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Abstract. A central problem in distribution theory is the construction of flexible models that retain analytical tractabil-
ity while improving shape adaptability in applications. We propose a sine-transformed extension of the Nakagami
distribution by applying a trigonometric mapping to the baseline cumulative distribution function. The resulting sine-
transformed Nakagami model preserves the original two-parameter structure, admits closed-form expressions for both
the distribution and density functions, and yields tractable reliability measures. We establish key structural properties,
including validity, smoothness, and well-defined support; in addition, a hazard modulation representation relative to
the classical Nakagami model is derived; and obtain explicit upper-tail asymptotics showing that the proposed transfor-
mation preserves the light-tailed class while modifying survival decay in a controlled and interpretable manner. Series
representations are developed to facilitate the computation of moments and other related functionals. Parameters are
estimated by maximum likelihood using numerical optimization, and finite-sample performance is evaluated through
Monte Carlo simulation studies. Applications to real data illustrate that the sine-transformed Nakagami distribution

provides an improved goodness of fit compared with the classical Nakagami model for reliability-type data.

1. INTRODUCTION

The development of flexible probability distributions remains a fundamental and crucial topic in
distribution theory and applied statistics, primarily because real-world data is inherently diverse
and complex. Although classical parametric models are widely utilized due to their analytical
tractability and computational simplicity, they frequently lack the necessary flexibility to accu-
rately accommodate the complex skewness, unusual tail behaviors, or time-varying hazard-rate

dynamics commonly observed in empirical data. This limitation has motivated the introduction of
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generator-based extensions that enrich baseline distributions while preserving inferential feasibil-
ity. Early foundational work in this area includes exponentiated families [14], the Marshall-Olkin
transformation [12], and the beta-generated class [8], which provided unprecedented control
over data skewness and tail weights. Further developments in generalized lifetime modeling ad-
dressed computational constraints and expanded analytical capabilities. The Kumaraswamy-G [7]
and McDonald-G [2] families improved mathematical tractability and successfully accommodated
non-monotonic hazard rates. A major paradigm shift subsequently occurred with the T-X fam-
ily [3,11]. By allowing any continuous random variable T to act as a generator for a baseline
variable X via a specific link function W(F(x)), this generalized framework opened the door to
virtually infinite modeling possibilities.

Recently, trigonometric generators have emerged as an appealing alternative for introducing
additional flexibility without excessive algebraic complexity. Bounded periodic transformations,
particularly sine-based constructions, have been shown to modify hazard curvature and tail behav-
ior in a controlled manner. General trigonometric frameworks and specific sine-generated families
have been developed and successfully applied to reliability and lifetime modeling [1,13,18,20].

The Nakagami distribution is a cornerstone model in wireless communications, signal pro-
cessing, medical imaging, and reliability analysis. Owing to its connection with the gamma
distribution, it supports efficient likelihood-based inference and stable computation [9, 10, 15].
While several generalizations of the Nakagami model have been introduced to enhance its flexi-
bility in applied contexts [4,5,17], the classical Nakagami structure remains governed by a single
shape parameter. This limitation may restrict its adaptability when empirical data exhibit subtle
departures in hazard dynamics or tail decay.

Although sine-based generators have been studied within general distributional frameworks,
their structural impact on the Nakagami distribution has not been systematically examined. In par-
ticular, the implications of a trigonometric transformation on hazard behavior, tail characteristics,
and likelihood-based inference within the Nakagami setting remain underexplored. To address
this gap, we introduce a sine-transformed Nakagami (SS-Nakagami) distribution that modifies
the cumulative structure while preserving the original two-parameter framework. Unlike many
generator-based extensions that increase model dimensionality, the proposed model enhances
shape flexibility without introducing additional parameters, thereby maintaining parsimony and
interpretability.

We derive closed-form expressions for the density and distribution functions and establish key
structural properties, including survival and hazard functions, series representations, moments,
entropy, and order statistics. Parameter estimation is conducted via maximum likelihood, and
finite-sample performance is investigated through simulation studies. Applications to real-world

reliability datasets illustrate the practical advantages of the proposed model.
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2. Tue ProroseDp DISTRIBUTION

The probability density function (PDF) of a Nakagami-distributed random variable Y is given
by the following formula:
. — 2m™ 2m—1 ( m 2)
e(yym,Q) = F(m)me exp| =~y y>0.

