+ (1− p) · arctan

(︂
Gz(x;ωz)

)︂]︂
, (2.7)

where ψ = (p,θy,ωz) denotes the full parameter vector, p ∈ (0, 1) is the mixing proportion, and

Gy(·) and Gz(·) represent the baseline CDFs of the two subpopulations. This theoretical motiva-

tion for the AT–WLLM distribbution rests on several pillars: (a) Mathematical foundation through

the well-researched T–X family, (b) Enhanced shape flexibility beyound the linear mixture, (c)

Improved tail behavior suitable for extreme value applications, (e) Numerical stability, (f) Inter-

pretability of component parameters and mixing weight, and (g) Unified handling of boundary

conditions. The listed pillars positions the arctan transformation as a powerful instrument for

constructing a flexible and interpretable distribution, while strategically placing the AT-WLLM as

a valuable contribution to the family of mixture models.

In this work, we construct a new lifetime model by combining the Weibull distribution [1]

and the Log–Logistic distribution [2]. The resulting distribution is referred to as the Arc-
Tan–Weibull–Log–Logistic Mixture (AT–WLLM) distribution.
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Definition 2.1. Let X be a continuous random variable following the AT–WLLM distribution. Then its
cumulative distribution function is given by

F(x) =
4
π

[︂
p · arctan(GWeibull(x)) + (1− p) · arctan

(︂
GLog-logistic(x)

)︂]︂
, (2.8)

where p ∈ [0, 1] is the mixture weight (proportion) which determines the contribution of each component
to the mixture. It does not directly affect the shape of the component distributions., GWeibull(x) = 1 −

exp
[︃
−

(︂
x
δ

)︂k
]︃

, δ > 0 is the scale parameter which affects the spread of the Weibull component, k > 0 is the shape

parameter which controls the shape of the Weibull Component, gWeibull(x) = k
δ

(︂
x
δ

)︂k−1
exp

[︃
−

(︂
x
δ

)︂k
]︃

are the

CDF and PDF of Weibull distribution respectively, and GLog-logistic(x) =
(x/β)α

1 + (x/β)α
, where, α > 0, β > 0

are the shape and scale parameter of Log-Logistic distribution respectively, gLog-logistic(x) = α
β

(x/β)α−1

[1+(x/β)α]2

are the log–logistic CDF and PDF respectively.

2.3. Probability Density Function (PDF).

Theorem 2.1. The probability density function (PDF) of the AT–WLLM distribution is given by

f (x) =
4p
π

kxk−1e−(
x
δ )

k

δk
[︃
1 +

(︂
1− e−(

x
δ )

k
)︂2
]︃ + 4(1− p)

π

α( x
β )
α−1

β
(︂
1 + ( x

β )
α
)︂2

[︄
1 +

(︃
( x
β )
α

1+( x
β )
α

)︃2]︄ (2.9)

Proof. Starting from the CDF of the AT–WLLM distribution in (2.8), we differentiate with respect

to x and apply the chain rule:

Let the cumulative distribution function of the proposed distribution be

F(x) =
4
π
[p arctan(GW(x)) + (1− p) arctan(GL(x))] , x > 0,

where 0 ≤ p ≤ 1, GW(x) = 1 − exp
[︃
−

(︂
x
δ

)︂k
]︃

, δ > 0, k > 0, GL(x) =
(x/β)α

1+(x/β)α ,α > 0, β > 0.

Differentiating F(x) with respect to x, we obtain the corresponding probability density function as

f (x) =
4
π

[︄
p

d
dx

arctan(GW(x)) + (1− p)
d
dx

arctan(GL(x))
]︄

.

Using the chain rule, d
dx arctan(u) = u′

1+u2 , it follows that

f (x) =
4
π

⎡⎢⎢⎢⎢⎣p G′W(x)

1 + G2
W(x)

+ (1− p)
G′L(x)

1 + G2
L(x)

⎤⎥⎥⎥⎥⎦ .
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For the Weibull baseline distribution, GW(x) = 1− exp
[︃
−

(︂
x
δ

)︂k
]︃

, and differentiating gives G′W(x) =

gw(x) = k
δk xk−1 exp

[︃
−

(︂
x
δ

)︂k
]︃

. For the log-logistic baseline distribution,GL(x) =
(x/β)α

1+(x/β)α . and differ-

entiating gives G′L(x) = gL(x) = α
β

(x/β)α−1

(1+(x/β)α)2 . Substituting into the density yields

f (x) =
4
π

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣p
k
δk xk−1 exp

[︃
−

(︂
x
δ

)︂k
]︃

1 +
(︃
1− exp

[︃
−

(︂
x
δ

)︂k
]︃)︃2 + (1− p)

α
β (x/β)α−1

(1 + (x/β)α)2
[︄
1 +

(︃
(x/β)α

1+(x/β)α

)︃2
]︄
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ .

Simplifying further yields the stated expression for equation (2.9).

□

2.4. Survival Function.

Definition 2.2. The corresponding survival function of the AT–WLLM distribution defined by S(x) =

1− F(x) is given as

S(x) = 1−
4
π

⎡⎢⎢⎢⎢⎢⎣p · arctan
(︂
1− e−(

x
δ )

k)︂
+ (1− p) · arctan

⎛⎜⎜⎜⎜⎜⎝ ( x
β )
β

1 + ( x
β )
α

⎞⎟⎟⎟⎟⎟⎠
⎤⎥⎥⎥⎥⎥⎦ (2.10)

2.5. Hazard Rate Function (HRF).

Definition 2.3. The hazard rate function of the AT–WLLM distribution defined as h(x) = f (x)
1−F(x) is given

by

h(x) =

4
π

⎡⎢⎢⎢⎢⎢⎣ p gWeibull(x)
1 + G2

Weibull(x)
+

(1− p) gLog-logistic(x)

1 + G2
Log-logistic(x)

⎤⎥⎥⎥⎥⎥⎦
1−

4
π

[︂
p · arctan(GWeibull(x)) + (1− p) · arctan

(︂
GLog-logistic(x)

)︂]︂ , x > 0,

where GWeibull, gWeibull and GLOg−logistic, gLog−logistic denote the CDF and PDF respectively.

=

4p
π

kxk−1e−(
x
δ )

k

δk

[︄
1+

(︃
1−e−(

x
δ )

k
)︃2

]︄ + 4(1−p)
π

α( x
β )
α−1

β
(︂
1+( x

β )
α
)︂2

⎡⎢⎢⎢⎢⎢⎣1+(︄
( x
β )
α

1+( x
β )
α

)︄2⎤⎥⎥⎥⎥⎥⎦
1− 4

π

[︃
parctan(1− e−(

x
δ )

k
) + (1− p)arctan

(︃
( x
β )
α

1+( x
β )
α

)︃]︃ (2.11)

To illustrate the flexibility of the proposed AT–WLLM distribution, several parameter configu-

rations are considered to represent different mixing structures and hazard rate behaviors. These

parameter sets are chosen to reflect balanced mixtures and commonly observed hazard patterns in

lifetime data analysis. The specific parameter values used to generate the PDF and HRF plots are

summarized in Table 1. To illustrate the flexibility of the proposed AT–WLLM distribution, several

parameter configurations are considered to represent different mixing structures and hazard rate

behaviors. These parameter sets are chosen to reflect balanced mixtures and commonly observed

hazard patterns in lifetime data analysis. The specific parameter values used to generate the PDF

and HRF plots are summarized in Table 1. Figure 1 presents the corresponding plots of the PDF
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Table 1. Parameter Sets Used in the Plots of the PDF and HRF

Set p kw δw αl βl

Balanced mixture 0.50 2.00 1.50 2.00 1.50

Weibull-dominated 0.97 1.50 2.00 2.5 1.00

Log-logistic-dominated 0.20 2.50 1.00 1.50 2.05

Early high hazard 0.60 0.80 1.00 3.00 2.00

Bathtub hazard 0.50 3.00 2.50 2.00 0.05

Increasing hazard 0.70 3.00 2.50 2.00 0.90

and HRF for the parameter sets listed in Table 1, highlighting the wide range of distributional

shapes captured by the AT–WLLM model.

Figure 1. Plots of the PDF and HRF illustrating the flexibility of the AT–WLLM model.

The plots reveal that the AT–WLLM distribution is capable of modeling diverse density shapes,

including reversed–J, right–skewed, approximately symmetric, unimodal, and multimodal forms.

In addition, the hazard rate function exhibits a variety of patterns such as bathtub, upside–down

bathtub, and decreasing hazard rates.

These shapes are commonly encountered in real–life applications across several fields, includ-

ing reliability engineering, insurance and actuarial science, epidemiology, forensic science, and

biometrics. For instance, the reversed–J density shape is often associated with the early surge

observed during infectious disease outbreaks such as COVID–19, while insurance claim sizes typ-

ically follow a right–skewed distribution. In engineering applications, the lifetimes of mechanical

systems may exhibit approximately symmetric behavior, whereas electronic components are fre-

quently characterized by a bathtub–shaped hazard rate. Similarly, economic and business cycles,

marked by periods of expansion and contraction, are well represented by an upside–down bathtub

hazard structure.

