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Abstract. This paper proposes an inertial Bregman subgradient extragradient algorithm for approximating a common
solution of pseudomonotone equilibrium problems and fixed point problems associated with Bregman relatively nonex-
pansive mappings in reflexive Banach spaces. The proposed method incorporates an inertial extrapolation step into the
Bregman subgradient extragradient framework and employs a self-adaptive stepsize rule. Under suitable assumptions
on the bifunction and the underlying Banach space, strong convergence of the generated sequence to a common solution
is established. Several consequences of the main theorem are also derived. Numerical experiments are presented to

illustrate the convergence behavior and effectiveness of the proposed algorithm.

1. INTRODUCTION

Throughout the paper, unless otherwise stated, let E be a reflexive Banach space with E* its dual,
let C be a nonempty closed convex subset of E and denote by IR the set of real numbers. Consider

the following equilibrium problem: Find x* € C such that
G(x",y) =0, YyeC, (1.1)

where G : Cx C — R is a bifunction. We will write EP(G) for the solution set of (1.1). Equilibrium
problems play a fundamental role in nonlinear analysis and have become an active area of research
because of their broad applicability in science, engineering, economics, finance, and game theory.
The equilibrium framework offers a powerful and unified tool for modeling and analyzing a wide

variety of mathematical problems. Indeed, many well-known models can be viewed as special
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instances of equilibrium problems, including mathematical programming problems, variational
inclusion problems, variational inequality problems, complementarity problems, saddle-point
problems, Nash equilibrium problems in noncooperative games, minimax inequality problems,
minimization problems, and fixed point problems, see [4,10]. For example, if we set G(x*,y) =
(Ax",y —x"), Vx*,y € C, where A : C — E" is a nonlinear mapping, then the equilibrium problem

reduces to the variational inequality problem: Find x* € C such that
(Ax*,y—x") >0, YyeC,

which was introduced by Hartmann and Stampacchia [12]. The solution set of variational inequal-
ity problem is denoted by VIP(A).

On the other hand, let T : C — C be an operator. A point x € C is called a fixed point of T if
Tx = x, denote the set of fixed points of T by F(T). Fixed point theory is one of the fundamental
branches of nonlinear analysis and has been extensively studied over the past several decades.
Owing to its theoretical significance and wide applicability, it has become an indispensable tool in
many areas of mathematics and related disciplines. In particular, fixed point methods have been
successfully applied to optimization, game theory, economics, variational inequalities, differential
equations, and many other problems arising in science and engineering.

Tada and Takahashi [21] proposed the iterative method for finding a common solution of
monotone equilibrium problem and the fixed point problem of nonexpansive mappings on Hilbert

spaces in 2006 as:

x9 € C,

zy € C such that G(zy,y) + 1Y = 20,2 = %) 2 0, Yy € C,

wy = apxy + (1 —ay)Tzy,

n nin ( n) n (1‘2)
Ch={veC:llw, —oll < llxy —0ll},

Qn = {UEC:(XO—XH,U—XH>SO},

Xn+1 = chan X0-

According to the above algorithm, at each step for determining the intermediate approximation

zn, we would like to solve a strongly monotone regularized equilibrium problem:
Find z, € C such that G(z,,y) + i(y —Zn,Zn —Xn) 20, Yy € C. (1.3)
n

If the bifunction G is only pseudomonotone, then the subproblem (1.3) is not necessarily strongly
monotone, even not pseudomonotone. In this case, algorithm (1.2) cannot be applied using the
monotonicity of the subproblem. Ahn [2] proposed a hybrid extragradient method for finding the
common solutions of the pseudomonotone equilibrium problem and the fixed point problem of

nonexpansive mappings and studied the convergence analysis of the sequence {x,} generated by
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x0 € C,

yn = argmin{A,G(xu, y) + 3llx, — ylI? : y € C},

tn = argmin{A,G(yn, y) + 2lx, — yl* : y € C},

Zn = anXn + (1 — ay)Tty, (1.4)
Cp ={veC:llzy—vll < llxy —oll},

Qi’l = {UEC:<x0_xnlv_xn>S0}l

xnt1 = [lc,ng, Xo-

Since the pioneering work of Bregman [5] in 1967, Bregman distance functions have become
an essential tool in modern optimization and nonlinear analysis. Their remarkable properties
have led to the development of numerous iterative schemes and convergence techniques. In
addition, Bregman distances have been extensively utilized in the study of optimization and
feasibility problems, as well as in the approximation of solutions to equilibrium problems, fixed
point problems, variational inequality problems, and other related mathematical models, etc.; for
details, see [3,6,7].

In 2010, Reich et al. [18] introduced an iterative algorithm on Banach spaces involving max-
imal monotone operators. In the light of the Bregman projections, there were various iterative
algorithms studied by researchers in this field, see [1, 8].

In the setting of reflexive Banach spaces, Eskandani et al. [11] developed a Bregman hybrid
extragradient algorithm for approximating a common solution of pseudomonotone equilibrium
problems and common fixed point problems associated with a finite family of multivalued Breg-
man relatively nonexpansive mappings. To facilitate their convergence analysis, they introduced
the notion of Bregman Lipschitz-type continuity for pseudomonotone bifunctions and employed
a self-adaptive stepsize sequence satisfying;:

{An} C [ﬂ, b] C (O,p), Wherep = mm{l,l}
€1 2

where ¢; = maxj<i<n{ci1}, c2 = maxi<i<nici2}, and c;; and ¢;» denote the Bregman Lipschitz-type
constants of G; fori = 1, 2, ..., N. Under these assumptions, the authors established the convergence

of the sequence {x,} generated by

x0 €C,

w', = argmin {/\nGi(xn, Y) +D¢(y,xn),y € C},i =12,.,N,
zl, = argmin {/\nGi(wfq,y) +D¢(y,xn),y € C},i =12,..,N, (L5)
in € Argmax {Df(zil,xn) tl= 1,2,...,N}, set Z, := zi{‘,

Y =V (BuoVf(Zn) + 0L BurV S (20r)), 20 € Tr(2n),

Xus1 = projh(VF (anVf (i) + (1= an)VF(yn)))-
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Although several Bregman extragradient and inertial-type methods have been proposed for
equilibrium and fixed point problems, strong convergence results for pseudomonotone equilib-
rium problems combined with Bregman relatively nonexpansive mappings in reflexive Banach
spaces remain limited. Moreover, the incorporation of inertial extrapolation techniques into the
Bregman subgradient extragradient framework has not been fully investigated in this setting.

