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(6,7)-JACOBI-DUNKL LIPSCHITZ FUNCTIONS IN THE SPACE
LQ(R,Aaﬂ(x)dx)

R. DAHER, S. EL OUADIH*

ABSTRACT. Using a generalized Jacobi-Dunkl translation, we obtain an ana-
log of Theorem 5.2 in Younis paper [7] for the Jacobi-Dunkl transform for
functions satisfying the (4, ~)-Jacobi-Dunkl Lipschitz condition in the space
LZ(R7 Ay g(z)der),a > 8 > _71,04 #* _71

1. Introduction and Preliminaries

Younis ([7], Theorem 5.2) characterized the set of functions in L?(R) satisfying
the Dini-Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transforms, namely we have the following statement.
Theorem 1.1. [7] Let f € L?(R). Then the following are equivalents:

(@) If@+h) —f@)] =0 (k). as h—=00<n<1,9>0
r2n

(b) /A|>r IFO2d) = 0 (W) L as T oo,

where fstand for the Fourier transform of f.

In this paper, we obtain an analog of Theorem 1.1 for the Jacobi-Dunkl transform
on the real line. For this purpose, we use a generalized Jacobi-Dunkl translation
operator.

In this section , we recapitulate from [1,2,3,5] some results related to the harmonic
analysis associated with Jacobi-Dunkl operator A, gs.

The Jacobi-Dunkl function with parameters (a, 8),a > 8 > _71,04 #* _71, defined
by the formula

e (x) — L o%P(x) if A e C\{0}

1 if A =0,

Vo e R, 93P (z) =

with A2 = p?2 +p?, p=a+ B+ 1 and gofj’ﬁ is the Jacobi function given by

pof () = F (”2””‘, Pt —(sinh(x))Q) ,
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F is the Gausse hypergeometric function (see [1,6]).
w‘;’ﬁ is the unique C'*°-solution on R of the differential-difference equation

Ao =iXd A€ECT

Uupo) =1,
where A, g is the Jacobi-Dunkl operator given by
d

Ao pU(x) = + [(2a + 1) cothz + (28 + 1) tanh x] x Ulz) -

The operator A, g is a particular case of the operator D given by
dU(z) Az U(z) —U(—=x

D) - ) K (U UC))
where A(z) = |z|?**T1B(z) and B a function of class C* on R, even and positive.
The operator A, g corresponds to the function

A(z) = Ao 5(x) = 2°(sinh |z2])2* T (cosh |z]) 2P FL.
Using the relation

d

a,B _
%@;L (l‘) -

w0
4(a+1)

the function z/)f\"’ﬁ can be written in the form above (see [2])

sinh(2x)<pﬁ‘+1’ﬁ+1 (),

fﬁ(x) = goﬁ’ﬁ(x) +i sinh(2x)<pz+1’ﬁ+1(x), x € R.

A
4(a+1)

Denote L2, 5(R) = L2 5(R, Ay p(z)dz) the space of measurable functions f on R

such that
1/2
Iz s = ([ 15 Auat)ir) - < o

Using the eigenfunctions w;ﬁ of the operator A, g called the Jacobi-Dunkl kernels
, we define the Jacobi-Dunkl transform of a function f € L7, 5(R) by

Fusf() = /R F@)b (@) Aa s()dz, A €ER,
and the inversion formula

flz) = / Fas O (2)do(N),

where N
do(A) = Tevi— o (A)dA.
*) 8T/ A2 = p2|Cu s (v/A2 = p2)] R\]—p.p[(A)
Here,
20~ (o + 1) (ip '
Caplit) = (ot DLGR) , e C\(iN)

L(5(p+im)T(5(a = B+1+ip))
and Ig\j_, o[ is the characteristic function of R\] — p, p[.
The Jacobi-Dunkl transform is a unitary isomorphism from Li, 5(R) onto L3(R,do(N)),
ie.