2.6. Series Expansion of the CDF and PDF of AT-WLLM Distribution. To study the Mathematical

properties of the distribution it is essential to derive the linear representation of the CDF and PDF
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into forms that are mathematically tractable and analytically useful. Here, consider the cumulative

distribution function of AT −WLLM given by

F(x) =
4
π
[p arctan (GW(x)) + (1− p) arctan (GL(x))] , x > 0,

where GW(x) = 1− exp
[︃
−

(︂
x
δ

)︂k
]︃

, δ, k > 0, and GL(x) =
(︂

x
β

)︂α
1+

(︂
x
β

)︂α ,α, β > 0. The Maclaurin expansion of

the inverse tangent function is arctan(z) =
∑︁
∞

r=0
(−1)r

2r+1 z2r+1, |z| ≤ 1. Substituting into the CDF yields

F(x) =
4
π

∞∑︂
r=0

(−1)r

2r + 1

[︂
p G2r+1

W (x) + (1− p)G2r+1
L (x)

]︂
. (2.12)

Hence,

F(x) =
4
π

∞∑︂
r=0

(−1)r

2r + 1

⎡⎢⎢⎢⎢⎣p (︂
1− e−(x/δ)k)︂2r+1

+ (1− p)
(︄

(x/β)α

1 + (x/β)α

)︄2r+1⎤⎥⎥⎥⎥⎦ .

Weibull component expansion

G2r+1
W (x) = (1− e−(

x
δ )

k
)2r+1

Using the binomial expansion (1 − z)m =
∑︁m

j=0(−1) j(m
j )z

j, with z = e−(x/δ)k
and m = 2r + 1, we

obtain
(︂
1− e−(x/δ)k

)︂2r+1
=

∑︁2r+1
j=0 (−1) j(2r+1

j )e− j(x/δ)k
.

G2r+1
W (x) =

2r+1∑︂
j=0

(−1) j
(︄
2r + 1

j

)︄
e− j(x/δ)k

. (2.13)

To expand the Log-Logistic Component, Write

G2r+1
L (x) =

(︄
(x/β)α

1 + (x/β)α

)︄2r+1

= (x/β)α(2r+1)(1 + (x/β)α)−(2r+1).

Applying the generalized binomial expansion (1 + z)−m =
∑︁
∞

j=0(−1) j(m+ j−1
j )z j, with z = (x/β)α

and m = 2r + 1, gives (1 + (x/β)α)−(2r+1) =
∑︁
∞

j=0(−1) j(2r+ j
j )(x/β)α j. Therefore,

G2r+1
L (x) =

∞∑︂
j=0

(−1) j
(︄
2r + j

j

)︄
(x/β)α(2r+1+ j). (2.14)

Substituting equations (2.6) and (2.14) expansions into (2.12) yields

F(x) =
4
π

∞∑︂
r=0

(−1)r

2r + 1

⎡⎢⎢⎢⎢⎢⎢⎣p 2r+1∑︂
j=0

(−1) j
(︄
2r + 1

j

)︄
e− j(x/δ)k

+ (1− p)
∞∑︂

j=0

(−1) j
(︄
2r + j

j

)︄
(x/β)α(2r+1+ j)

⎤⎥⎥⎥⎥⎥⎥⎦ . (2.15)

Differentiating equation (2.15) term-by-term gives, the PDF becomes

f (x) =
4
π

∞∑︂
r=0

(−1)r

2r + 1

⎡⎢⎢⎢⎢⎢⎢⎣p 2r+1∑︂
j=0

(−1) j+1
(︄
2r + 1

j

)︄
j

k
δk

xk−1e− j(x/δ)k

+(1− p)
∞∑︂

j=0

(−1) j
(︄
2r + j

j

)︄
α(2r + 1 + j)

β
(x/β)α(2r+1+ j)−1

⎤⎥⎥⎥⎥⎥⎥⎦ .

(2.16)
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3. Mathematical Properties of theModel

3.1. Crude Moments.

Definition 3.1. The mth crude moment of a continuous random variable X with density f (x) is defined as

µ′m = E[Xm] =

∫︂
∞

0
xm f (x) dx. (3.1)

Theorem 3.1. For the AT–WLLM distribution, the mth crude moment is given by

µ′m =
4
π

[︂
p IWeibull(m) + (1− p) ILog-logistic(m)

]︂
,

where IWeibull(m) and ILog-logistic(m) denote the contributions of the Weibull and log–logistic components,
respectively.

µ′m =
4p
π

∞∑︂
r=0

(−1)r

2r + 1

2r+1∑︂
j=1

(−1) j+1
(︄
2r + 1

j

)︄
δm j−m/kΓ

(︃
1 +

m
k

)︃

+
4(1− p)
π

∞∑︂
r=0

(−1)r

2r + 1

∞∑︂
j=0

(−1) j
(︄
2r + j

j

)︄
(2r + 1 + j)βmB

(︃
2r + j + 1 +

m
α

, 1−
m
α

)︃ (3.2)

Proof. Substituting the series expansion of the density given in equation (3.2) into equation (3.1)

and simplifying gives

µ′s =
4
π

∞∑︂
r=0

(−1)r

2r + 1

⎡⎢⎢⎢⎢⎢⎢⎣p 2r+1∑︂
j=0

(−1) j+1
(︄
2r + 1

j

)︄
j

k
δk

I1 + (1− p)
∞∑︂

j=0

(−1) j
(︄
2r + j

j

)︄
α(2r + 1 + j)

β
I2

⎤⎥⎥⎥⎥⎥⎥⎦
where I1 =

∫︁
∞

0 xs+k−1e− j(x/δ)k
dx, and I2 =

∫︁
∞

0 xs(x/β)α(2r+1+ j)−1dx. To evaluation the Weibull Inte-

gral, use the transformation u = j
(︂

x
δ

)︂k
. x = δ

(︂
u
j

)︂1/k
, dx = δ

k j−1/ku1/k−1du.

Hence, I1 =
∫︁
∞

0 δs+k j−(s+k)/ku(s+k)/k−1e−u 1
k du. Therefore,I1 = δs+k

k j−(s+k)/kΓ
(︂

s+k
k

)︂
. Thus, the Weibull

contribution becomes

I1(m) =
4p
π

∞∑︂
r=0

(−1)r

2r + 1

2r+1∑︂
j=0

(−1) j+1
(︄
2r + 1

j

)︄
δs j−s/kΓ

(︃
1 +

s
k

)︃
.

To evaluate of Log-Logistic Integral, the log-logistic term, is rewriten as

I2 = β−α(2r+1+ j)+1
∫︂
∞

0
xs+α(2r+1+ j)−1dx

To obtain convergence, use the beta transformation u =
(︂

x
β

)︂α
. Then x = βu1/α, dx =

β
αu1/α−1du.

Hence,

I2 =
βs+1

α

∫︂
∞

0
u2r+ j+s/α(1 + u)−2r−2du.

Recognizing the beta integral,
∫︁
∞

0 ua−1(1 + u)−(a+b)du = B(a, b), we obtain

I2 =
βs+1

α
B
(︃
2r + j + 1 +

s
α

, 1−
s
α

)︃
.
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Thus, the log-logistic contribution becomes

I2(m) =
4(1− p)
π

∞∑︂
r=0

(−1)r

2r + 1

∞∑︂
j=0

(−1) j
(︄
2r + j

j

)︄
(2r + 1 + j)βsB

(︃
2r + j + 1 +

s
α

, 1−
s
α

)︃
.

The expression for the Crude Moment is therefore,

µ′s = I1(m) + I2(m)

□

3.2. Moment Generating Function.

Series Expansion Approach.

Theorem 3.2. The moment generating function (MGF) of the AT–WLLM distribution is given by

MX(t) =
4p
π

∞∑︂
r=0

(−1)r

2r + 1

2r+1∑︂
j=0

(−1) j+1
(︄
2r + 1

j

)︄ ∞∑︂
n=0

tn

n!
δn j−nkΓ

(︃
1 +

n
k

)︃

+
4(1− p)
π

∞∑︂
r=0

(−1)r

2r + 1

∞∑︂
j=0

(−1) j
(︄
2r + j

j

)︄
(2r + 1 + j)

∞∑︂
n=0

tn

n!
βnB

(︃
2r + j + 1 +

n
α

, 1−
n
α

)︃ (3.3)

Proof. Starting from the definition of the MGF,

MX(t) = E[etX] =

∫︂
∞

0
etx f (x) dx,

Using the series expansion of the AWLLM density, we obtain

MX(t) =
4
π

∞∑︂
r=0

(−1)r

2r + 1

⎡⎢⎢⎢⎢⎢⎢⎣p 2r+1∑︂
j=0

(−1) j+1
(︄
2r + 1

j

)︄
j

k
δk

I1 + (1− p)
∞∑︂

j=0

(−1) j
(︄
2r + j

j

)︄
α(2r + 1 + j)

β
I2

⎤⎥⎥⎥⎥⎥⎥⎦ ,

where I1 =
∫︁
∞

0 xk−1etxe− j(x/δ)k
dx, and I2 =

∫︁
∞

0 etx(x/β)α(2r+1+ j)−1dx. Expanding the exponential

term and simplifying, we obtain, I1 =
∑︁
∞

n=0
tn

n!