Motivated by the above works and inspired by the recent studies of [13,22,23], we investigate the
problem of approximating a common element of the solution set of a pseudomonotone equilibrium
problem and the fixed point set of a Bregman relatively nonexpansive mapping. Specifically, we
consider the problem of finding a point x* € C satisfying

x* € EP(G) N E(T).

To this end, we develop a novel inertial Bregman subgradient extragradient algorithm in reflexive
Banach spaces. We establish a strong convergence theorem for the proposed iterative scheme and
derive several consequences of the main result. In addition, numerical examples are presented to

demonstrate the efficiency and practical applicability of the proposed method.

2. PRELIMINARIES

Assume f : E — (—0c0, 40| is a proper convex and lower semicontinuous mapping, the subdif-

ferential of f at x is the convex set defined by

df(x) ={x"€E": f(x) +(x", y—x) < f(y), Yy € E},

where the Fenchel conjugate of f is the function f* : E* — (—oo, +0co] defined by
f1(x") = sup{(x’,x) — f(x) : x € E}.

And for any x € int(domf), the interior of the domain of f and y € E, the right-hand derivative of
f at x in the direction y is

P, y) = lim LEX ) S

t—0+ t

A mapping f is called Gateaux differentiable at x if the above limit exists. So, f°(x, y) agrees with
Vf(x), the value of the gradient of f at x. It is called Fréchet differentiable at x, if the limit is
attained uniformly in y, ||y|| = 1. Itis called uniformly Fréchet differentiable on C C E, if the above
limit is attained uniformly for x € C and ||y|| = 1.

The mapping f is called Legendre if the following statements hold [3]:
(i) int(domf) # 0, f is Gateaux differentiable on int(domf), domV f = int(domf);
(i) int(domf*) # 0, f* is Gateaux differentiable on int(domf*), domV f* = int(domf*).
We have the following [3]:
(i) fis Legendre if and only if f* is the Legendre mapping;
(i) (9f) = of";
(iii) Vf = (Vf*)™!, ranVf = domVf* = int(domf*) and ranVf* = domVf = int(domf);
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(iv) the mappings f and f* are strictly convex on int(domf) and int(domf*).

Definition 2.1. [5] Let f : E — (—oo,+0o] be a Gdteaux differentiable and convex function, Dy :
domf X int(domf) —> [0, 400) such that

D¢(y,x) == f(y) - f(x) =(Vf(x),y — ), (2.1)

is known as the Bregman distance with respect to f.

We have some important properties of D [5]: the three point property

D¢ (x,y) + Df(y,z) = Dr(x,z) =(Vf(z) = Vf(y),x =y (2.2)

Definition 2.2. [5] Let f : E — (—o0, +00] be a Gateaux differentiable and convex function. The Bregman
projection with respect to f of x € int(domf) onto a nonempty closed convex subset C of int(domf), is the
unique vector pro ]{:(x) € C satisfying

Df(projé(x),x) = inf{D¢(y,x) : y € C}. (2.3)
Definition 2.3. Let T : C — C be a mapping and F(T) = {x* € C : Tx* = x*}, the set of fixed points of T.
Then

(i) a point x € C is called an asymptotic fixed point if C contains a sequence {x,} with x, — X such
that limy,—,eo || Tx, — x|l = 0. We denote by E(T) the set of all asymptotic fixed points of T;

(ii) T is called Bregman relatively nonexpansive if
F(T) = F(T) # 0 and D¢(p, Tx) < D¢(p,x), Vx € C, p € F(T);
(iii) T is called Bregman firmly nonexpansive if

(VA(Tx)=Vf(Ty), Tx = Ty) <(Vf(x) = Vf(y), Tx = Ty), Yx,y € C.
The above inequality is equivalent to
D¢(Tx, Ty) + Dy(Ty, Tx) + D¢(Tx,x) + Df(Ty, y)

< Df(Tx,y) + D¢(Ty,x), Vx,y € C.

Definition 2.4. [18] Let f : E — (—o0, 00| be a Gateaux differentiable and convex function. Then f is
called:
(i) totally convex at x € int(domf) if its modulus of total convexity at x, i.., the mapping vy :
int(domf) x [0, +00) — [0, +00) such that
ve(x,t) := inf{Df(y, x) : y € domf,|ly — x|| = t},

is positive for t > 0;

(ii) totally convex if it is totally convex at each point of int(domf);
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(iii) totally convex on bounded sets if vy : int(domf) x [0, +00) — [0, +00) such that
vf(B,t) = inf{vf(x, t):xeB ﬂdomf},
is positive for any nonempty bounded subset B of E and t > 0.

Definition 2.5. A mapping f : E — (—c0, 40| is called:

(i) strongly coercive if limyj— +oo % = +00;
(ii) sequentially consistent if for any {x,}, {y,} C E where {x,} is bounded,

lim D¢ (yn, xn) = 0 implies 7}im [y — xull = 0.

n—00

Lemma 2.1. [15] Let E be a Banach space and f : E — R be a Giteaux differentiable and totally convex
function which is uniformly convex on bounded subsets of E. Let {x,} and {y,} be bounded sequences in E.
Then

lim D¢(xy, yn) = 0 if and only if 31_1’)1010 [l = yull = 0. (2.4)

n—oo

Lemma 2.2. [17] Let f : E — (—o00,+00] be uniformly Fréchet differentiable and bounded on C C E, a
bounded set. Then, f is uniformly continuous on C and V f is uniformly continuous on C from the strong
topology of E to the strong topology of E*.

Lemma 2.3. [18] Let f : E — R be a totally convex function. If xo € E and the sequence {Ds(xo, xn)} is

bounded, then the sequence {x,} is bounded.

Lemma 2.4. [19] Let f : E — (—oco,+0co] be a Gateaux differentiable and totally convex function on
int(domf). Let x € int(domf) and C C int(domf), a nonempty closed convex set. If v € C, then the

following statements are equivalent:

(i) v € Cis the Bregman projection of x onto C with respect to f, i.e., v = pro ]fé(x) ;

(ii) the vector v is the unique solution of the variational inequality
(Vf(x)=Vf(v),v—uy=0, YueC;
(iii) the vector v is the unique solution of the inequality
D¢(u,v) + Df(v,x) < Dg(u,x), Yu€C.

Lemma 2.5. [15] Let E be a reflexive Banach space, let f : E — R be a strongly coercive function and let
Vi EXE" — [0, +00) be defined by

Vi(x,x") = f(x) = (x,x") + f*(x"), Vx€E,x" €E".