Let G(y; m, Q) denote the Nakagami cumulative distribution function (CDF),

Y(m, B?)

G(y,m, Q) = Tm)

y>0, 2.1)

where m > 1 and Q) > 0 represent the shape and scale parameters, respectively. In this expression,
I'(z) = fooo t*~le~tdt denotes the complete gamma function, and y (s, z) = foz t5-1e~tdt represents the

lower incomplete gamma function.
Definition 2.1. The cumulative distribution function of the SS-Nakagami distribution is defined by
Flyim, ) = sin( 3G (y;m, 0)) 22)

Substituting Equation (2.1) into (2.2) yield

F(y;m, Q) = sin| =

rim By
Z%] y>0, (2.3)

where m > 1 and Q > 0. Since 0 < y(n;(z) ) < 1, the argument of the sine function strictly

falls within [O, %] It follows that F(0) = 0, F(c0) = 1, and F(y;m, Q) is monotonically non-
decreasing, confirming itis a valid CDF. Figure 1 illustrates the plots of the CDF of the SS-Nakagami
distribution. The left panel demonstrates the effect of varying the shape parameter m, while the

right panel shows how changes in the scale parameter (2 influence the distribution.

SS--Nakagami CDF (varying m, fixed Q =1.0) SS--Nakagami CDF (varying Q, fixed m =2.0)
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v

Ficure 1. Cumulative distribution function of the SS-Nakagami distribution : (left)

varying shape parameter m, and (right) varying scale parameter ().

The probability density function in (2.4) is obtained by differentiating the distribution function
in (2.3) with respect to y.
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m y(m, ﬂyZ
fly,m, Q) = %yz’”‘l exp(—%yz)COS[g%]
= gg(y; m, Q)) cos(gG(y; m,Q)) y>0, (2.4)

forallm>%andQ>0.

Proof. Since G(y;m, Q) is the CDF of Nakagami distribution, 0 < G(y;m, Q) <1, G(07) = 0 and
lim, o G(y;m, Q) = 1, implying F(07) = 0 and lim, . F(y;m, Q) = 1.
By differentiating (2.2),

F'(y;m,Q) = gG’(y;m,Q) cos(gG(y;m,Q)), (2.5)
where
’ (1) — 2m™ 2m—1 (_ﬂ 2)
G (y’mIQ) - T(m)()my exp Qy °

Hence (2.5) coincides with (2.4). Since 0 < 5G(y;m, Q) < %, f(y;m, Q) > 0forall y > 0, and

[ rmdy=Fe) - F0) = 1.
0
Thus (2.4) is a valid probability density function. m|

Figure 2 presents the PDF of the SS-Nakagami distribution. The left panel highlights the impact

of varying the shape parameter m, whereas the right panel illustrates how changes in the scale
parameter () affect the distribution.

SS--Nakagami PDF (varying m, fixed Q =1.0) SS--Nakagami PDF (varying Q, fixed m = 2.0)
— m=0.6

3 m=1.0 2.0
2.0 H —- m=2.0
HE eer m=5.0

15

1.0

fly;m, Q)

0.5

0.0

Ficure 2. Probability density function of the SS-Nakagami distribution: (left) vary-

ing shape parameter m, and (right) varying scale parameter ().
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3. SurvivaL AND Hazarp RaTe FuncTIONS

This section develops the principal reliability characteristics of the SS-Nakagami distribution, in-
cluding the survival function, hazard rate function, a structural hazard modulation representation,

and tail asymptotics relative to the classical Nakagami model.

3.1. Survival Function. Let Y ~ SS-Nakagami(m, () with cumulative distribution function given

in (2.1). The survival function is defined by

S(y) =Pr(Y>y) =1-F(y),

where F(y) is the CDF. Hence,
S(y;m,Q) =1- sin(gG(y,’ m, Q)) y>0, (3.1)

where m > 1 and Q > 0.
The sine transformation modifies the decay structure of the baseline Nakagami survival function
while preserving smoothness and monotonicity. Figure 3 illustrates the influence of m and () on

survival behavior.

SS--Nakagami Survival (varying m, fixed Q =1.0) SS--Nakagami Survival (varying Q, fixed m =2.0)

— m=0.6
m=1.0
- m=2.0
sees m=5.0 0.8

— Q=05

Q=1.0
—- Q=20
ceer Q=40

Ficure 3. Survival functions of the SS-Nakagami distribution: (left) varying shape

parameter m, and (right) varying scale parameter ().