∫︁
∞

0 xn+k−1e− j(x/δ)k
dx. Using the generalized gamma

integral
∫︁
∞

0 xa−1e−cxk
dx = 1

k c−a/kΓ
(︂

a
k

)︂
, with a = n + k, c = j

δk , we obtain

I1 =
∞∑︂

n=0

tn

n!
δn+k

k
j−(n+k)/kΓ

(︄
n + k

k

)︄
.

Thus, the Weibull contribution becomes

MX1(t) =
4p
π

∞∑︂
r=0

(−1)r

2r + 1

2r+1∑︂
j=0

(−1) j+1
(︄
2r + 1

j

)︄ ∞∑︂
n=0

tn

n!
δn j−n/kΓ

(︃
1 +

n
k

)︃
.

Similarly, the Log-Logistic contribution is obtained by using the generalized beta integral. To

obtain convergence, the beta transformation u =
(︂

x
β

)︂α
. Then x = βu1/α, dx =

β
αu1/α−1du. I2 =
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βs+1

α

∫︁
∞

0 u2r+ j+s/α(1 + u)−2r−2du. Recognizing the beta integral,
∫︁
∞

0 ua−1(1 + u)−(a+b)du = B(a, b), is

used. Thus, the log-logistic contribution becomes

MX2(t) =
4(1− p)
π

∞∑︂
r=0

(−1)r

2r + 1

∞∑︂
j=0

(−1) j
(︄
2r + j

j

)︄
(2r + 1 + j)

∞∑︂
n=0

tn

n!
βnB

(︃
2r + j + 1 +

n
α

, 1−
n
α

)︃
.

Therefore,

MX(t) = MX1(t) + MX2(t)

Proved. □

Special Cases and Properties

From equation (2.7), some well-known special distributions can be derived as sub-models of the

AT–WLLM distribution under certain specific parameter settings:

(i) When p = 1: the model simplifies to the arctangent-transformed Weibull distribution [26];

(ii) p = 0: the model simplifies to the arctangent-transformed log–logistic distribution [26];

(iii) kw = 1: the Weibull component reduces to the exponential distribution;

(iv) αl = 1: the log–logistic component becomes the logistic distribution.

Limiting Behavior.

Proposition 3.1. The limiting behavior of the AT–WLLM distribution is characterized by:

lim
x→0+

F(x) ∼
4
π

[︄
p
δk

xk +
1− p
βα

xα
]︄

,

lim
x→∞

S(x) ∼
2
π

[︄
p e−(x/δ)k

+ (1− p)
(︄
β

x

)︄α]︄
.

(3.4)

These expressions highlight the interplay between the Weibull and log–logistic tail behaviors in determining
the overall distributional form.

3.3. Renyi Entropy.

Definition 3.2. The Renyi entropy of order ρ (ρ > 0, ρ , 1) for a continuous random variable X with pdf
f (x) is defined as:

Hρ(X) =
1

1− ρ
log

(︄∫︂
∞

−∞

[ f (x)]ρdx
)︄

(3.5)

Theorem 3.3. The Renyi entropy for the AT-WLLM distribution is given by:

IR(ρ) =
1

1− ρ
log

⎡⎢⎢⎢⎢⎢⎢⎣(︃ 4
π

)︃ρ ∞∑︂
j=0

∞∑︂
r=0

∞∑︂
s=0

2r∑︂
m=0

D jrsmI jrsm

⎤⎥⎥⎥⎥⎥⎥⎦ . (3.6)

where:

I jrsm =

∫︂
∞

0
xM exp

[︄
−N

(︃x
δ

)︃k
]︄ (︄

1 +
(︄

x
β

)︄α)︄−Q

dx.



12 Int. J. Anal. Appl. (2026), 24:329

Proof. The Rényi entropy IR(ρ) of AT−WLLM random variable X with probability density function

f (x) raised to power ρ is given as

f (x)ρ =
(︃ 4
π

)︃ρ [︄
p

gW(x)
1 + GW(x)2 + (1− p)

gL(x)
1 + GL(x)2

]︄ρ
.

Using the generalized binomial expansion,(A + B)ρ =
∑︁
∞

j=0 (
ρ
j)A

ρ− jB j, we obtain

f (x)ρ =
(︃ 4
π

)︃ρ ∞∑︂
j=0

(︄
ρ

j

)︄
pρ− j(1− p) j

(︄
gW(x)

1 + GW(x)2

)︄ρ− j (︄ gL(x)
1 + GL(x)2

)︄ j

.

Next, expand (1 + GW(x)2)−(ρ− j) =
∑︁
∞

r=0(−1)r(ρ− j+r−1
r )GW(x)2r, and (1 + GL(x)2)− j =∑︁

∞

s=0(−1)s( j+s−1
s )GL(x)2s. Substituting these expansions gives

f (x)ρ =
(︃ 4
π

)︃ρ ∞∑︂
j=0

∞∑︂
r=0

∞∑︂
s=0

D jrsgW(x)ρ− jgL(x) jGW(x)2rGL(x)2s,

where

D jrs =

(︄
ρ

j

)︄
(−1)r+s

(︄
ρ− j + r− 1

r

)︄(︄
j + s− 1

s

)︄
pρ− j(1− p) j.

Now, expand GW(x)2r =
(︃
1− exp

[︃
−

(︂
x
δ

)︂k
]︃)︃2r

. Applying the binomial expansion again, GW(x)2r =∑︁2r
m=0(−1)m(2r

m) exp
[︃
−m

(︂
x
δ

)︂k
]︃

.

Hence f (x)ρ =
(︂

4
π

)︂ρ∑︁
∞

j=0
∑︁
∞

r=0
∑︁
∞

s=0
∑︁2r

m=0 D jrsmxM exp
[︃
−N

(︂
x
δ

)︂k
]︃ (︂

1 +
(︂

x
β

)︂α)︂−Q
, where M = (k −

1)(ρ− j) + j(α− 1) + 2sα, N = (ρ− j) + m,Q = 2 j + 2s, and the full coefficient is

D jrsm =

(︄
ρ

j

)︄
(−1)r+s+m

(︄
ρ− j + r− 1

r

)︄(︄
j + s− 1

s

)︄(︄
2r
m

)︄
pρ− j(1− p) j

(︄
k
δk

)︄ρ− j (︄
α
β

)︄ j

β− j(α−1)−2sα.

Therefore, ∫︂
∞

0
f (x)ρ dx =

(︃ 4
π

)︃ρ ∞∑︂
j=0

∞∑︂
r=0

∞∑︂
s=0

2r∑︂
m=0

D jrsmI jrsm,

where

I jrsm =

∫︂
∞

0
xM exp

[︄
−N

(︃x
δ

)︃k
]︄ (︄

1 +
(︄

x
β

)︄α)︄−Q

dx.

Finally, substituting into the Rényi entropy definition yields

IR(ρ) =
1

1− ρ
log

⎡⎢⎢⎢⎢⎢⎢⎣(︃ 4
π

)︃ρ ∞∑︂
j=0

∞∑︂
r=0

∞∑︂
s=0

2r∑︂
m=0

D jrsmI jrsm

⎤⎥⎥⎥⎥⎥⎥⎦ .

□

It is noteworthy that I jrsm can be obtain using the generalised beta-gamma integral.
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3.4. Order Statistics. Let X1:n < X2:n < · · · < Xn:n denote the order statistics from a random sample

of size n.

Theorem 3.4. The probability density function of the r-th order statistic X(r) from a sample of size n is:

fX(r)(x) =
n!

(r− 1)!(n− r)!
[F(x)]r−1[1− F(x)]n−r f (x) (3.7)

where F(x) and f (x) are the CDF and PDF of the AT-WLLM distribution.

Proof.

fX(r)(x) =
n!

(r− 1)!(n− r)!
[F(x)]r−1[1− F(x)]n−t f (x).

Substituting the proposed CDF gives

fX(r)(x) =
n!

(r− 1)!(n− r)!

[︃ 4
π
(p arctan(GW(x)) + (1− p) arctan(GL(x)))

]︃r−1

×

[︃
1−

4
π
(p arctan(GW(x)) + (1− p) arctan(GL(x)))

]︃n−r
f (x).

Using the binomial expansion, [1− F(x)]n−r =
∑︁n−r

m=0(−1)m(n−r
m )[F(x)]m. Hence,

fX(r)(x) =
n!

(r− 1)!(n− r)!

n−r∑︂
m=0

(−1)m
(︄
n− r

m

)︄
[F(x)]m+r−1 f (x).