Then the following assertions hold:
(1) Vi(x,x) = Dg(x, Vf*(x")), Vx€E,x" € E";
(2) Vi(x,x) +y VI (x') =x) < Ve(x,x +y'), Vx€Ex",y €E".
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Lemma 2.6. [15] Let E be a Banach space, t > 0 be a constant and f : E — R be a uniformly convex

function on bounded subsets of E. Then

f(z akxk) < Z i f (xe) — azejpy (Ilxi = xll),

k=0 k=0

foralli,j€{0,1,2,..,n}, x, € rB,ay € (0,1) and k = 0,1,2, ..., n with Y.} _, o = 1, where p, is the gauge

of uniform convexity of f.

Lemma 2.7. [16] Let f : E — (—00,+00| be a proper lower semicontinuous and convex function, then
f* i E* — (=00, +-00] is proper weak* lower semicontinuous and convex. Hence, Vg is convex in the second

variable. Thus, for all z € E, we have

N N
o (z, v (Z tin(xi)]] <) tiDys(z,x), (2.5)
i=1 i=1

where {x;}Y, C Eand ()Y, C (0,1) with YN =1

i=

Lemma 2.8. [24] Let C be a nonempty convex subset of E and f : C — IR be a convex and subdifferentiable
function on C. Subsequently, f attains its minimum at x € C if and only if 0 € Jf(x) + Nc(x), where
Nc(x) is the normal cone of C at x, that is

Ne(x):={x"€E" :{(x—2zx") >0, Vze C}.

Lemma 2.9. [11]Let f : E — IR be a convex, strongly coercive, lower semicontinuous, Gdteaux differen-
tiable and cofinite function. Let G : C X C — (—o00,+o00| be a function such that G(x,-) is proper convex
and lower semicontinuous on C for every fixed x € C. Then, for every A € (0,00) and x € C, there exists
z € C such that

z € argmin {)\G(x, y) +Df(y,x):y € C}.

Furthermore, if f is strictly convex, then this point is unique.
Let CB(C) denote the family of nonempty closed bounded subsets of C.

Lemma 2.10. [20] Let E be a reflexive Banach space, and let f : E — R be uniformly Fréchet differentiable
and totally convex on bounded subsets of E. Let C be a nonempty closed and convex subset of int(domf)
and T : C — CB(C) be a Bregman relatively nonexpansive mapping. Then F(T) is closed and convex.

Lemma2.11. [18]Let f : E — (—00, +00] be a Gateaux differentiable and totally convex function, xo be an
element in E and C be a nonempty closed convex subset of E. Suppose that the sequence {x,} is bounded and
the weak limits of any subsequence of a sequence {x,} belong to C C E. If D¢(xy,x0) < Df (proj{:(xo), X0)

forany n € IN, then {x,} converges strongly to proj{:(xo).

Lemma 2.12. [9] Let {a,} and {b,} be sequences in R such that a, < b, for all n € IN. Suppose that

0,0 €(0,1)and 0 < p < 6. Then, there exists a sequence {a,} such that apa, < ub, and op < a, < 6.
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By the Lipschitz-type continuity of G on C and Lemma 2.12, from Corollary 2.6 in [9], we have
the following Lemma.

Lemma 2.13. Let G be Lipschitz-type continuous on C with two positive constants ci and cp. Suppose that

g€ (0,1),6 < min {%, %} and 0 < u < 0. Then, there exists a real number 1 such that

u(Ds(x,y) + Ds(y,2)) 2 1 (G(x,2) - G(x,y) - G(y,2))

and oy <1 < 6 wherex,y,z € C.

Assumption 2.1. The bifunction G : C X C — R satisfies the following assumptions:
(A1) G(x,x) = 0and G is pseudomonotone, i.e., G(x,y) > 0 implies G(y,x) <0 forall x,y € C;

(A2) G satisfies the Bregman Lipschitz-type condition, i.e., there exist two positive constants c1,cp such
that

G(x,y) +G(y,z) 2 G(x,z) —c1Ds(y,x) — caDg(z,y), Vx,y,z€ C; (2.6)

(A3) G is weakly sequentially continuous on C X C in the sense that if {x,}, {y.} C C are two sequences
converging weakly to x and y, respectively, then G(xp, yn) = G(x,y) as n — co;
(A4) G(x,-) is convex lower semicontinuous and subdifferentiable on C for every fixed x € C.

3. MaIN Resurr

In this section, we propose a new inertial Bregman subgradient extragradient algorithm for
approximating a common solution of the pseudomonotone equilibrium problem and the fixed
point problem associated with a Bregman relatively nonexpansive mapping.

Motivated by the Bregman hybrid extragradient method of Eskandani et al. [11] and the inertial
subgradient extragradient technique of Thong et al. [23], the proposed algorithm incorporates
an inertial extrapolation step together with a self-adaptive stepsize rule. We establish the strong
convergence of the generated sequence under suitable assumptions.

Let E be a reflexive Banach space and C be a nonempty closed and convex subset of E. Let
G : CxC — R be a bifunction satisfying (A1)-(A4) and T : C — C be a Bregman relatively
nonexpansive mapping. Let f : E — R be uniformly Fréchet differentiable, strongly coercive,
Legendre, uniformly convex and totally convex on bounded subsets of E, and bounded on bounded
subsets of E. Assume further that f* is uniformly convex on bounded subsets of E*. Suppose that
the solution set Q) := F(T) N EP(G) # 0.

11
Algorithm 3.1 (Inertial Bregman subgradient extragradient method). Pick A1 > 0, 6 < min {c_' C—},

1 C2
0 < p < 6 and initial iterates xo,x; € C = Co = Qoand xo = x1. Setn = 1,0 > 0, ¢, € (0,1) and 6,
such that 0 < 0, < 6, with 6,, defined by

. En
B min {6, _
0, = [l — x5-1l
o, otherwise.