3.2. Hazard Rate Function. The hazard rate (failure rate) function is defined as

) =55,

where f(y) and S(y) denote the probability density function and the survival function, respectively.
Using the density given in (2.4) and the survival function in (3.1), the hazard rate can be written as
Ze(y;m, Q) cos(gG(y; m, Q))

h ,m,Q == > 0/
¢ ) 1 —sin(%G(y;m,Q)) y

where m > % and () > 0. The hazard function inherits the structural stability of the baseline

distribution but gains additional non-linear flexibility from the trigonometric transformation.
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This enables the model to accommodate increasing, bathtub, or unimodal hazard shapes, as

demonstrated by the varying parameter values of m and () in Figure 4.

SS--Nakagami Hazard (varying m, fixed Q =1.0) SS--Nakagami Hazard (varying Q, fixed m = 2.0)
K — m=0.6

30 m=1.0 25

3 —- m=2.0

----- =5.0

20

15

h(y; m,Q)

10

Ficure 4. Hazard functions of the SS-Nakagami distribution: (left) varying shape

parameter m, and (right) varying scale parameter Q).

3.3. Structural Hazard Modulation. The following result shows that the SS-Nakagami hazard is

a multiplicative modification of the classical Nakagami hazard function.
Theorem 3.1. Let Y ~ Nakagami(m, Q}) with hazard function

;m, ()
AMy;m, Q) = M,
G(y;m, Q)

where G(y;m, Q) = 1-G(y;m, Q). IfY ~ SS-Nakagami(m, Q), then the modulated hazard rate function
is given by

hssn(y;m, Q) = A(y; m, Q) R(y; m, Q),

where

G(y;m, Q) cos(gG(y; m, Q))

s
R(y;m, Q) = =
& ) 2 1- sin(%G(y; m,Q))

This representation shows that the sine transformation acts as a bounded multiplicative mod-
ulation of the baseline hazard. In particular, as y — oo, G(y;m,Q)) — 1 and E(y; m,Q) — 0,
yielding

hssn (y;m, Q) ~ 2 A(y;m, Q) Yy — >,

demonstrating controlled hazard amplification in the upper tail.
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3.4. Tail Behavior and Asymptotic Structure. The sine transformation preserves the exponential-

type decay class of the Nakagami distribution while modifying the survival magnitude.

Theorem 3.2 (Tail behavior preservation). Let X ~ Nakagami(m, Q) with survival G(y;m, Q) and let
Y ~ SS-Nakagami(m, Q0) with survival Fssy(y;m, Q). Then

fSSN(y; m,Q)=1- cos(ga(y; m,Q))

Moreover, as y — oo,
Fssn(y;m, Q) ~ 7Tga(y;m,ﬂ)z.
Thus
log Fssn(y;m, Q) = 21og G(y;m, Q) + O(1),
where O(1) represents a constant term that is independent of y.
Proof. Since G(y;m, Q) = 1—G(y;m,Q),
Fssn(y;m, Q) = sin(g(l - G(y; m,Q))) = cos(gé(y; m, Q))

Thus

fSSN(y,’ m,Q)=1- cos(ga(y; m,Q))
AsG(y;m, Q) — 0asy — oo, using 1 — cost ~ t2/2 as t — 0 gives the stated asymptotic result. O

Theorem 3.2 shows that the SS-Nakagami distribution remains within the same light-tailed
class as the classical Nakagami model while introducing a quadratic refinement in survival decay:.
Thus, the transformation enhances curvature without altering the fundamental exponential tail

structure.

4. LINEAR REPRESENTATION AND PROPERTIES

Let G(y) = G(y; m, Q) denote the Nakagami cumulative distribution function and g(y) = G’ (y)
be the corresponding probability density function.

4.1. Linear (Series) Representation. Using the power series expansion

B © (_1)kx2k
c:osx—kZ‘0 (2k)! ,

with x = 7G(y), the cosine term in the SS-Nakagami probability density function can be expanded

as

cos(gG(y)) = i

(1
i (2K)! (E) ™
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Since

Flyim, ©) = Zg(y) cos( 36(1))

it follows that the SS-Nakagami density admits the linear representation

(o]

flyim Q) =) ag(y) Gy)* y>0, (4.1)
k=0
where
_ o (=D)f _
ﬂk—z (Zk)' (E) P k—0,1,2,....