Substituting the series form of F(x) yields

fX(r)(x) =
n!

(r− 1)!(n− r)!

n−r∑︂
m=0

(−1)m
(︄
n− r

m

)︄

×

⎛⎜⎜⎜⎜⎜⎝ 4
π

∞∑︂
k=0

(−1)k

2k + 1

[︂
pG2k+1

W (x) + (1− p)G2k+1
L (x)

]︂⎞⎟⎟⎟⎟⎟⎠
m+r−1

f (x).

□

Thus, the order statistics admit an infinite series representation suitable for numerical evaluation.

Theorem 3.5. The m-th moment of the r-th order statistic is:

E[Xm
(r)] =

n!
(r− 1)!(n− r)!

∫︂
∞

0
xm[F(x)]r−1[1− F(x)]n−r f (x)dx (3.8)

Theorem 3.6. The cumulative distribution function of the r-th order statistic is:

FX(r)(x) =
n∑︂

j=r

(︄
n
j

)︄
[F(x)] j[1− F(x)]n− j (3.9)
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4. Parameter Estimation

Maximum Likelihood Estimation. Here, the maximum likelihood method is employed to esti-

mate the parameters of the AT-WLLM distribution following the precedure given by [43] and [44].

Let X = (X1, X2, . . . , Xn) be a random sample of size n drawn from the AT–WLLM distribution.

Denote the vector of unknown parameters by θ = (p, kw, δw,αl, βl)
⊤, where p ∈ (0, 1) is the mixing

proportion, (kw, δw) are the shape and scale parameters of the Weibull component, and (αl, βl) are

the shape and scale parameters of the log–logistic component.

The log–likelihood function corresponding to the observed sample X is given by

ℓ(θ) = n log
(︃ 4
π

)︃
+

n∑︂
i=1

log[p A(xi) + (1− p)B(xi)] , (4.1)

where

A(x) =
gWeibull(x)

1 + (GWeibull(x))
2 , B(x) =

gLog-logistic(x)

1 +
(︂
GLog-logistic(x)

)︂2 ,

and gWeibull(·), GWeibull(·), gLog-logistic(·), and GLog-logistic(·) denote the corresponding probability

density and distribution functions of the Weibull and log–logistic components, respectively.

Score Equations. The maximum likelihood estimator θ̂ is obtained by solving the system of score

equations defined by the first derivatives of the log–likelihood function with respect to the model

parameters. In particular, the score function with respect to the mixing proportion p is

∂ℓ
∂p

=
n∑︂

i=1

A(xi) − B(xi)

p A(xi) + (1− p)B(xi)
= 0. (4.2)

Let ϕw = (kw, δw) and ϕl = (αl, βl) denote the parameter vectors of the Weibull and log–logistic

components, respectively. The corresponding score equations are given by

∂ℓ
∂ϕw, j

=
n∑︂

i=1

p ∂A(xi)
∂ϕw, j

p A(xi) + (1− p)B(xi)
= 0, j = 1, 2,

∂ℓ
∂ϕl, j

=
n∑︂

i=1

(1− p) ∂B(xi)
∂ϕl, j

p A(xi) + (1− p)B(xi)
= 0, j = 1, 2.

(4.3)

Because the resulting system of equations is nonlinear and does not admit closed–form solutions,

numerical optimization techniques are required. Accordingly, the maximum likelihood estimates

θ̂ = (p̂, k̂w, δ̂w, α̂l, β̂l)
⊤ are obtained using iterative numerical methods such as the Newton–Raphson

algorithm or quasi–Newton optimization procedures.

5. Simulation Study

This section investigates the finite–sample performance of the maximum likelihood estimation

(MLE) procedure for the AT–WLLM distribution using a Monte Carlo simulation study. For

each selected parameter configuration, 1,000 independent random samples are generated from
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the AT–WLLM distribution according to equation( (2.7)). The sample sizes considered are n ∈
{25, 60, 100, . . . , 500}, allowing the behavior of the estimators to be examined over a wide range of

small to large samples. For each sample size and parameter setting, the simulation experiment

is replicated 1,000 times. In every replication, parameter estimation is carried out by numerically

maximizing the log–likelihood function using the optim routine in R (version 4.5.1), with the

L–BFGS–B algorithm employed to enforce the parameter constraints of the AT–WLLM model.

The performance of the MLEs is evaluated using three standard accuracy measures: the average

estimate (AV), the bias (Bias), and the root mean square error (RMSE). These measures are computed

across replications for each parameter and sample size and are summarized through graphical

displays to illustrate convergence behavior and estimation precision. The interpretation of the

simulation results follows commonly accepted guidelines in the statistical literature, with emphasis

on closeness of the estimators to the true parameter values which facilitates a clearer comparison

of the estimator performance across different sample sizes, decreasing bias and RMSE as indicators

of consistency and efficiency (see, e.g., [27]). The numerical Average estimate, RMSE, and bias

results for the first parameter configuration, θ = (0.3, 1.5, 2.0, 2.0, 1.5), are summarized in Table 2.

Table 2. Monte Carlo simulation results for θ = (0.3, 1.5, 2.0, 2.0, 1.5)

Sample Size

Parameter n = 25 n = 60 n = 100 n = 200 n = 300 n = 400 n = 500

Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias

p 0.558 0.390 0.258 0.474 0.363 0.174 0.457 0.367 0.157 0.383 0.321 0.083 0.339 0.308 0.039 0.316 0.286 0.016 0.316 0.291 0.016

δw 1.680 0.714 0.180 1.675 0.683 0.175 1.645 0.678 0.145 1.609 0.615 0.109 1.565 0.622 0.065 1.557 0.710 0.057 1.566 0.610 0.066

kw 3.780 3.285 1.780 3.809 3.361 1.809 3.515 3.173 1.514 3.386 2.856 1.386 3.518 3.178 1.518 3.103 2.606 1.103 3.226 2.788 1.226

αl 4.146 3.748 2.146 3.119 2.610 1.119 2.716 1.912 0.716 2.326 1.087 0.326 2.181 0.605 0.181 2.145 0.471 0.145 2.156 0.398 0.156

βl 2.224 2.423 0.724 2.430 2.599 0.930 2.513 2.548 1.013 2.234 1.939 0.734 2.029 1.509 0.529 1.909 1.297 0.409 1.323 1.323 0.447

The RMSE and bias results for the second parameter configuration, θ = (0.2, 2.0, 1.0, 0.5, 0.5),

are reported in Table 3.

Table 3. Monte Carlo simulation results for θ = (0.2, 0.2, 1.0, 0.5, 0.5)

Sample Size

Parameter n = 25 n = 60 n = 100 n = 200 n = 300 n = 400 n = 500

Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias

p 0.479 0.329 0.279 0.428 0.279 0.228 0.383 0.230 0.183 0.322 0.165 0.122 0.311 0.149 0.111 0.301 0.133 0.101 0.286 0.112 0.086

δw 0.139 0.172 -0.061 0.110 0.113 -0.090 0.095 0.115 -0.105 0.081 0.124 -0.119 0.078 0.125 -0.122 0.075 0.127 -0.125 0.071 0.130 -0.129

kw 3.077 3.113 2.077 3.277 3.243 2.277 3.452 3.324 2.452 3.925 3.559 2.925 3.906 3.457 2.906 3.939 3.320 2.939 4.094 3.427 3.094

αl 0.942 0.898 0.442 0.783 0.318 0.283 0.758 0.272 0.258 0.734 0.239 0.234 0.735 0.239 0.235 0.734 0.236 0.234 0.732 0.234 0.232

βl 3.476 4.462 2.976 2.688 3.610 2.188 1.903 2.446 1.403 1.297 1.410 0.797 1.178 1.192 0.678 1.062 0.829 0.562 0.960 0.596 0.460

The simulation results for the third parameter configuration, θ = (0.5, 2.5, 1.2, 0.5, 3.5), are

summarized in Table 4,
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Table 4. Monte Carlo simulation results for θ = (0.5, 2.5, 1.2, 0.5, 3.5)

Sample Size

Parameter n = 25 n = 60 n = 100 n = 200 n = 300 n = 400 n = 500

Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias Avg RMSE Bias

p 0.440 0.253 -0.059 0.377 0.236 -0.123 0.355 0.225 -0.145 0.318 0.220 -0.182 0.301 0.230 -0.198 0.309 0.202 -0.190 0.298 0.213 -0.202

δw 2.512 1.524 0.013 2.522 1.351 0.023 2.536 1.096 0.037 2.499 0.577 -0.001 2.478 0.387 -0.022 2.482 0.321 -0.018 2.454 0.313 -0.045

kw 3.023 3.419 1.823 2.427 2.523 1.228 2.375 2.399 1.176 1.924 1.575 0.724 1.902 1.369 0.702 1.617 0.541 0.417 1.677 0.564 0.478

αl 1.023 1.554 0.524 0.797 0.873 0.297 0.715 0.283 0.216 0.672 0.183 0.173 0.675 0.187 0.175 0.661 0.166 0.161 0.670 0.173 0.171

βl 4.220 3.299 0.720 3.697 2.748 0.198 3.522 2.552 0.023 2.829 1.496 -0.671 2.826 1.762 -0.674 2.530 1.101 -0.969 2.457 1.107 -1.042

Overall, the Monte Carlo results presented in Tables 2–4 show that the estimated values for

different parameter values get closer to the true values as the sample sizes increase indicating

consistence property of the estimator. The tables also demonstrate that the average bias of the

MLEs decreases steadily toward zero as the sample size increases, indicating asymptotic unbi-

asedness. In addition, RMSE values consistently decline with increasing sample size, reflecting

improved estimation precision for all parameters. Across all parameter configurations considered,

the MLE procedure for the AT–WLLM distribution exhibits numerical stability and satisfactory

finite–sample performance.