}, if Xp # Xn-1
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Compute

kn = Xn + On(Xn — Xp-1),
Yn = argmin{)\nG(kn,z) + Df(z,kn) 1z € C},
Zy = Argmin [/\nG(yn,z) + Df(z,kn) :zeCnN Dn},
where D, = {v € E : (Vf(kn) = Aywy = V£(yn),v = yn) <0}
and wy, € 32G(ky, yn), (3.1)
b = VF BV (k) + (1= Bu)VA(T20),
C, = {v € C: Df(v,ty) < Df(v,kn)},
Qu=1{veC:(Vf(xo) =Vf(xn),v—2x,) <0},

Xpi1 = prOjféan (x0),

and

. {A #(Ds (k) + Dy (zu, yn)) }
" G(kn,zn) = G(kn, yn) = G(Yn, zn) ’
if G(ku,zn) — G(ku, yn) = G(Yn, zn) >0
Ay, otherwise,

forall n € N, where {8,} € (0,1) with liminf, e B (1 —By) > 0.

App1 = (3.2)

Lemma 3.1. Let {ky}, {yn} and {z,,} be the sequences generated by Algorithm 3.1. Then
(i) CC Dy, foralln € N,

(ii) the following estimate is satisfied, for each x* € EP(G),
* * Al’l
Df(x",zn) < Df(x", k) — (1 T y) D¢(Yn, kn)
n+1

- (1 - f—ﬂu) Dy (2, ). (33)

Proof. (i) We first show the existence of w,. Since

yn = argmin{A,G(kn, y) + D¢(y, kn) : y € C},
it follows from Lemma 2.8 that

0 € 9(AuGlkn, y) + Dy(y,kn) () + Ne(y).
This implies that there exist wy, € d2G(ky, Yn), @n € Nc(yn), such that

0= Awy + VI(yn) — Vf(ky) + @y

Then by the definition of N¢(+), we get

<Vf(y") - Vf(kn)fy —Yn) 2 AW, yn —y), Yy €C. (3.4)
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Hence
(Vf(ki) = Vf(Yn), y = Yn) = Ant0n, y = yn) <0, ¥y € C

and

(VF(ky) = Aywy =V f(yn), y—yn) <0, YyeC.
This shows that C € D,,, for all n € IN.

(ii) Also, since
zy = argmin{A,G(yn, y) + Ds(y,kn) : y € CN Dy},

it follows from Lemma 2.8 that

0 € 9(AG(yn,y) + Dy (y,kn)) (20) + Nerp, (20)-
Then, there exists s,, € d2G(yy,z4) and 5, € Nenp, (z,) such that

0= Ausn + Vf(zn) = Vf(kn) + 5n.

Then by the definition of Ncnp, (), we get

AnlSn, Y —2zn) 2 (Vf(kn) =V f(zn),y—2zn), Yy e CND,.

Since x* € EP(G) c C C D,, it follows from (3.7) that
AnlSn, X" =2y 2 (Vf(ky) =V (zn), X" —2z4).
Using the definition of d2G(yy,, z,), we get
G(Yn, X*) = G(Yn,zn) = (Sn, X" — zp).
This together with (3.8) yields

M (G(Yn, X) = G(Yn,zun)) 2 (Vf(kn) = Vf(zn),x" = zn).

(3.5)

(3.10)

Since x* € EP(G), then G(x*, y,) > 0. Using the pseudomonotonicity of G, we get that G(y,,, x*) < 0.

Hence
MG (Yn,zn) <V f(zn) = Vf(kn), X" = 2zn).

From the fact that w, € d>G(ky, y,) and the definition of subdifferential, we get

G(kn, y) = G(kn, Yn) = (Wn, y — yn), Yy €C.
Since z,, € D,,, then
V£ (k) = Auton =V f (Y1), 2 = Y} < 0.
Hence
(Vf(kn) = V(Yn),zn = Yn) < AnWn, Zn = Yn)-
From (3.12) and (3.14), we obtain that

An (Glkn, 2n) = Glkn, Yn)) 2 KV f(kn) =V f(Yn), 20 = Y-

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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Combining (3.11) and (3.15), we have
(Vflkn) =V (Yn),zn—yn) +(Vf(kn) = Vf(zp),x" —z4)
< A (Glkn, z) = Glkn, Yn) — G(Yn, 20)) - (3.16)
Using the three-point identity, we have
Ds(x",zn) = Df(x", k) = =D (zu, kn) +(Vf(kn) = Vf(zn),x" = zn).
Again, applying the three-point identity with x = z,, y = y,, z = k,, we obtain

Dy(zn,kn) = D(Yn kn) + D (zn, yn) + <V f(yn) =V (kn), 20 = yn)-

From the above two equalities and (3.16), we get that

D¢(x",zn) < Df(x", kn) = Df(Yn, kn) = Df(2n, Yn)
+ Ay (G(km Zn) - G(kn/ yn) - G(yn,zn)) . (3.17)

Furthermore, by the definition of A, 1, we have

Df(x*,zn) = Df("*rkn) - Df(yn/kn) - Df(znr]/n)

An
+ A_l/\n—i-l (G(knzzn) - G(kn/ yn) - G(ynrzn))
n+

< Df(X*/kn) - Df(]/n,kn) - Df(zn/ yn)

An
+_ D n/kn +D Zi’l/ n
7= (Ds(ynka) + Dy (zn, )
* An
= Df(x ,kn) —(1 - m{l) Df(yn,kn)

An
(i o o
n+1

O

Lemma 3.2. Let {x,} be a sequence generated by Algorithm 3.1. Then 3 C C,, N Qp, Yn > 0 and {x,} is
well-defined.

Proof. Let p € (), by Lemma 3.1, we obtain that
Dy(p,tn) = Ds(p, Vf (BaVf(kn) 4 (1= Bn)Vf(Tzu)))

< BuDy(p kn) + (1= Bn)Ds (p, Tzn)

< BuDy(p,kn) + (1= Pu)Dy(p, zn)
< Df(p, kn).- (3.19)

)
)

Thus p € C,.. Therefore () C C,;, Yn > 0. Further, by induction we show that Q c C, N Q,, Yn > 0.
AsQp = C,wehave () C CoNQp. Suppose that 2 C C, N Qy, forsomem > 0. Thenx,, 11 € Cy N Qu
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and x,,+1 = pro j’ém O, (x0). From Lemma 2.4, we get

(Vf(x0) =Vf(xms1),p—xmt1) <0, Vpe Q, (3.20)

which implies p € Q1. Hence, OO C Cy,11 N Qyy41 implies OO € C, N Qy, ¥ > 0. Moreover, C,
and Q, are closed and convex. Indeed, Q, is the intersection of C and a closed half-space. Also,

C, is closed and convex since
D¢ (v, tn) < Dy (v, kn)
is equivalent to
f(©) = f(tn) =Vf(tn), 0= tn) < f(0) = f(kn) =V f(kn), 0~ kn).
It follows that
(Vf(kn) =Vf(tn),0) < f(tn) = f(kn) + Vf(kn), k) = (Vf(En), t).

which defines a closed half-space. Therefore, C,, N Q, is a nonempty closed convex subset of C.