This representation expresses the proposed model as an infinite linear combination of weighted

Nakagami densities.

4.2. Moments. Letr > —2m. Using the Equation (4.1) and interchanging summation and integra-

tion, the rth raw moment of Y is given by

E(Y) =) a " ye(y) Gy dy.
k=0 V0

Equivalently, letting Yy ~ Nakagami(m, )) and using the probability integral transform U =
G(Yp) ~ Uniform(0,1), one obtains

% 1
E(Y) =) o f (Quak(1)) v du, (4.2)
k=0 V0

where Qnak () denotes the Nakagami quantile function.

4.3. Mean and Variance. Using the Equation (4.2), the mean of the SS-Nakagami distribution is

o0 1
p=E(N) = Y o | Quaklu)u 43)
k=0 Y0

Similarly, the second raw moment is

o 1
EY) =Y a fo (Quk(1))’ 12 . (@4
k=0

Substituting the Equation (4.3) and (4.4) into the variance identity Var(Y) = E(Y?) — u? yields

00 1 © 1 2
Varm:kz_;)ak fo (QNakw))zqudu—[;oak fo QNakw)uzkdu].
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4.4. Moment Generating Function. Using Equation (4.2), the moment generating function (MGF)
of the SS-Nakagami distribution is

My(t) =) = [ e flyim, )y

Substituting the linear representation

[S¢]

Flyim, Q) =Y ag(y) Gy)¥,

k=0

and interchanging summation and integration (justified by dominated convergence), we obtain

My())= Yo [ gly) Gly)*dy. 45)
k=0 0

Equivalently, by the probability integral transform U = G(Yo) ~ U(0,1) for Yy ~

Nakagami(m, (2), one may write

0 1
My(t) = Yo [ exe{t Qnann) 6)
k=0 0
where Qnak () denotes the Nakagami quantile function.

4.5. Mode. The mode of the SS-Nakagami distribution is obtained by maximizing the density
f(y;m, Q) in Equation (2.4). Since f(y; m, Q) > 0 for y > 0, the mode y* is obtained as follows

4 log f(y;m, Q) = 0.

dy
Using
s T
Flyim, ) = 5 g(yim, Q) cos( 3G(ym, ),
we write
log f(y;m, Q) = log(g) +logg(y;m, Q) +log COS(%G(y,‘ m,Q)) 4.7)

Differentiating (4.7) with respect to y yields

d 2m—-1 2m i e

ay log f(y;m, Q) = — oY Eg(y,m,ﬂ) tan(EG(% m,Q)),
where

2m™ m
o, Q) = 2m-1 (__ 2)‘
glyim Q) = wosam v P\ QY

Consequently, the mode y” satisfies the nonlinear equation

2m—-1 2m e T
T - ﬁy B g(y;m, Q) tan(EG(y, m,Q)) =0 y>0. (4.8)
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Equation (4.8) can be solved numerically using standard root-finding methods (e.g., Newton-
Raphson or bisection). A convenientinitial value is the mode of the classical Nakagami distribution

(form > 1),

Q(2m-1)

Yo = 2m

4.6. Quantile Function. Let 0 < u < 1. The quantile function Q(u) = F~!(u) corresponding to the
CDF in Equation (2.3) is obtained by solving F(y) = u for y.

. [ny(m,%yz)]
U=sm——m————1.

From Equation (2.3), we have

2 T(m)

Taking the inverse sine function gives

arcsin(u) = E)/(m, QyZ)
2 TI(m)
Hence,
W) 2
T (m) = arcs .

Let P(m,x) = y(m,x)/T(m) denote the regularized incomplete gamma function. Then,
m2) = 2 arcsi
P(m, o4 ) == arcsin(u).
Applying the inverse of P(m, x) with respect to its second argument yields
me_ —1( 2 arcsi )
oY P~Hm, - arcsin(u) .

Therefore, the quantile function is

Qu) = \/9 P‘l(m, % arcsin(u)), O<u<l. (4.9)

m

4.7. Entropy. The Shannon entropy of the SS-Nakagami distribution is defined as

H(Y) = —E[log f(Y)] = - fowf(y;mlﬂ)logf(y; m, Q1) dy.