6. Results and Discussion

6.1. Evaluation of the Model and Applications. In this section, the practical relevance and mod-

eling capability of the proposed ArcTan–Weibull–Log–Logistic Mixture (AT–WLLM) distribution

are demonstrated through the analysis of three real lifetime datasets drawn from multidisciplinary

application areas. The performance of the AT–WLLM model is evaluated by comparing it with

several well–established lifetime distributions commonly used in reliability analysis and survival

studies. The competing models considered in this study include the Weibull–Log–Logistic Mixture

(WLLM) model [11], the ArcTan–Weibull (AT–Weibull) model [26], the Weibull distribution [1], the

ArcTan–Log–Logistic (AT–LLog) model [26], the Log–Logistic (LLog) distribution [2, 22, 28], the

Gamma distribution [29], and the Lognormal distribution [30]. These models provide a compre-

hensive benchmark for assessing the flexibility and goodness–of–fit of the proposed AT–WLLM

distribution. All analyses are conducted using the R statistical computing environment. For

each dataset, maximum likelihood estimation is employed to fit the competing models, and their

relative performance is assessed using both information–based model selection criteria and for-

mal goodness–of–fit tests. Specifically, model comparison is performed using the negative twice

logarithmic likelihood (−2LogLik), the Akaike Information Criterion (AIC), and the Bayesian In-

formation Criterion (BIC). In addition, goodness–of–fit is evaluated using the Anderson–Darling

(AD) statistic, the Cramér–von–Mises (CvM) statistic, and the Kolmogorov–Smirnov (KS) statistic,

along with their associated p–values.

For completeness, the cumulative distribution functions and parameter sets of all competing

models considered in the analysis are summarized in Table 5.
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Table 5. Distribution Models with CDFs and Parameters
Distribution Cumulative Distribution Function (CDF) Parameters

WLLM F(x) = p ·
(︂
1− e−(x/δw)kw

)︂
+ (1− p) ·

(︄
(x/βl)

αl

1 + (x/βl)αl

)︄
p, kw, δw,αl, βl

AT-Weibull F(x) =
4
π
· arctan

(︂
1− e−(x/δw)kw

)︂
kw, δw

AT-LLog F(x) =
4
π
· arctan

(︄
(x/βl)

αl

1 + (x/βl)αl

)︄
αl, βl

Weibull F(x) = 1− exp
[︄
−

(︃ x
δw

)︃kw
]︄

kw, δw

LLog F(x) =
1

1 +
(︄

x
βl

)︄−αl
=

(︄
x
βl

)︄αl

1 +
(︄

x
βl

)︄αl
αl, βl

Gamma F(x) =
γ
(︃
k,

x
ζ

)︃
Γ(k)

k, ζ

Lognormal F(x) = Φ
(︄

ln x− µ
σ

)︄
µ, σ

6.2. Data Description.

Economic Data: Set 1. This dataset consists of the total milk production from the first birth of 107

cows of the SINDI breed. The data were originally reported by [31] and subsequently analyzed

by [32]. The observed values are presented in Table 6 and are commonly used in the literature to

illustrate the performance of lifetime and production models.

Table 6. Observed values: total milk production from the first birth of 107 cows of

the SINDI race
0.5902 0.4823 0.7804 0.3406 0.5744 0.5481 0.7290 0.1131 0.6012 0.1479

0.2356 0.5394 0.4990 0.6058 0.6891 0.5770 0.0671 0.3323 0.4800 0.5483

0.7261 0.2361 0.1525 0.6927 0.3188 0.4612 0.3906 0.4438 0.6220 0.2160

0.6707 0.3627 0.5350 0.5707 0.7131 0.5853 0.6768 0.6789 0.4151 0.4576

0.6750 0.5447 0.5627 0.5113 0.5150 0.4143 0.3945 0.0776 0.2605 0.7471

0.6196 0.4260 0.4365 0.8781 0.5140 0.6907 0.4143 0.3413 0.4694 0.0854

0.4332 0.6821 0.5629 0.4675 0.7629 0.5941 0.6860 0.6174 0.4741 0.5553

0.5878 0.3598 0.5232 0.8492 0.8147 0.4470 0.5285 0.6465 0.4553 0.0650

0.3751 0.1546 0.3635 0.4111 0.5349 0.4517 0.4049 0.2681 0.3175 0.4752

0.5529 0.3134 0.3891 0.4530 0.1167 0.0168 0.4564 0.3480 0.2303 0.3259

0.4371 0.6114 0.7687 0.3383 0.2747 0.0609 0.6488
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Maximum likelihood estimation is employed to fit the AT–WLLM model and all competing

distributions to the data. The estimated parameters for each model are reported in Table 7.

Table 7. Maximum Likelihood Estimates for All Distributions

Model p kw δw αl βl k ζ µ σ

AT-WLLM 0.9148 3.8588 0.5979 2.4702 0.0990 – – – –

WLLM 0.8997 3.6210 0.5638 2.5717 0.0937 – – – –

AT-Weibull – 2.6895 0.5720 – – – – – –

AT-LLog – – – 3.2128 0.5085 – – – –

Weibull – 2.6012 0.5236 – – – – – –

LLog – – – 3.3158 0.4533 – – – –

Gamma – – – – – 3.6911 7.8727 – –

Lognormal – – – – – – – -0.8990 0.6444

Model comparison based on information criteria and goodness–of–fit statistics for all fitted

models are summarized in Table 8.

Table 8. Model Comparison Results and Goodness–of–Fit Statistics

Model −2LogLik AIC BIC KS pvalue CvM pvalue AD pvalue

AT-WLLM -61.9612 -51.9613 -38.5972 0.0421 0.9913 0.0174 0.9989 0.1101 0.9998

WLLM -60.9162 -51.9163 -38.5522 0.0439 0.9862 0.0176 0.9988 0.1191 0.9998

Weibull -42.6950 -38.6950 -33.3494 0.0832 0.4486 0.1895 0.2890 1.4842 0.1803

AT-Weibull -39.2532 -35.2532 -29.9076 0.0855 0.4148 0.2028 0.2623 1.6829 0.1383

Gamma -18.8490 -14.8491 -9.5035 0.1364 0.0373 0.6398 0.0177 3.8037 0.0109

AT-LLog -10.2546 -6.2547 -0.9091 0.1142 0.1226 0.3191 0.1194 3.3313 0.0187

LLog -8.4654 -4.4655 0.8801 0.1136 0.1262 0.3483 0.0992 3.4648 0.0161

Lognormal 17.2100 21.2100 26.5557 0.1743 0.0030 1.1532 0.0010 6.6029 0.0005

Figures 2 and 3 provide a graphical assessment of model performance, including the fitted

probability density functions, cumulative distribution functions, survival functions, and AIC–

based PDF comparisons, as well as Quantile–Quantile (Q–Q) plots.

Overall, the results in Tables 7, 8, and Figures 2–3 indicate that the AT-WLLM distribution

provides the best fit among all competing models for this dataset. Specifically, the AT-WLLM

model achieves the smallest −2LogLik, AIC, and BIC values, and consistently yields the lowest

goodness–of–fit statistics with the highest corresponding p–values. The graphical diagnostics

further confirm the superior performance of the AT–WLLM distribution, as evidenced by its close

agreement with the empirical distribution and the near–linear behavior observed in the Q–Q plots.
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Figure 2. Fitted PDF, CDF, survival, and AIC–PDF comparison plots for Data Set 1.
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Figure 3. Q–Q plots for Data Set 1.