Hence x,,41 = pro ]én "o, (x0) is well-defined for all n > 0. This implies that {x,} is well-defined. O
Lemma 3.3. The sequences {x}, {kn}, {yn} and {z,,} generated by Algorithm 3.1 are bounded.
Proof. Letp € Q). Since x, = pro jéH no, , (X0), by Lemma 2.4, we have
D¢ (p, xn) < Df(p,x0) = Df(xu,x0) < Df(p, x0)-
Hence {D¢ (p, xn)} is bounded. By Lemma 2.3, {x,} is bounded. From the definition of k,, we have
ky = x4 + O (X — Xp—1).

Since 0 < 6,, < 6, < 6, it follows that {k,} is bounded. Consequently, since f and Vf are bounded
on bounded subsets, the sequence {Df(p, ky)} is bounded. Next, by Lemma 3.1, for every p € Q,
we obtain

D¢(p,zn) < Dy (p, kn)-
Thus {Dy (p,zn)} is bounded. By Lemma 2.3, {z,,} is bounded. Moreover, Lemma 3.1 gives

An
(1 - Anit ‘u) Df(yn/kn) < Df(P/kn) - Df(p,Zn) < Df(p/kn)

Since {A,} is nonincreasing and bounded below by a positive number, there exists A > 0 such that

Ay — A. Hence A, /A, 41 — 1. Since 0 < u < 1, we have

An
1- >0,
/\n+l :
for all sufficiently large n. This implies that the coefficient 1 — /\:}«}:1 u is eventually positive. Hence

{D f(yn, ky)} is bounded. We now show that {y,} is bounded. Suppose, to the contrary, that {y,}
is unbounded. Since {k,} is bounded and f is bounded on bounded subsets of E, the sequence

{f(kn)} is bounded. Moreover, since f is uniformly Fréchet differentiable on bounded subsets of
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E, Lemma 2.2 implies that Vf is uniformly continuous on bounded subsets. Hence {Vf(k,)} is
bounded. Then there exist constants M, M; > 0 such that

k)l <M, |IVf(ka)ll <M, lknll <My, VY0 > 1.

Thus, foralln > 1,
D¢ (yn, kn) = f(yn) = f(kn) =<V f(kn), Yn — kn)

> f(yn) = 1f (k) = IV (ki) Iy = Kl
2 f(Yn) = M= M(llyall + lIkull)
> f(yn) =M = Mllyull - MM;.

Since f is strongly coercive, the right-hand side tends to +oco whenever ||y,|| — co. Hence
D#(yn, kn) — +oo, which contradicts the boundedness of {D¢(yy, ku)}. Therefore {y,} is bounded.
Consequently, {x,}, {k.}, {y.} and {z,,} are bounded. O

Lemma 3.4. Let {x,}, {ku}, {yu}, {24} and {t,,} be sequences generated by Algorithm 3.1. Then, there hold the
relations limy, e |[Xp4+1 — Xull = 0, im0 [IX — kill = 0, limy, 0 |Iky — tall = 0, limy o [lkn — yall =0,

Proof. Since x,41 € C,, N Qp, we have x,11 € Q,,. Hence,
(Vf(x0) = Vf(xn), Xpst1 —xn) < 0.
By the three-point identity, we have
D¢(xus1, %) +Ds(xn, x0) = Df(xny1,%0) = (Vf(x0) = Vf(xu), Xnt1 — Xn).

Therefore,
Dy (xn,%0) < Df(Xny1,%0) = D(xn11, Xn)-
It follows that
Dy (xn,x0) < Df(xu41,%0), Y1 20, (3.21)

which implies {D(x,, x0)} is nondecreasing. By the boundedness of {D ¢ (xy, X0)}, limy—e0 D (X, X0)

exists and is finite. Further,
Df(xus1,%n) < D(xn11,X0) = D (%, Xo).
which yields lim;, e D f(xn+1, x,) = 0. Using Lemma 2.1, we have
Tim Jlx 41 = 2l = 0. (3.22)
From the definition of k;,
Ik = xall = Nl(xn + On(xn = xn-1)) — xall

= ||6n(xn _xn—l)”
< Ollxy — xp-1ll, (3.23)
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which implies by above that
lim [k — 2l = 0. (3.24)
Since ||k, — X111l < |k — xull + x5 — x5211], it follows from (3.22) and (3.24) that
nlgl; Ik — xn—i—l” =0. (325)

Using Lemma 2.2 and the fact that f is uniformly Fréchet differentiable, we get

Tim [£(ky) = f(as1) = 0 (3.26)
and
Tim [V (k) =V (xn51)ll = O. (327)

By the definition of D f(~, 1), we get
Df(xn-i-l/kn) = f(xn-i-l) _f(kn) - <Vf(kn)/xn+l - kn>

Since f is uniformly Fréchet differentiable, it is uniformly continuous on bounded subsets. Hence,
by (3.25) and (3.26),

V}En Df(xn+],kn) =0. (328)

Asxyp1 = projéan (x0) € Cy, we have

Df(xns1,tn) < Dp(xns1,kn) (3.29)
and hence by (3.28),
nh_r)rolo D¢ (xn41,tn) = 0. (3.30)
By Lemma 2.1, we have limy,,« [[X,+1 — t4|| = 0. Using the fact above, we derive
lIkn = tull < llkn = Xnall + X041 — £all = 0, as n — oo. (3.31)
So, we have
Tim £ (k) = f(£)] = 0 = lim [V (ky) = V£ (t2)Il. (3:32)

