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A REAL PALEY-WIENER THEOREM FOR THE GENERALIZED
DUNKL TRANSFORM

A. ABOUELAZ, A. ACHAK , R. DAHER, EL. LOUALID*

ABSTRACT. In this article, we prove a real Paley-Wiener theorem for the generalized
Dunkl transform on R.

1. INTRODUCTION

In [3] N.B Andersen proved a real Paley-Wiener theorem for the dunkl transform. In this
paper, we first prove a real Paley-Wiener theorem for the generalized dunkl transform.
Let A, denote the Dunkl operator and F , the Dunkl transform, Chettaoui, C., Triméche
proved in [4] the following theorem:

Theorem 1.1. Let 1 <p < oo. Let f € S(R) (the Schwartz space on R). Then

1

Tim A5 = sup{|A]. A € SuppFa(f)).

N.B Andersen in [3] gave a simple proof of the above theorem by using the real Paley-

Wiener theorem for the Dunkl transform. Our second result is to prove the above theorem
for the generalized Dunkl transform.
The structure of the paper is as follows: In section 2 we set some notations and collect
some basic results about the Dunkl operator and the Dunkl transform, and we give also
some facts about harmonic analysis related to the first-order singular differential-difference
operator A, ., and the generalized Dunkl transform. In section 3 we state and prove a
real Paley-Wiener theorem for the generalized Dunkl transform. In section 4 we give a
characterization of the support of the generalized Dunkl transform on R

2. PRELIMINARIES

Throughout this paper we assume that a > 771, and we denote by
e E(R) the space of functions C* on R, provided with the topology of compact con-
vergence for all derivatives. That is the topology defined by semi-norms

m
dk
Pam’t(f) = SUPzc[~a,a] E | dwkf(m) |7 a>0, m=0,1,..
k=0

e D,(R), the space of C* function on R, which are supported in [—a,a], equipped
with the topology induced by E(R).

¢ D(R) =, Da(R), endowed with inductive limit topology.

e E,(R) (resp D, (R)) stand for the subspace of E(R) (resp D(R)) consisting of func-
tions f such that

f(0) =...= f@=1(0).
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o L? the class of measurable functions f on R for which || f]|, o < 0o, where

1 llpa = ( / |f<w>|1’x|2a+ldx)p L ifp< oo,

and [ flloo,a = [ flloo = esssupz>ol f(2)]-
e [P, the class of measurable functions f on R for which

1llp.ain = IM™ fllp.atan < oo

e D o (R) = Dy (R) (N LE, . (R).
e H,, a > 0, the space of entire rapidly decreasing functions of exponential type a ;
that is, f € H,, a > 0 if and only if, f is entire on C and for all j=0,1......

q;(f) = sup [(1+ X)™F(\e ™M < oo
xeC

H,, a > 0 is equipped with the topology defined by the semi-norms ¢;, j =0, 1.....
e H=|J,.,H,, equipped with the inductive limit topology.

2.1. Dunkl transform. In this subsection we recall some facts about harmonic analysis
related to Dunkl operator A, associated with reflection group Zs on R. We cite here, as
briefly as possible, only some properties. For more details we refer to [2, 4, 5].

The Dunkl operator A, is defined as follow:

(1) Ao f(z) :f/(x)_’_(a""%)w.

The Dunkl kernel e, is defined by

2) eal?) = jaliz) + =— atilz)  (2€0)

2(a+1
where

(1
n!Tn+a+1)

is the normalized spherical Bessel function of index «. The functions e,(A) A € C, are
solutions of the differential-difference equation

Agu = du, u(0)=1.

Ja(2) = T(a+ 1372, (z €C).

Furthermore, Dunkl kernel e, possesses the Laplace type integral representation

1
ea(z) = aa/ (1- t2)a7%(1 +t)e*tdt,
—1

where

_ TI(a+1)
(3) 0= et 1)

The Dunkl transform of a function f € D(R) is defined by

(4) Fal ) = / f(@)ea(—ira)|z?Hdz, A€ C.

Theorem 2.1. (i): The Dunkl transform F, is a topological automorphism from
D(R) onto H. More precisely f € Do(R) if, and only if, Fo(f) € H,
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(ii): For every f € D(R) ,

/}' Nea (iAx)| A2 TLdN,
/ (@) P2 = m, / Ful VPN,
where
1
(5) Mo =

22(a+1) (F(a + 1))2 :

2.2. Generalized Dunkl transform. In this section, we recall some properties about
Generalized Dunkl transform. We refer to [1] for more details and references.
The first-order singular differential-difference operator on R is defined as follow

1
(6) Aanf(z) = f'(2) + (a+3)
Lemma 2.2. (i): The map
My (f)(z) = 2" f (=)
s a topological isomorphism
e from E(R) onto E,(R);
e from D(R) onto D,(R).
(if): For all f € E(R),
Ao o M, (f) = My 0 Aayon(f),
where Ag12n 1S the Dunkl operator of order a + 2n given by (1)
(iii): Let f € E,(R) and g € D, (R). Then
M [ Aanf@a@laP e = = [ f@)hang(@)eda.