Epidemiological Data: Set 2

The second dataset analyzed in this study consists of COVID–19 records for Italy, covering a total

of 172 consecutive days from March 1 to August 20, 2020. This dataset was recently reported by [33]

and is widely used to assess the performance of lifetime and survival models in epidemiological

applications. The observed values are presented in Table 9.
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Table 9. Observed Values: COVID–19 data from Italy covering a period of 172 days

(March 1 to August 20, 2020)

0.0107 0.0490 0.0601 0.0460 0.0533 0.0630 0.0297 0.0885 0.0540 0.1720 0.0847

0.0713 0.0989 0.0495 0.1025 0.1079 0.0984 0.1124 0.0807 0.1044 0.1212 0.1167

0.1255 0.1416 0.1315 0.1073 0.1629 0.1485 0.1453 0.2000 0.2070 0.1520 0.1628

0.1666 0.1417 0.1221 0.1767 0.1987 0.1408 0.1456 0.1443 0.1319 0.1053 0.1789

0.2032 0.2167 0.1387 0.1646 0.1375 0.1421 0.2012 0.1957 0.1297 0.1754 0.1390

0.1761 0.1119 0.1915 0.1827 0.1548 0.1522 0.1369 0.2495 0.1253 0.1597 0.2195

0.2555 0.1956 0.1831 0.1791 0.2057 0.2406 0.1227 0.2196 0.2641 0.3067 0.1749

0.2148 0.2195 0.1993 0.2421 0.2430 0.1994 0.1779 0.0942 0.3067 0.1965 0.2003

0.1180 0.1686 0.2668 0.2113 0.3371 0.1730 0.2212 0.4972 0.1641 0.2667 0.2690

0.2321 0.2792 0.3515 0.1398 0.3436 0.2254 0.1302 0.0864 0.1619 0.1311 0.1994

0.3176 0.1856 0.1071 0.1041 0.1593 0.0537 0.1149 0.1176 0.0457 0.1264 0.0476

0.1620 0.1154 0.1493 0.0673 0.0894 0.0365 0.0385 0.2190 0.0777 0.0561 0.0435

0.0372 0.0385 0.0769 0.1491 0.0802 0.0870 0.0476 0.0562 0.0138 0.0684 0.1172

0.0321 0.0327 0.0198 0.0182 0.0197 0.0298 0.0545 0.0208 0.0079 0.0237 0.0169

0.0336 0.0755 0.0263 0.0260 0.0150 0.0054 0.0375 0.0043 0.0154 0.0146 0.0210

0.0115 0.0052 0.2512 0.0084 0.0125 0.0125 0.0109 0.0071

The AT-WLLM model and all competing distributions are fitted to the data using maximum like-

lihood estimation. The estimated parameters for each model are reported in Table 10. The results

Table 10. Maximum Likelihood Estimates for All Distributions

Model p kw δw αl βl k ζ µ σ

AT-WLLM 0.6963 2.7491 0.1984 1.6664 0.0379 – – – –

WLLM 0.7111 2.5378 0.1809 1.7191 0.0298 – – – –

AT-Weibull – 1.4824 0.1668 – – – – – –

AT-LLog – – – 1.7964 0.1310 – – – –

Weibull – 1.4358 0.1424 – – – – – –

LLog – – – 1.8598 0.1061 – – – –

Gamma – – – – – 1.6102 12.3772 – –

Lognormal – – – – – – – -2.3811 0.9850

of the model comparison based on the log-likelihood and information criteria, and goodness–of–fit

statistics for all fitted models are summarized in Table 11.
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Table 11. Model Comparison Results and Goodness–of–Fit Statistics

Model −2LogLik AIC BIC KS pvalue CvM pvalue AD pvalue

AT-WLLM -409.8136 -399.8136 -384.0471 0.0269 0.9996 0.0160 0.9994 0.1309 0.9996

WLLM -409.1562 -399.1562 -383.3897 0.0323 0.9936 0.0222 0.9946 0.1668 0.9969

Weibull -388.3548 -384.3547 -378.0481 0.0926 0.1032 0.3814 0.0808 2.2468 0.0676

AT-Weibull -393.1874 -379.1874 -372.8808 0.0973 0.0755 0.4406 0.0565 2.7104 0.0386

Gamma -380.2918 -376.2918 -369.9853 0.1174 0.0170 0.5845 0.0243 3.1103 0.0241

AT-LLog -343.8498 -339.8499 -333.5433 0.1067 0.0390 0.6574 0.0161 5.1981 0.0023

LLog -343.3618 -339.3619 -333.0553 0.1097 0.0312 0.6941 0.0131 5.2405 0.0022

Lognormal -338.1268 -334.1269 -327.8203 0.1664 0.0001 1.2192 0.0007 6.7415 0.0004

Figures 4 and 5 provide a visual assessment of the fitted models, including density, distribution,

survival, and AIC–PDF comparison plots, as well as Quantile–Quantile (Q–Q) plots.

Figure 4. Fitted PDF, CDF, survival, and AIC–PDF comparison plots for Data Set 2.

From the model comparison results in Table 11, it is evident that the AT–WLLM distribu-

tion outperforms the competing models in terms of the −2LogLik, AIC, and BIC criteria and

goodness–of–fit statistics. The results show that the AT–WLLM model consistently achieves the

smallest Anderson–Darling, Cramér–von–Mises, and Kolmogorov–Smirnov statistics, along with

the largest corresponding p–values.
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Figure 5. Q–Q plots for Data Set 2.

The graphical diagnostics in Figures 4 and 5 further support these findings. In particular, the

fitted curves produced by the AT-WLLM distribution closely track the empirical distribution of the

data, and the Q–Q plot exhibits minimal deviation from the reference line. These results confirm

the superior flexibility and goodness–of–fit of the AT–WLLM model for modeling COVID–19 data

from Italy.

Economic Data: Set 3

The third dataset analyzed in this study consists of trade share values drawn from the well–

known Determinants of Economic Growth dataset. This dataset contains observations for up to

61 countries and includes economic growth indicators as well as variables that influence trade

openness and economic performance. The dataset has been previously studied by [34] and is

commonly used to evaluate the adequacy of statistical models in economic applications. The

observed trade share values are presented in Table 12.
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Table 12. Observed Values: Determinants of Economic Growth Data

0.1405 0.1566 0.1577 0.1604 0.1608 0.2215 0.2994 0.3131 0.3246

0.3247 0.3295 0.3300 0.3379 0.3397 0.3523 0.3589 0.3933 0.4176

0.4258 0.4356 0.4421 0.4444 0.4505 0.4558 0.4683 0.4733 0.4846

0.4890 0.5096 0.5177 0.5278 0.5347 0.5433 0.5442 0.5508 0.5527

0.5606 0.5608 0.5671 0.5753 0.5828 0.6030 0.6050 0.6136 0.6261

0.6395 0.6469 0.6512 0.6816 0.6994 0.7048 0.7292 0.7430 0.7455

0.7798 0.7984 0.8147 0.8230 0.8302 0.8342 0.9794

The AT–WLLM distribution and all competing models are fitted to the data using the maximum

likelihood method. The corresponding parameter estimates for each model are reported in Table 13.

Table 13. Maximum Likelihood Estimates for All Distributions

Model p kw δw αl βl k ζ µ σ

AT-WLLM 0.9401 3.6854 0.6398 10.0000 0.1568 – – – –

WLLM 0.9261 3.4905 0.6033 10.0000 0.1566 – – – –

AT-Weibull – 3.0727 0.6197 – – – – – –

AT-LLog – – – 3.9499 0.5434 – – – –

Weibull – 2.9499 0.5764 – – – – – –

LLog – – – 4.0949 0.4958 – – – –

Gamma – – – – – 5.8887 11.4531 – –

Lognormal – – – – – – – -0.7525 0.4508

Model comparison results based on the −2log–likelihood, Akaike Information Criterion (AIC),

and Bayesian Information Criterion (BIC) are summarized in Table 14.

Figures 6 and 7 provide a visual comparison of the fitted models through density, distribution,

survival, and AIC–PDF plots, as well as Quantile–Quantile (Q–Q) diagnostics.

Table 13 presents the maximum likelihood estimates for all fitted models, while Table 14 sum-

marizes the model comparison results based on the −2log–likelihood, AIC, and BIC criteria.

Among the competing models, the AT–WLLM distribution achieves the smallest −2log–likelihood

(−37.5783), as well as the lowest AIC (−27.5785) and BIC (−17.0242) values, indicating the best

overall fit to the data. Although the Weibull and AT–Weibull models exhibit slightly smaller BIC
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Table 14. Model Comparison Results and Goodness–of–Fit Statistics

Model −2LogLik AIC BIC KS pvalue CvM pvalue AD pvalue

AT-WLLM -37.5783 -27.5785 -17.0242 0.0544 0.9893 0.0265 0.9868 0.2191 0.9843

WLLM -36.8110 -26.8110 -16.2567 0.0538 0.9904 0.0326 0.9680 0.2477 0.9715

Weibull -29.3736 -25.2736 -21.0518 0.0591 0.9750 0.0305 0.9755 0.3122 0.9285

AT-Weibull -28.6472 -24.6472 -20.4254 0.0620 0.9619 0.0362 0.9527 0.3704 0.8771

Gamma -23.4094 -19.4095 -15.1877 0.0891 0.6852 0.1175 0.5068 0.8866 0.4221

AT-LLog -18.6478 -14.6479 -10.4262 0.0906 0.6645 0.0815 0.6851 0.9728 0.3715

LLog -18.4610 -14.4611 -10.2393 0.0896 0.6780 0.0865 0.6570 0.9968 0.3586

Lognormal -15.9042 -11.9042 -7.6824 0.1193 0.3238 0.2237 0.2261 1.6017 0.1541

Figure 6. Fitted PDF, CDF, survival, and AIC–PDF comparison plots for Data Set 3.

values, they perform less favorably in terms of AIC and log–likelihood. The goodness–of–fit sta-

tistics reported further reinforced the superior performance of the AT–WLLM distribution. While

the KS statistic and its associated p–value indicate a marginal advantage for the WLLM model, the

Anderson–Darling and Cramér–von–Mises statistics, together with their corresponding p–values,

consistently favor the AT–WLLM model. These results, combined with the graphical diagnos-

tics, clearly demonstrate the superior flexibility and goodness–of–fit of the proposed AT–WLLM

distribution for modeling economic trade share data.
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Figure 7. Q–Q plot for Data Set 3.