Moreover,

D¢y kn) = D¢ (y,tn) = f(y) = f(kn) = (Vf(kn), y — k)
= (f(y) = f(tn) =V f(tn), y — tn))
= f(tn) = f(kn) = (Vf(kn), y = k)
+(Vf(tn), y = tn)
= f(tn) = f(kn) =<V f(kn), y —ta)
—<kan),tn—k>+(Vf(tn) —tn)
= f(tn) = f(kn) =V f(kn) = Vf(tn), y = tn)
—(Vf(ky), ta —kn), Yy e€C. (3.33)

n

f
(
(
(
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By the previous inequality, we get that

lim (Dy(y, ku) = Ds(y,ta)) =0, Yy € C. (3.34)

n—oo

Let p € Q). From the Algorithm 3.1 and Lemma 2.6 applied to f*, we obtain that

Ds(p,ta) = Dy (p, VF (BaVf(kn) + (1= Bu)VF(T2n)))
Vi (p,BaVf(kn) + (1= Ba)VF(Tz2))
F(p) =0, BaV f(kn) + (1= Bu) VF(Tz0))
+ f (BaV f(kn) + (1= Bu)VF(Tz0))
< f(p) = Bulp, Vf (kn)) = (1= Bu)(p, V£ (T2))
+Baf (Vf(ka)) + (1= Bu) f*(VF(Tz0))
= Bu(1 = Bu)pi(IV £ (kn) = V£(Tza)Il)
= Buf(p) + (1=Ba) F(p) = Bulp, V. (kn)) = (1= Bu)(p, V£ (Tzn)
+Buf (Vf(ka)) + (1= Ba) f(VF(Tz0))
= Bu(1 = Bu)p}(IVf (k) = V£(Tza)I)
= BaVi(p, V(kn)) + (1= Bu)Vs(p, Vf(Tz))
= Bu(1 = Bu)pi(IV £ (kn) = V£(Tza)I)
= BaDy(p, kn) + (1= Ba) Dy (p, Tzn)
= Bu(1 = Bu)p}(IVf (k) = V£ (Tza) )
< Dy(p, k) = Bu(1 = Ba) o3 (IV £ (k) = VF(T2a)Il). (3.35)

This implies that

Bu(1 = B)pi(IVF (k) = VA(Tza)ll) < Dy (p,kn) = Dy(psta). (3.36)

Since ||k, — t4|l — 0 and the sequences involved are bounded, the uniform continuity of f and V f

on bounded subsets implies D f(p, ky,) —D f (p, ta) — 0. Since

liminf B, (1 - B) > 0,

n—oo

it follows from (3.36) that
pi(IVf (ka) = VF(Tzp)ll) = 0.

Since p;(s) > 0 for all s > 0, we obtain
IVf(kn) = Vf(Tzu)ll = 0, as n — co. (3.37)
Moreover, since {k,} and {Tz,} are bounded, we have
D¢(Tzu, kn) + Df(kn, Tzn) = Vf(Tzn) = Vf(kn), Tzn = kn)
<IIVf(Tzn) = Vf(kn)llTzn = kull — .
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Hence
Df(TZn, kn) - O.

By Lemma 2.1, we conclude that

1Tz, — kull — 0.
On the other hand, by Lemma 3.1, we have
A A
(1_ - F)Df(yn/kn)+(1__n“)Df(anyn) SDf(plkﬂ)_Df(plzn)' (3.38)
/\n+] Ai’lJrl
Since the coefficient
1- A
An—&-l

is positive for all sufficiently large 1, it follows from (3.38) that

0< Df(Prkn) —Df(p,Zn)

for all sufficiently large n. Since p € F(T), we have

D¢(p, Tzn) < Df(p,zn).

Hence, for all sufficiently large n,

0< Df(P/kn) _Df<Pan) = Df(Prkn) _Df(PrTZn)-

Moreover, since ||k, — Tz,|| — 0 and the sequences involved are bounded, the uniform continuity

of f and Vf on bounded subsets implies

D¢(p,ku) = Ds(p, Tzu) — 0.
Therefore,

D¢(p,kn) = Dg(p,zn) — 0.
Consequently,

Df(yn,kn) — 0 and D¢(zyn, yu) — 0.

Since f is totally convex on bounded subsets, Lemma 2.1 yields

lyn —kall > 0 and iz, — yull = O. (3.39)
Consequently,

1z = knll < ”Zn_yn”"‘”yn_kn” - 0. (3.40)
Combining this with ||k, — Tz,|| = 0, we obtain ||z, — Tzl < l|lzx — kull + llkn — Tz4|l — 0. Thus,

nlim ||z, — Tzy|| = 0.

Finally, since ||x, — k4|l = 0 and ||z, — kx|l = 0, we also have [|x, — z,|| = 0.
Therefore, all the asserted relations hold: lim, e |[x;11 — x4l| = 0, limyoellx, —kull = 0,

lim, e [lky —tall =0, limyu—e Ik — yull = 0, and limy, .« |lky, — z,l| = 0. Moreover, ||z, — Tz,|| — 0.

This completes the proof. m]
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Theorem 3.1. Let {x,}, {kn}, {yn} and {z,} be sequences generated by Algorithm 3.1. Then there exists

x* € C such that x* € Q) := F(T) N EP(G) and {x,} converges strongly to x* = projf;(xo).

Proof. Let {x,, } be an arbitrary weakly convergent subsequence of {x,}, say x,, — ¥ € C. By Lemma
3.4, we have

llx, — knll = 0, llky, — znll = O.

Hence

Moreover, Lemma 3.4 gives

llzy; = Tzull — 0.

Therefore,

||Zl/lk - TZi’lk” — 0.

By the definition of an asymptotic fixed point, we obtain X € F(T). Since T is Bregman relatively

—

nonexpansive, F(T) = F(T). Thus X € F(T). Next, we show that ¥ € EP(G). Since
yn = argmin{),G(kn, y) + D¢(y, kn) : y € C},
we have
/\nk(G(knk' y) - G(knk’ ynk)) 2 <Vf(yﬂk) - Vf(knk), Y = y>
for all y € C. By Lemma 3.4, we have
||y71k _knk” - 0.

Since {y;,} and {k,, } are bounded and f is uniformly Fréchet differentiable, it follows from Lemma

2.2 that V{ is uniformly continuous on bounded subsets of E. Hence,

IVf(Yn,) = Vf (k) Il = 0.

Moreover, {y;,} is bounded and y € C is fixed, so {y,, — y} is bounded. Therefore,

(V) = V£ ), = )| < IV Fyn) = VF ()l i, = 3l = 0.
Consequently,
VS (ymd) =V f(kn)s Y = y> = 0.
Using the weak sequential continuity of G, we obtain
Gk, y) = G(x,y) and G(ky,ys) — G(%,X) =0.