Using the logarithmic form of the density given in (4.7), together with (4.1) and the probability
integral transform, the entropy can be expressed as

1

H(Y) =- log(g) - i ak‘fo logg(QNak(u)) 2% du

k=0

[se]

1
- Z ax f log[cos(gu)] u® du,
0

k=0

where Qnak () denotes the Nakagami quantile function.
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4.8. Order Statistics. Let Y., < --- < Y., denote the order statistics from a random sample of

size n drawn from the SS-Nakagami distribution. The density of the rth order statistic is

) = G FOI - F)l W), y>0

Here, F(y) = F(y; m, Q) denotes the CDF of SS-Nakagami distribution, and f(y) = f(y;m, Q)
denotes the corresponding PDF. Substituting the linear representations of F(y) and f(y) yields

m@zgﬁwjﬂ§mﬁ;yw*%;mwww}

which provides a convenient form for numerical evaluation and further theoretical analysis.

5. PARAMETER EsTiMATION

In this section, the parameters of the SS-Nakagami distribution are estimated using the maxi-
mum likelihood method.
LetYy,...,Y, be arandom sample from the SS-Nakagami distribution with probability density

function given in Equation (2.4). The likelihood function is defined as follows:

L(m, Q) = Hf(yi;m,ﬂ),
i=1

where f(y;;m, Q) is defined in (2.4).

The corresponding log-likelihood function is given by

t(m, Q) = nlogn + nmlogm —nlogI'(m) —nmlog Q)+ (Zm—l)ZIOgyi

=1
m v 3 T
-5 Z y? + Z log|cos(§G(yi,‘ m, Q))] ,
i=1 i=1

where G(y;;m, Q)) is given in Equation (2.1).

The maximum likelihood estimators (i1, ﬁ) are obtained by solving
(m,Q) 0 a(m,Q) 0
om o

Since these equations do not admit closed-form solutions, numerical optimization methods,
such as the BFGS quasi-Newton algorithm, are employed.
Under standard regularity conditions, the MLE satisfies

ol o)

Q-0

where 7 (m, ()) denotes the Fisher information matrix.
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6. PERFORMANCE OF THE MaxiMuM LIKELIHOOD ESTIMATORS

This section examines the finite-sample performance of the maximum likelihood estimators
(MLEs) for the SS-Nakagami distribution through Monte Carlo simulation. Random samples were
generated using the inverse transform method based on the quantile function in Equation (4.9).
Specifically, if U ~ Uniform(0, 1), then

Y =Q(U)
follows the SS-Nakagami(m, ()) distribution.

The log-likelihood function was maximized numerically using the BFGS quasi-Newton algo-
rithm implemented in the maxLik package in R. Convergence diagnostics were monitored in all
replications to ensure numerical stability.

The simulation study was conducted for parameter values m € {0.8, 1.2, 2, 3, 5} with fixed scale

parameter () = 1.5. Sample sizes were taken as
n € {10, 30, 50, 100, 500}.
For each (m, n) configuration, R = 1,000 Monte Carlo replications were performed.

6.1. Monte Carlo Simulation Design. For each fixed (n,m,)), the simulation procedure was as

follows:

(1) Generate Uj; iid Uniform(0,1),i=1,...,n,and set
Y = Q(U;),
where Q(+) denotes the SS-Nakagami quantile function.
(2) Compute the MLE (1, 6,) by numerically maximizing

C(m, Q) =) log f(Yi;m, Q).
i=1

(3) Obtain the observed information matrix f(ﬁ@, 6r) via the negative Hessian at the MLE and

compute standard errors as

éﬁ(n’%) - V[f_1]11’ ﬁ(ﬁr) - V[}_l]zz'

(4) Repeat Steps 1-3 forr =1,...,R.

Let /6; denote the estimate of 0 € {m, (3} from the rth replication, and define

R —_—
Z 0,.
r=1

0=

| =

The empirical performance measures are

— —

Bias(6) = 6 -0,
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R —
Var(g) = ﬁ Z (Qr - 5)2 ,
r=1
1
MSE(0) = Y (0.- 9)

Il
—_

;
By construction,

MSE(8) = Var(8) + Bias(6)2.

6.2. Coverage Probability of Wald Confidence Intervals. In addition to bias and MSE, the empir-
ical coverage probabilities of the nominal (1 — a)100% Wald confidence intervals were evaluated
for 6 € {m, )}, with & = 0.05.