6.3. Performance Assessment for the Datasets. The performance of the proposed AT–

WLLM distribution is evaluated by comparing it with several competing models, in-

cluding the Weibull–Log–Logistic Mixture (WLLM), Arctan–Weibull, ArcTan–Log–Logistic,

Weibull, Log–Logistic, Gamma, and Lognormal distributions. The inclusion of the classical

Weibull–Log–Logistic mixture model provides an important benchmark, enabling a clear assess-

ment of the advantages offered by the trigonometric transformation employed in the AT–WLLM

framework. Across all datasets considered, the AT–WLLM distribution consistently provides the

best overall fit, demonstrating strong robustness and superior modeling capability. The results in-

dicate that the arctangent transformation introduces substantial flexibility beyond that achievable

with linear mixture models, leading to improved goodness–of–fit and more accurate representation

of complex data structures. In general, mixture models particularly the AT–WLLM and WLLM;

outperform single component models such as the Arctan–Weibull, ArcTan–Log–Logistic, Weibull,

Log–Logistic, Gamma, and Lognormal distributions. This observation highlights the importance

of accounting for population heterogeneity and reinforces the applicability of mixture–based ap-

proaches for modeling lifetime data with diverse characteristics. Overall, the empirical findings
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confirm that the Arctan–Weibull–Log–Logistic mixture model represents a meaningful extension

of traditional mixture modeling methods reported in the literature. Moreover, the results pro-

vide strong empirical support for the theoretical advantages of trigonometric transformations in

enhancing model flexibility and fit.

7. Conclusion

This paper introduces a novel trigonometric mixture distribution, the Arctan—Weibull—Log-

–Logistic Mixture (AT–WLLM) model, designed to capture complex hazard rate behaviors while ac-

commodating diverse tail characteristics. The proposed distribution retains mathematical tractabil-

ity and offers enhanced flexibility compared to conventional mixture and single–component life-

time models. Theoretical properties of the AT–WLLM distribution are derived in detail, and

parameter estimation is carried out using the maximum likelihood method. A comprehensive

simulation study demonstrates that the estimators exhibit desirable finite–sample and asymptotic

properties, particularly as the sample size increases. The mixing parameter p̂ provides a useful

mechanism for guiding the selection and interpretation of sub–model contributions. Empirical

analyses based on real economic and epidemiological datasets further illustrate the practical utility

of the proposed model. In all applications, the AT–WLLM distribution consistently outperforms

competing models, emerging as the most flexible and best–fitting alternative. In summary, the

Arctan–Weibull–Log–Logistic Mixture distribution provides a powerful and flexible framework

for modeling lifetime data with complex hazard structures. The results presented in this study

establish a solid foundation for future research and applications in economics and finance, relia-

bility engineering, survival analysis, biological research, environmental sciences, biometrics and

biomedical engineering, and related fields.
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[7] Ü. Erişoğlu, M. Erişoğlu, H. Erol, A Mixture Model of Two Different Distributions Approach to the Analysis of

Heterogeneous Survival Data, Int. J. Comput. Inf. Eng. 5 (2011), 544–548. https://doi.org/10.5281/zenodo.1057689.

https://doi.org/10.1115/1.4010337
https://doi.org/10.1115/1.4010337
https://doi.org/10.2307/1909287
https://doi.org/10.1214/aoms/1177705147
https://doi.org/10.1109/24.406588
https://doi.org/10.1016/S0951-8320(01)00030-8
https://doi.org/10.1016/S0951-8320(99)00037-X
https://doi.org/10.5281/zenodo.1057689


Int. J. Anal. Appl. (2026), 24:329 27

[8] S. Ruhi, S. Sarker, M.R. Karim, Mixture Models for Analyzing Product Reliability Data: A Case Study, SpringerPlus

4 (2015), 634. https://doi.org/10.1186/s40064-015-1420-x.

[9] N. Nanuwong, W. Bodhisuwan, C. Pudprommarat, A New Mixture Pareto Distribution and Its Application, Thail.

Stat. 13 (2015), 191–207.

[10] R.R. Guerra, F.A. Peña-Ramírez, C.P. Mafalda, G.M. Cordeiro, Two-Component Unit Weibull Mixture Model to

Analyze Vote Proportions, Comput. Sci. Math. Forum 7 (2023), 45. https://doi.org/10.3390/iocma2023-14550.

[11] A. Rachid, N. Boudrissa, The Weibull Log-Logistic Mixture Distributions: Model, Theory and Application to

Lifetime Data, Qual. Reliab. Eng. Int. 37 (2021), 1599–1627. https://doi.org/10.1002/qre.2815.

[12] M. Aslam, M. Tahir, Z. Hussain, B. Al-Zahrani, A 3-Component Mixture of Rayleigh Distributions: Properties and

Estimation in Bayesian Framework, PLoS One 10 (2015), e0126183. https://doi.org/10.1371/journal.pone.0126183.

[13] M. Tahir, M. Aslam, Z. Hussain, Bayesian Analysis of a 3-Component Mixture of Rayleigh Distributions under

Type-I Right Censoring Scheme, J. Stat. Theory Appl. 16 (2017), 117–136. https://doi.org/10.2991/jsta.2017.16.1.10.

[14] M. Tahir, M. Aslam, Z. Hussain, On the Bayesian Analysis of 3-Component Mixture of Exponential Distributions

under Different Loss Functions, Hacet. J. Math. Stat. 45 (2016), 609–628. https://doi.org/10.15672/hjms.2015519451.

[15] M. Tahir, M. Aslam, Z. Hussain, Estimation of Parameters of the 3-Component Mixture of Pareto Distributions

Using Type-I Right Censoring under Bayesian Paradigm, J. Natl. Sci. Found. Sri Lanka 44 (2016), 329–345. https:

//doi.org/10.4038/jnsfsr.v44i3.8013.

[16] M. Tahir, I.M. Almanjahie, M. Abid, I. Ahmad, On Estimation of Three-Component Mixture of Distributions via

Bayesian and Classical Approaches, Math. Probl. Eng. 2021 (2021), 9944008. https://doi.org/10.1155/2021/9944008.

[17] M. Khalid, M. Aslam, T.N. Sindhu, Bayesian Analysis of 3-Components Kumaraswamy Mixture Model: Quadra-

ture Method vs. Importance Sampling, Alex. Eng. J. 59 (2020), 2753–2763. https://doi.org/10.1016/j.aej.2020.05.018.

[18] M. Xie, C.D. Lai, Reliability Analysis Using an Additive Weibull Model with Bathtub-Shaped Failure Rate Function,

Reliab. Eng. Syst. Saf. 52 (1996), 87–93. https://doi.org/10.1016/0951-8320(95)00149-2.

[19] G.M. Cordeiro, M. de Castro, A New Family of Generalized Distributions, J. Stat. Comput. Simul. 81 (2011), 883–898.

https://doi.org/10.1080/00949650903530745.

[20] A.W. Marshall, I. Olkin, A New Method for Adding a Parameter to a Family of Distributions with Application to

the Exponential and Weibull Families, Biometrika 84 (1997), 641–652. https://doi.org/10.1093/biomet/84.3.641.

[21] M.V. Aarset, How to Identify a Bathtub Hazard Rate, IEEE Trans. Reliab. R-36 (1987), 106–108. https://doi.org/10.

1109/TR.1987.5222310.

[22] C. Kleiber, S. Kotz, Statistical Size Distributions in Economics and Actuarial Sciences, Wiley, 2003. https://doi.org/

10.1002/0471457175.

[23] D.N.P. Murthy, M. Bulmer, J.A. Eccleston, Weibull Model Selection for Reliability Modelling, Reliab. Eng. Syst. Saf.

86 (2004), 257–267. https://doi.org/10.1016/j.ress.2004.01.014.

[24] W.R. Blischke, M.R. Karim, D.N.P. Murthy, Warranty Data Collection and Analysis, Springer London, 2011. https:

//doi.org/10.1007/978-0-85729-647-4.

[25] A. Alzaatreh, C. Lee, F. Famoye, A New Method for Generating Families of Continuous Distributions, METRON

71 (2013), 63–79. https://doi.org/10.1007/s40300-013-0007-y.