Passing to the limit in the above inequality yields

MG, y) - G(%,%)) 2 0.
Since G(%, %) = 0, we obtain

G(x,y) >0, Yy e C.
Hence % € EP(G). Therefore ¥ € F(T) NEP(G) = Q. Since the weakly convergent subsequence

{x,,} was arbitrary, every weak cluster point of {x,} belongs to (). Since () is a nonempty closed
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convex subset of E, the Bregman projection projé(xo) is well-defined. Let x* = pro jf;(xo). Since
Xpt1 = proj{: "0 (x0) and projg(xg) € O € C, NQy, by Lemma 2.4 we obtain that
D¢ (xu41,%0) < Df(projg(xo),xo). (3.41)
f

It follows from Lemma 2.11 that {x,} converges strongly to x* = proj,,(xo). This completes the
proof. m]
4. CONSEQUENCES

Let E be a real Banach space and 1 < g < 2 < p with ’lj + % = 1. For the p-uniformly convex
space, the Bregman distance has the following relation [19]:

Tllx =yl < D’1_7||.||p (x,y) < <]Z(x) - ]Z(]/)rx -y, (4.1)
where 7 > 0 is a fixed number and duality mapping J%, : E — 2F" is defined by
Jo(x) = {f € E": (x, ) = Il £l = P,

for all x € E. We know that if E is a smooth strictly convex and reflexive Banach space, then ]Z isa
single-valued bijection and in this case, J% = (J%.)™!, where J1. is the duality mapping of E*.

For p = 2, the duality mapping J?, is called the normalized duality and is denoted by J. The
function ¢ : E2 — R is defined by

Oy, %) = Iyl = 2y, Jx) + IxIP, (4.2)
for all x, y € E. The generalized projection I'lc from E onto C is defined by
Ic(x) = argmin,ecd(y, x), ¥x € E,

where C is a nonempty closed convex subset of E.
We consider the case p = 2 and the Lyapunov function (4.2). Furthermore, if A; is L;-Lipschitz

continuous, then G; is Bregman-Lipschitz-type continuous with ¢;1 = ci» = 2% Let E be a

uniformly smooth and uniformly convex Banach space and f(-) = %ll -|>. Therefore, V f =
LR

J: Dy (x,y) = 1p(x,y) and projé” "= Ilc. In particular if E is a Hilbert space, then Vf =
1R

I, D%IHIZ (x,y) = %Hx —y|I> and projé” IF_ Pc, where P is the metric projection.

As a direct consequence of Theorem 3.1, we obtain the following result for uniformly smooth
and 2-uniformly convex Banach spaces. For the following corollary, let C be a nonempty closed

convex subset of a uniformly smooth and 2-uniformly convex Banach space E. Let

1
fx) = 5||x||2, x€E.

Then Vf = J,D¢(x,y) = 3¢(x,y), and projfé = I1c. Moreover, when

£lx) = i,
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the notion of a Bregman relatively nonexpansive mapping coincides with that of a relatively

nonexpansive mapping.

Corollary 4.1. Let G : CX C — R be a bifunction satisfying Assumption 2.1. Let T be a relatively
nonexpansive mapping on C. Let Q) = F(T) NEP(G) # 0. Assume that Ay > 0,6 < min{1/c1,1/c¢}, and
0 < p < 0. Suppose that {x,}, {kn}, {yn} and {z,,} are generated by
xo,x1 € C = Co = Qo, X0 = x1,
kn = xn + 05 (X — x4-1)
Yn = argmin {/\nG(kn,z) + %qb(z,kn) 1z € C}
Zy = argmin {AnG(yn,z) + %(ﬁ)(z,kn) zeCnN Dn}
where D, = {v € E : (J(ky) = Aytwy — J(yu), v = yn) < 0}
and wy, € d2,G(ky, Yn)
te = ] (BuJ (k) + (1 = Bu)J(Tzn))
Co=f{veC:o(v,ty) < (v, k)]
Qn=1{veC:{J(x0)—J(xn),v—2x,) <0}

Xn+1 = Ig,ng,Xo,

(4.3)

and

. H(¢(yn1kn) +¢(anyn))
in {A’“ 2 (Glkn, 20) — Gl yr) - G<yn,zn>>}'
Aps1 = if G(kny ) = G(Kny Y) = G (Y, z0) > O (4.4)
Ay, otherwise

where {0,,} satisfies the condition in Algorithm 3.1 and {B,} C (0,1) such that iminf, e (1 —px) > 0.
Then, {x,} converges strongly to I1q(xp).

Next, we discuss an application of Theorem 3.1 to a variational inequality problem for a pseu-
domonotone mapping.
Let C be a nonempty closed convex subset of a reflexive Banach space E, E* be the dual of E and

A : C — E" be a nonlinear mapping. The mapping A is said to be pseudomonotone on C if
(Ax,y—x) > 0= (Ay,x—y) <0, Yx,y € C.
We state the variational inequality problem as follows:
Find x* € C such that (Ax*,x—x") >0, Yx € C. 4.5)

If we take the bifunction G(x, y) = (Ax, y —x) for all x, y € C, then the equilibrium problem reduces
to the above variational inequality problem. If E is a real Hilbert space, it is well-known that x* is

a solution of (4.5) if and only if x* solves the fixed point equation

X" = Pc(x" — AAX"), A > 0.
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It was shown in [11] that if A is a pseudomonotone and L-Lipschitz continuous mapping from
C to E, then G(x,y) = (Ax,y — x) is pseudomonotone and Bregman Lipschitz continuous. The
following lemma follows from Lemma 4.1 in [11].

Lemma 4.1. Let C be a nonempty closed convex subset of a reflexive Banach space E, A : C — E* be a
mapping, and f : E — R be a Legendre function. Then

proj{:(Vf*(Vf(x) - AA(y))) = argmingec {)\(Ay,w —y) + Dg(w, x)} , (4.6)

forallx e E,y € Cand A € (0,4o0).

Corollary 4.2. Let A be a weakly sequentially continuous, pseudomonotone and L-Lipschitz continuous
mapping from C to E*. Let T be a Bregman relatively nonexpansive mapping on C. Let Q) = F(T) N
VIP(A,C) # 0. Assume that Ay > 0,0 < min{l/c1,1/¢c2}, and 0 < p < 6. Suppose that {x,}, {k}, {yn}
and {z,} are generated by

Xp, X1 € C= Co = Qo,Xo = X1,
ky = xn + Qn(xn - xn—l)
Y = projl (Vf* (Vf(ka) = AuA(kn)))
20 = projlep, (VF (Vf(kn) = AuA(yn)))
where Dy, = {v € E : (Vf(kp) — MA(kn) =V f(yn), v = yn) < 0} 4.7)
te =V (BaVf(kn) + (1= Bu)VF(Tzn))
Cy = {v € C: Df(v,ty) < Df(v,kn)}
Qn={veC:(Vf(xo) = Vf(xn),v—2x,) <0}

Xpi1 = prOj’éanxo,

and

mind 1 H(Df(yn/kn)+Df(anyn))
v <A<kn)_A(]/n>/Zn_]/n> ’

if (A(kn) = A(Yn),zn — yn) >0

Ayn, otherwise

A1 = (4.8)

where {0,} satisfies the condition in Algorithm 3.1 and {B,} C (0,1) such that liminf, e fn(1 —pn) > 0.