2.3. Generalized Dunkl Transform. For A € C and 2 € R put

(8) Uy an(z) = 22" eqpon (iAT),
where €419, is the Dunkl kernel of index « + 2n given by (2).

Proposition 2.3. (1): Waan satisfies the differential-difference equation
(9) Aa,n\p)\,a,n = i)\\I/)\,a,n-

Definition 2.4. The generalized Dunkl transform of a function f € D, (R) is defined by
(10) Fanl D) = [ S@0-san(@ladz, AeC

R

Proposition 2.5. For every f € D,(R),
(11) ]:a,n(Aa,nf)()‘) = i/\]:a,n(f)(/\)a

Theorem 2.6. (i): For all f € D, (R), we have the inversion formula

2) = Mayan / Fan(F) )T (@) A2 00,
R

where Moo, is given by (5).
(ii): For every f € D,(R), we have the Plancherel formula

(12) /‘f | |x|2a+1d1’—ma+2n/|fan )| ‘)\|2a+4n+1d/\
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3. A REAL PALEY-WIENER THEOREM

In this section, we give a short and simple proof of a real Paley-Wiener theorem for the
Dunkl transform.
We define the real Paley-Wiener space PWgr(R) as the space of all f € S(R) such that, for
N eNyg=NU {O}

(13) sup  R™m V(14 |z))V|AT, f(z)] < .
z€R,MmENy ’

Our real Paley-Wiener Theorem is the following:

Theorem 3.1. Let R > 0. The Generalized Dunkl transform F, , is a bijection from
PWgr(R) onto CF(R), and by symmetry a bijection from C¥ (R) onto PWr(R).

Proof. Let f € PWg(R), and X outside [-R, R]. Then (7) and (9) yield
FunfO) = / PO )22

— (ein /f JAT Uy ()2,

— (i) /Am F@)T o (@) |20

hence, for a positive C,
Fanf W) = (N (D)™ / AT F@)U_r o ()P ],
< /|A D)V _y ()22 ],

< O [ RV (1 fa) N ot ),
R
= Ol
Al
and thus SuppFanf C [-R, R)].
Conversely, let f € CF(R). Fix N € Ny.

FLFN) = Magan / FO) T3 (@) AN,
R

)"'m N/(1+|x|) Nig|2er2n gz -0 for m — oo.

VAL Fanf(N) = ma+2n/f(A)xNAQn%,a,n(w)I/\l2a+4”+1d>\,
R

2n
= ()" [ NSO S (VAR

_ (*i)mma+2n//\mf()\)l'N+2n\Ijz7a,n(/\)‘)\|2a+2n+1d/\,
R
()Y [ AT OAY 0 AP,
R

= ()" ma e / AN () W (W) AP,
R
a small calculation give

Ran N F) = mA ) + A F )+ Lot L) = (-1 - 22 LA
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Let f denote the function in square bracket. An induction argument with f; = f and
fi+1 = fi, show that we can write, for m > N + 2n

Aa,n(/\N+2n(/\mf(/\)) _ /\m—N—QnmN+2an+2n(/\)’
where fN+2n € C¥(R) with supprHn C suppf, and
N+2n dk.

__— r
I Fvsmn o= € 31 e

where C' is a positive constant only depending on f,a,n and N not on m. We get thus

N 2 2 1 NN+2” dk
AL TS (@)] € Omagan P20 S| 2 f o
k=0

for all z € R, and m > N + 2n, and thus F_ ), f € PWgr(R) =

4. A CHARACTERIZATION OF THE SUPPORT OF THE GENERALIZED DUNKL TRANSFORM
ON R

Theorem 4.1. Let 1 <p <oo. Let f € S(R). Then
"LOé n = SUP{|/\‘7>\ € SUppfa,n(f)}~

Proof. Define Ry = sup{|A|, A € SuppFan(f)}.
Assume that F, , has a compact support. Then f € PWg(R) by Theorem 3.1 and

hm AL f

3 m o e —
im [|AG) o7 < Ry im mm = Ry

for all 1 < p < oo, using (13) with N > 2a + 2m + 3.
Now consider an arbitrary f € .., using (7)

1820 B = [ INZaS @R

[ A )R T o,

R

(0" [ A2 @) F@e
R

Hélder’s inequality with & + ¢ =1

(14) A A1 o < A2 F ] lascon-
Similarly, we get
| vl Ao lan-
Let R < Ry. From (11) and (12
AT B = / AT F () P2,
S / (Fan (AT FON))PAPRF A+ ),

R — / A2 Fo i FA)2IA2H R+
R

2 ma+2nR2m / |]:oc,nf()\)|2‘)\|2a+4n+1d)\7
R
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where the last integral is positive.
Combining (14) with the above inequality yields

1 L
liminf A2 f||Z7.n > liminf [[AZ', fl13%, . > R
m—o00 ) m—o0 ’ o

for any 1 < p < oo, and similarly

1
lim inf || AT fllpa0 > Ry

We thus conclude, for any 0 < R < Ry

1 1
R < liminf ||Ag"nf||,;’}a7n < lim sup ||Agfnf||gja7n < Ry
m—o0 —s00

m

this complect the proof of the theorem. m

(1]

(2l
3]
[4]
[5]
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