[26] I. Alkhairy, M. Nagy, A.H. Muse, E. Hussam, The Arctan-X Family of Distributions: Properties, Simulation, and

Applications to Actuarial Sciences, Complexity 2021 (2021), 4689010. https://doi.org/10.1155/2021/4689010.

[27] A. Agresti, M. Kateri, Categorical Data Analysis, in: M. Lovric (ed.), International Encyclopedia of Statistical

Science, Springer, Berlin, Heidelberg, 2011, pp. 206–208. https://doi.org/10.1007/978-3-642-04898-2_161.

[28] R.C. Gupta, O. Akman, S. Lvin, A Study of Log-Logistic Model in Survival Analysis, Biom. J. 41 (1999), 431–443.

https://doi.org/10.1002/(SICI)1521-4036(199907)41:4<431::AID-BIMJ431>3.0.CO;2-U.

[29] U. Eric, M.O.O. Oti, F.C. Eze, A Study of Properties and Applications of Gamma Distribution, Afr. J. Math. Stat.

Stud. 4 (2021), 52–65. https://doi.org/10.52589/AJMSS-MR0DQ1DG.

https://doi.org/10.1186/s40064-015-1420-x
https://doi.org/10.3390/iocma2023-14550
https://doi.org/10.1002/qre.2815
https://doi.org/10.1371/journal.pone.0126183
https://doi.org/10.2991/jsta.2017.16.1.10
https://doi.org/10.15672/hjms.2015519451
https://doi.org/10.4038/jnsfsr.v44i3.8013
https://doi.org/10.4038/jnsfsr.v44i3.8013
https://doi.org/10.1155/2021/9944008
https://doi.org/10.1016/j.aej.2020.05.018
https://doi.org/10.1016/0951-8320(95)00149-2
https://doi.org/10.1080/00949650903530745
https://doi.org/10.1093/biomet/84.3.641
https://doi.org/10.1109/TR.1987.5222310
https://doi.org/10.1109/TR.1987.5222310
https://doi.org/10.1002/0471457175
https://doi.org/10.1002/0471457175
https://doi.org/10.1016/j.ress.2004.01.014
https://doi.org/10.1007/978-0-85729-647-4
https://doi.org/10.1007/978-0-85729-647-4
https://doi.org/10.1007/s40300-013-0007-y
https://doi.org/10.1155/2021/4689010
https://doi.org/10.1007/978-3-642-04898-2_161
https://doi.org/10.1002/(SICI)1521-4036(199907)41:4<431::AID-BIMJ431>3.0.CO;2-U
https://doi.org/10.52589/AJMSS-MR0DQ1DG


28 Int. J. Anal. Appl. (2026), 24:329

[30] E. Limpert, W.A. Stahel, M. Abbt, Log-Normal Distributions across the Sciences: Keys and Clues, BioScience 51

(2001), 341–352. https://doi.org/10.1641/0006-3568(2001)051[0341:LNDATS]2.0.CO;2.

[31] G.M. Cordeiro, R. dos Santos Brito, The Beta Power Distribution, Braz. J. Probab. Stat. 26 (2012), 88–112. https:

//doi.org/10.1214/10-BJPS124.

[32] F. Jamal, C. Chesneau, A New Family of Polyno-Expo-Trigonometric Distributions with Applications, Infin. Di-

mens. Anal. Quantum Probab. Relat. Top. 22 (2019), 1950027. https://doi.org/10.1142/S0219025719500279.

[33] A. Ahmad, A.A. Rather, O.A. Alqasem, M.E. Bakr, G.T. Mekiso, et al., Introducing Novel Arc Cosine-Ψ Class of

Distribution with Theory and Data Evaluation Related to Coronavirus, Sci. Rep. 15 (2025), 13069. https://doi.org/

10.1038/s41598-025-95084-w.

[34] R.A.R. Bantan, F. Jamal, C. Chesneau, M. Elgarhy, Theory and Applications of the Unit Gamma/Gompertz Distri-

bution, Mathematics 9 (2021), 1850. https://doi.org/10.3390/math9161850.

[35] F. Ali, On Inference of Finite Mixture of Rayleigh Distribution by Gibbs Sampler and Metropolis-Hastings, Iraqi

Stat. J. 1 (2024), 61–72. https://doi.org/10.62933/93v3c985.

[36] J. Sami, Advances and Gaps in the Application of Mixture Models Across Disciplines: A Comprehensive Review,

preprint, (2025). https://doi.org/10.36227/techrxiv.175693717.75571308/v1.

[37] D. Chen, F. Wu, Y. Wang, Y. Qin, A Lognormal-Normal Mixture Model for Unsupervised Health Indicator Con-

struction and Its Application into Gear Remaining Useful Life Prediction, Mech. Syst. Signal Process. 220 (2024),

111699. https://doi.org/10.1016/j.ymssp.2024.111699.

[38] D. Chen, Y. Chai, Y. Mao, Y. Qin, Unsupervised Health Indicator Construction by a New Gaussian-Student’s

t-Distribution Mixture Model and Its Application, Adv. Eng. Inform. 62 (2024), 102863. https://doi.org/10.1016/j.aei.

2024.102863.

[39] X.-Y. Pei, H.-B. Huang, P. Cao, An Improved Gaussian Mixture Model-Based Data Normalization Method for

Removing Environmental Effects on Damage Detection of Structures, Buildings 15 (2025), 359. https://doi.org/10.

3390/buildings15030359.

[40] T. Lodygowski, S. Szrama, Unsupervised Classification and Remaining Useful Life Prediction for Turbofan Engines

Using Autoencoders and Gaussian Mixture Models: A Comprehensive Framework for Predictive Maintenance,

Appl. Sci. 15 (2025), 7884. https://doi.org/10.3390/app15147884.

[41] O. Munyaneza, J.W. Sohn, Anomaly Detection on Laminated Composite Plate Using Self-Attention Autoencoder

and Gaussian Mixture Model, Mathematics 13 (2025), 2445. https://doi.org/10.3390/math13152445.

[42] Y. Li, J. Lee, A. Kottas, Bayesian Nonparametric Erlang Mixture Modeling for Survival Analysis, Comput. Stat.

Data Anal. 191 (2024), 107874. https://doi.org/10.1016/j.csda.2023.107874.

[43] A.A. Gira, D.M.H. Ahmed, V.B.V. Nagarjuna, A.W. Shawki, The Harris Extended Power Lindley Distribution:

Properties, Estimation, and Real-World Applications, Comput. J. Math. Stat. Sci. 5 (2025), 109–152. https://doi.org/

10.21608/cjmss.2025.398093.1214.

[44] H. Al-Mofleh, The Normal-Generalized Hyperbolic Secant Distribution: Properties and Applications, Comput. J.

Math. Stat. Sci. 5 (2026), 232–265. https://doi.org/10.21608/cjmss.2026.437947.1302.

https://doi.org/10.1641/0006-3568(2001)051[0341:LNDATS]2.0.CO;2
https://doi.org/10.1214/10-BJPS124
https://doi.org/10.1214/10-BJPS124
https://doi.org/10.1142/S0219025719500279
https://doi.org/10.1038/s41598-025-95084-w
https://doi.org/10.1038/s41598-025-95084-w
https://doi.org/10.3390/math9161850
https://doi.org/10.62933/93v3c985
https://doi.org/10.36227/techrxiv.175693717.75571308/v1
https://doi.org/10.1016/j.ymssp.2024.111699
https://doi.org/10.1016/j.aei.2024.102863
https://doi.org/10.1016/j.aei.2024.102863
https://doi.org/10.3390/buildings15030359
https://doi.org/10.3390/buildings15030359
https://doi.org/10.3390/app15147884
https://doi.org/10.3390/math13152445
https://doi.org/10.1016/j.csda.2023.107874
https://doi.org/10.21608/cjmss.2025.398093.1214
https://doi.org/10.21608/cjmss.2025.398093.1214
https://doi.org/10.21608/cjmss.2026.437947.1302

	1. Introduction
	2. Materials and Methods
	2.1. M-fold Mixture Model
	2.2. Theoretical Motivation of the Model
	2.3. Probability Density Function (PDF)
	2.4. Survival Function
	2.5. Hazard Rate Function (HRF)
	2.6. Series Expansion of the CDF and PDF of AT-WLLM Distribution

	3. Mathematical Properties of the Model
	3.1. Crude Moments
	3.2. Moment Generating Function

	Special Cases and Properties
	Limiting Behavior
	3.3. Renyi Entropy
	3.4. Order Statistics

	4. Parameter Estimation
	Maximum Likelihood Estimation
	Score Equations

	5. Simulation Study
	6. Results and Discussion
	6.1. Evaluation of the Model and Applications
	6.2. Data Description
	Economic Data: Set 1

	Epidemiological Data: Set 2
	Economic Data: Set 3
	6.3. Performance Assessment for the Datasets

	7. Conclusion
	Conflicts of Interest:

	References