For each replication,

CIr(Q) - [é\r - Zl—a/Zgﬁ(é\r)/ ’Q\r + Zl—a/Zgﬁ(é\r)] ’
where z;_, /> denotes the 1 — a/2 quantile of the standard normal distribution and SE(Q ) is the
estimated standard error.

The empirical coverage probability is

1 R
== Y 1{0 € C1(0))
r=1

where 1{-} denotes the indicator function, which takes the value 1 if the condition 6 € CI,(0) is
true and 0 otherwise.

The average interval length is

R
Avglen = % ; Length(CL.(0)),
where Length(CI,(60)) represents the width of the interval calculated in the r-th simulation.
Tables 1-5 summarize the Monte Carlo performance of the MLEs for increasing sample sizes
n € {10,30,50,100,500}, across varying true values of m with fixed (2 = 1.5. For small samples
(n = 10), a noticeable upward bias is observed for the shape parameter m, particularly for larger
true values. This bias diminishes steadily as 7 increases. By n = 100 and n = 500, the bias becomes

negligible across all parameter settings, indicating strong finite-sample consistency.

TaBLE 1. Monte Carlo performance of the MLEs for n = 10 under varying true
values of m () = 1.5).

Parameter m Parameter ()

m | Mean Bias Var MSE CP Avglen | Mean Bias Var  MSE CP Avglen
0.8 |1.0277 0.2277 0.3590 0.4096 0.9733 1.4702 |1.4498 -0.0502 0.2944 0.2959 0.8600 1.9974
1215942 03942 0.7382 0.8911 0.9700 24167 |1.4383 -0.0617 0.1577 0.1609 0.8633 1.5175
2.0]2.7324 0.7324 1.8897 24198 0.9698 4.3306 |1.4403 -0.0597 0.0833 0.0865 0.8624 1.1084
3.0 | 4.0526 1.0526 4.9178 6.0092 0.9428 6.6955 |1.4971 -0.0029 0.0700 0.0697 0.8889 0.9436
5.0 | 6.4391 1.4391 8.6605 10.7001 0.9239 11.0694 |1.4917 -0.0083 0.0404 0.0403 0.8986 0.7148
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TasLE 2. Monte Carlo performance of the MLEs

values of m () = 1.5).

forn =

30 under varying true

Parameter m

Parameter ()

Mean Bias Var MSE

CP

Avglen

Mean

Bias

Var MSE CP

Avglen

0.8
1.2
2.0
3.0
5.0

0.8588
1.2924
2.2422
3.2402
5.5223

0.0588
0.0924
0.2422
0.2402
0.5223

0.0391 0.0424
0.0842 0.0928
0.2992 0.3579
0.5378 0.5955
1.7531 2.0251

0.9400
0.9667
0.9500
0.9592
0.9487

0.6851
1.1075
2.0196
3.0895
5.4305

1.4972
1.4868
1.4817
1.4954
1.4944

-0.0028
-0.0132
-0.0183
-0.0046
-0.0056

0.0993 0.0989
0.0558 0.0559
0.0324 0.0328
0.0214 0.0214
0.0120 0.0120

0.9067
0.9267
0.9267
0.9327
0.9051

1.2228
0.8923
0.6682
0.5425
0.4067

TasLE 3. Monte Carlo performance of the MLEs

values of m () = 1.5).

for n

50 under varying true

Parameter m

Parameter ()

Mean  Bias Var MSE

cp

Avglen

Mean

Bias

Var MSE cP

Avglen

0.8
1.2
2.0
3.0
5.0

0.8365
1.2521
2.1089
3.1213
5.3445

0.0365
0.0521
0.1089
0.1213
0.3445

0.0223 0.0236
0.0471 0.0496
0.1867 0.1979
0.3828 0.3962
1.1886 1.3033

0.9500
0.9633
0.9467
0.9500
0.9498

0.5137
0.8109
1.4498
2.2241
3.9906

1.5120
1.4822
1.4955
1.5016
1.4879

0.0120
-0.0178
-0.0045
0.0016
-0.0121

0.0576 0.0575
0.0352 0.0354
0.0193 0.0193
0.0130 0.0129
0.0077 0.0076

0.9367
0.9300
0.9300
0.9333
0.9130

0.9599
0.7356
0.5515
0.4441
0.3282

TaBLE 4. Monte Carlo performance of the MLEs for n =

values of m () = 1.5).