Then, {x,} converges strongly to pro ]";)(xo).

5. NuMERIicAL ExaAMPLE

To illustrate the convergence behavior of the proposed algorithm, we present numerical exam-
ples in Hilbert spaces.

We use ||x,1 — xp|| < 107* as the stopping criterion, with a maximum number of iterations equal
to 25000.
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Example 5.1. In this example, we take E = R0 gnd

£(x) = IIP.

Then Vf =1,
Dy(x,y) = 5l yif,
and the Bregman projection reduces to the metric projection. We suppose that the set C has the form
C={xeR":-2<x<5i=12,..,10}.
For each numerical experiment, the matrices P, Q € R0 are generated randomly such that
Q=A"A, P=Q+B'B
where A, B € R0 are random matrices. Hence, P and Q are positive semidefinite and
P-Q=>0.
We consider the bifunction G defined by
G(x,y) =(Px+Qy+q,y—-x), Vx,y € C.

The positive semidefiniteness of P — Q implies that G is monotone and hence, pseudomonotone. Indeed,
G(x,y) +G(y,x) = «((P-Q)(x—y),x—y)y < 0. It is known (see Muu and Oettli [14]) that the
bifunction
G(x,y) = (Px+Qy+q,y—x)
satisfies the Lipschitz-type condition with
P —Qll

1 =C = > .

The mapping T : R1® — R0 is defined as the projection Pc and the following initial points were considered:

x(V = (0.8,-0.4,0.8,-0.4,...,0.8,-0.4)
x? =(1,-05,1,-05,...,1,-0.5)
x® = (15,-1,0,...,0).

For Algorithm 3.1, we choose

11
A1 = 0.36, 6=09 min{—, —}, =030,
C1 C2
which guarantees that
(11
O<pu<bd <m1n{—,—}.
c1 C

Moreover, we set
5

(n+1)%
and select 0, according to the rule in Algorithm 3.1.

6:5, Ep =

Bn = 0.5,
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The performance of Algorithm 3.1 for different initial points is reported in Table 1. For each initial point,
we record the number of iterations, the CPU time, and the final error corresponding to the stopping criterion

[Ixi41 — xnll < 1074

TasLE 1. Performance of Algorithm 3.1 for different initial points in Example 5.1
Initial point Iterations CPU time (s)  Final error

x(D) 12551 4.4290 9.9008 x 107°
x2) 21830 7.8503 9.9937 x 1075
x®3) 15537 5.9327 9.9198 x 107°

As shown in Table 1, Algorithm 3.1 converges for all tested initial points. Although the number of
iterations varies depending on the starting point, the obtained final errors remain of the same order of

magnitude and satisfy the prescribed stopping criterion.

Iterations for Different Initial Points
21830

20000 H

15000 A

10000 H

Iterations

5000 A

x@
Initial Point

Ficure 1. Number of iterations required by Algorithm 3.1 for different initial points

in Example 5.1.

Figure 1 illustrates the influence of the initial point on the convergence behavior of Algorithm 3.1.
Although the number of iterations varies for different starting points, the algorithm converges successfully
in all tested cases. The obtained final errors remain below the prescribed tolerance, demonstrating the

stability of the proposed method.

Example 5.2. Let E = (*(R) be the Hilbert space whose elements are all 2-summable sequences {2, of

scalars in R, that is

2(R) := {x = (x1,x2,°++,%i,--+), x; € Rand Z x| < oo}
i=1
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with inner product (-,-y : (2X > - Roand ||-|| : €2 > R defined by {x,y) := Y.i°; x;y; and ||x]| =
(2121 |xi|2)%, where x = {xi};?il,y = {yi}l?’il. Let C = {x € E:|lx]| <1}. Define the bifunction G :
CxC—-Rby

G(x,y) = B=IIxll)¢x,y —x), Yx,yeC.
It is easy to show that G is a pseudomonotone bifunction that is not monotone and G satisfies conditions
(A1) - (A4) with Bregman Lipschitz-type constants c; = c; = % We define the mapping T : €* — (* by
T(x) = Pc(x), where:

o x> 1,
Pc(x) = [EY]

x,  otherwise.
Then, T is a Bregman relatively nonexpansive mapping. For Algorithm 3.1, we choose

5
A1 = 0.01, 1=0=z

and set L1
6=09 min{—, —}, u = 0.30.
1 C2

Moreover, we take
5

0 =5, = —, = 0.5,
o (n+1)* P
and select 0, according to the rule in Algorithm 3.1. For the numerical implementation, we approximate
the infinite-dimensional space {*(R) by its finite-dimensional subspace R'®. The following initial points

were considered:

All initial points belong to the feasible set
C={xelP(R): x| <1}

TaBLE 2. Performance of Algorithm 3.1 for different initial points in Example 5.2.

Initial point Iterations CPU time (s)  Final error

x(1) 540 0.2128 9.9578 x 107>

x@ 540 0.1875 9.9578 x 10~°

x(3) 7971 2.7866 9.9254 x 107°

x®) 597 0.1983 9.9699 x 1075
(5)

> 5919 2.0334 5.9851 x 10~°

=
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The numerical results demonstrate that Algorithm 3.1 converges for all tested initial points. Although
the number of iterations varies significantly depending on the choice of the initial point, the obtained final
errors remain of the same order of magnitude. This indicates the robustness of the proposed algorithm with
respect to different starting points.

Iterations for Different Initial Points
9000

8000

7000 4

6000 -

Iterations

& w
[=3 o
Is3 o
o o

3000 A

2000 -

1000 -
540

. Initi;(l'zlioint
Ficure 2. Number of iterations required by Algorithm 3.1 for different initial points
in Example 5.2.

Figure 2 illustrates the influence of the initial point on the convergence behavior of Algorithm 3.1.
Although the number of iterations varies considerably for different starting points, the algorithm converges
successfully in all tested cases. The obtained final errors remain below the prescribed tolerance, indicating

the robustness of the proposed method.
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