100 under varying true

Parameter m

Parameter ()

Mean Bias Var MSE

cp

Avglen

Mean

Bias

Var MSE cp

Avglen

0.8
1.2
2.0
3.0
5.0

0.8223
1.2248
2.0552
3.0683
5.1773

0.0223
0.0248
0.0552
0.0683
0.1773

0.0086 0.0091
0.0180 0.0185
0.0716 0.0747
0.1508 0.1554
0.4580 0.4894

0.9600
0.9500
0.9500
0.9467
0.9398

0.3559
0.5551
0.9878
1.5247
2.7596

1.4971
1.4958
1.5015
1.4985
1.4972

-0.0029
-0.0042
0.0015
-0.0015
-0.0028

0.0312 0.0311
0.0183 0.0183
0.0104 0.0104
0.0070 0.0070
0.0041 0.0041

0.9400
0.9367
0.9300
0.9200
0.9100

0.6706
0.5116
0.3836
0.3096
0.2285

TaBLE 5. Monte Carlo performance of the MLEs for n =

values of m () = 1.5).

500 under varying true

Parameter m

Parameter ()

Mean Bias Var MSE

CcpP

Avglen

Mean

Bias

Var MSE CP

Avglen

0.8
1.2
2.0
3.0
5.0

0.8036
1.2006
2.0110
3.0086
5.0347

0.0036
0.0006
0.0110
0.0086
0.0347

0.0017 0.0017
0.0034 0.0034
0.0133 0.0134
0.0264 0.0265
0.0812 0.0824

0.9500
0.9500
0.9500
0.9500
0.9500

0.1549
0.2361
0.4195
0.6422
1.1562

1.4884
1.4998
1.5001
1.4999
1.4995

-0.0116
-0.0002
0.0001
-0.0001
-0.0005

0.0061 0.0062
0.0036 0.0036
0.0020 0.0020
0.0014 0.0014
0.0008 0.0008

0.9300
0.9200
0.9100
0.9100
0.9000

0.3000
0.2295
0.1719
0.1386
0.1021
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The empirical variances decrease monotonically with sample size, and the MSE exhibits an
approximate O(n™!) rate of decay, consistent with the asymptotic likelihood theory developed in
Section 5.

As sample sizes increase, coverage probabilities converge toward the nominal 95% level. For the
scale parameter (), the MLE demonstrates superior performance with minimal bias and variance
across all configurations; notably, coverage remains stable even at small n. The narrowing of
average confidence interval lengths further validates the estimators’ increasing precision as n
gTOWS.

Overall, the results demonstrate stable numerical performance, asymptotic consistency, and

reliable interval estimation properties for the SS-Nakagami maximum likelihood estimators.

6.3. Application. The first data were originally obtained by researchers at the UK National Physi-
cal Laboratory and have been widely used in reliability and lifetime modeling studies. The dataset
has been previously analyzed by [19] and [6] primarily within the framework of Weibull and
generalized Weibull-type distributions. The data represent the tensile strength of glass fibres with
a diameter 1.5 cm and consist of 63 positive observations: 0.55, 0.93,1.25,1.36,1.49,1.52, 1.58, 1.61,
1.64, 1.68,1.73, 1.81, 2.00, 0.74, 1.04, 1.27, 1.39, 1.49, 1.53, 1.59, 1.61, 1.66, 1.68, 1.76, 1.82, 2.01, 0.77,
1.11,1.28,1.42,1.50, 1.54, 1.60, 1.62, 1.66, 1.69, 1.76, 1.84, 2.24, 0.81, 1.13, 1.29, 1.48, 1.50, 1.55, 1.61,
1.62,1.66,1.70, 1.77, 1.84, 0.84, 1.24, 1.30, 1.48, 1.51, 1.55, 1.61, 1.63, 1.67, 1.70, 1.78, 1.89. The data

are strictly positive and moderately right-skewed with a clear unimodal structure.

TaBLE 6. MLEs and goodness-of-fit comparison for the glass fibre tensile strength data.

Measure Nakagami SS-Nakagami
1 5.0427 4.3396
SE (i) 0.8921 0.8015
O 2.3739 3.0487
SE(Q) 0.3124 0.4287
(11, Q0) -20.8435 -18.4405
AIC 45.6870 40.8811
BIC 49.9733 45.1673
KS Statistic (D) 0.2030 0.1861
KS p-value 0.0094 0.0221
Anderson-Darling (AD) 2.5413 2.0342

Cramér-von Mises (CVM) 0.4695 0.3690
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101 — Empirical CDF
Nakagami CDF
— 55-Nakagami CDF

(a) Glass: Empirical and fitted CDFs

1.0 — Empirical CDF
Nakagami CDF =
— 55-Nakagami CDF

1 2 3 4

(c) Carbon: Empirical and fitted CDFs

Histogram
Nakagami PDF (m=5.043, 0=2.374)
—— 55-Nakagami PDF (m=4.340, 0=3.049)

0.50 0.75 1.00 125 150 175 2,00 25 2.50
X

(b) Glass: Histogram with fitted PDFs

Histogram
Nakagami PDF (m=2.286, 0=8.398)
— 55-Nakagami PDF (m=2.017, 0=12.364)

1 2 3 4 5

(d) Carbon: Histogram with fitted PDFs

Ficure 5. Empirical and fitted distributions for the glass fibres and carbon fibres datasets.

TaBLE 7. MLEs and goodness-of-fit comparison for the breaking stress of carbon

fibres data.

Measure Nakagami SS-Nakagami
i 2.2864 2.0172
SE (i) 0.2856 0.2638
O 8.3977 12.3643
SE(Q) 1.1243 1.5321
(111, Q) -87.8554 -86.7525
AIC 179.7107 177.5049
BIC 184.0900 181.8842
KS Statistic (D) 0.1105 0.0960
KS p-value 0.3692 0.5454
Anderson-Darling (AD) 0.8261 0.6175
Cramér-von Mises (CVM) 0.1592 0.1159
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The second empirical dataset concerns the breaking stress of carbon fibres with a length 50 mm,
measured in gigapascals (GPa). The dataset has been previously analyzed by [16] and [17] in
reliability and lifetime modeling contexts. The data consist of 66 positive observations: 0.39, 0.85,
1.08,1.25,1.47,1.57,1.61, 1.61, 1.69, 1.80, 1.84, 1.87, 1.89, 2.03, 2.03, 2.05, 2.12, 2.35, 2.41, 2.43, 2.48,
2.50, 2.53, 2.55, 2.55, 2.56, 2.59, 2.67,2.73,2.74,2.79, 2.81, 2.82, 2.85, 2.87, 2.88, 2.93, 2.95, 2.96, 2.97,
3.09,3.11, 3.11, 3.15, 3.15, 3.19, 3.22, 3.22, 3.27, 3.28, 3.31, 3.31, 3.33, 3.39, 3.39, 3.56, 3.60, 3.65, 3.68,
3.70,3.75, 4.20, 4.38, 4.42, 4.70, 4.90.

Tables 6 and 7 present a comparative assessment of the Nakagami and SS-Nakagami models
based on log-likelihood values and several goodness-of-fit criteria. For both the glass fibre and
carbon fibre datasets, the proposed SS-Nakagami distribution consistently demonstrates superior
performance relative to the classical Nakagami model. This improvement is evidenced by higher
log-likelihood values, lower information criteria (AIC and BIC), and smaller goodness-of-fit sta-
tistics, including the Kolmogorov-Smirnov (D), Anderson-Darling (AD), and Cramér—-von Mises
(CVM) measures. In addition, the larger KS p-values indicate stronger agreement between the
fitted and empirical distributions. These statistical findings are further reinforced by the visual
evidence provided in Figures 5, which illustrates the estimated PDF and CDF of the Nakagami
and SS-Nakagami models against the empirical data for both datasets.

The standard errors associated with the parameter estimates are relatively small, suggesting that
the estimation procedure is stable and reliable for both models. These findings indicate that the
additional shape flexibility introduced through the sine transformation enhances the adaptability
of the model, enabling it to more effectively capture both the central tendency and tail behavior
of moderately skewed reliability data. Overall, the results highlight the enhanced flexibility and
modeling capability of the SS-Nakagami distribution for real-life applications.

7. CONCLUSION

We propose a sine-transformed extension of the classical Nakagami distribution that preserves
its two-parameter structure while enhancing shape flexibility. Structural properties, including
hazard modulation and tail asymptotics, are established, showing that the model retains the light-
tailed nature of the baseline distribution.

Maximum likelihood estimation is implemented numerically, and simulation results confirm
consistency and satisfactory finite-sample performance. Applications to reliability data demon-
strate improved goodness of fit relative to the classical Nakagami model, supporting the practical

usefulness of the proposed distribution.
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