(1) I £I := ||f||Lin(]R) = [ Fa.s(H)ll2®.do(n))-
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The operator of Jacobi-Dunkl translation is defined by
T.f(y) = / f(z)duﬁf(z), Vr,y € R
R

where V;"f(z), z,y € R are the signed measures given by

Ko p(x,y,2)Aap(z)dz if z,y € R*

o, _
Wiy () =9 s, if y =0
Oy ifx=0
Here, 0, is the Dirac measure at . And,
Kopl@p,2) = Mas(sinh(al)sinh(lyl)sinb(2) Lo, x [ pola.,2)
0
X (gg(ac,y,z))f‘f[’*l sin®? 0do
Ly = [=l=l = lyl, =llz[ = [yl] U llz] = lyll, |z + |y]]
po(x,y,2) = 1-— Uzw,z + Uzmy + Uz,yﬁc

cosh(a:)-‘rc.osk'llz(y))fC}(:Eh)(z) cos(0)  if 2y #0
VZGR,GE [O’ﬂ—]’o—z,y,zz Y

0 ifzy =0
go(z,y,2z) = 1 — cosh?(z) — cosh?(y) — cosh?(z) 4 2 cosh(x) cosh(y) cosh(z) cos 6
t ift>0
ty =
0 ift<o0
and,
2 *T(atl) ita>p

7l (a—B)T(B+3
Mg = VTl (a=B)T(B+3)

0 ifa=p
In [2], we have

(2) Fos(Tnf)N) = 03P (W) Fag(£)(N); MR eER.

For o > _717 we introduce the Bessel normalized function of the first kind defined
by:

= ()

ja(z) =T(a+1)Y

Py AR
oy nC(n+a+1)

Moreover, we see that

. joc ('T) —1

1

aclir%) x2 7& O’
by consequence , there exists C7 > 0 and € > 0 satisfying
(3) 2| <& = lja(z) — 1] = Cilzf?

Lemma 1.2. (See[8],Lemma 3.1,Lemma 3.2) The following inequalities are valid
for Jacobi functions @5’5 (z)

(c) lexf(z) <1,
(d) |1 —e2bf ()| <2?(u? + p?).
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Lemma 1.3. (See[4],Lemma 9) Let o > 8 > =t a # =L Then for |v| < p,
there exists a positive constant Cy such that

11— ¢l (2)] > Call — ja(ua)].
2. Main Results

In this section we give the main results of this paper. We need first to define
(n,v)-Jacobi-Dunkl Lipschitz class.

Definition 2.1. Let 0 < 1 < 1 and v > 0. A function f € L7, 4(R) is said to
be in the (n,~y)-Jacobi-Dunkl Lipschitz class, denoted by Lip(n,,2), if

h"

IThF () + T f () — 20(2)]| = O ((lg)
h

), as h—0.

Lemma 2.2. For f € Liﬁ(R), then

1 Thf(x) + Tonf(x) = 2f(x)|* = 4/R |0 (h) = 12| Fap f(N)Pdo(N).

Proof. We us formula (2), we conclude that

Fas(Tnf +Tonf —2F)(N) = @37 (h) + 937 (—=h) = 2) Fa s (£)(N),
Since

SPh) = 3P (h) +i sinh(2h)pe T (1),

A
4(a+1)

NO(=h) = 2P (=h) =i
and % is even (see [2]), then

Fag(Tnf +Tonf =2)(N) = 20037 (h) = DFas(F)V)-
By Parseval’s identity (formula (1)), we have the result.

A
— —_sinh(2h)p2 1A+ (_p
4(a+1)sm( )¢ (=h),

Theorem 2.3. Let 0 <7 < 1,7 > 0and f € L2 4(R). Then the following
conditions are equivalents
(i) f€ Lip(n,v,2) ,
r— n
ii fa,fx%lfm:o(
@) [ Fasf o) =0 s
Proof. (i) = (i7). Assume that f € Lip(n,v,2) . Then we have
B
(log ;)7

>7 as 1 — 0.

IT30) + TS (@) - 27 =0 (o )« as B0

From Lemma 2.2, we have
T f(x) + Top f(x) = 2f ()|* = 4/R |05F (h) = 11| Fa,p fF (V)P da (V).
By (3) and Lemma 1.3, we get

/E<M<E 1 WP s (DR ) 2 C3C2 [ bl Faa D o)

37 SIAIS
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From = < |A| < £ we have
2h h

6 2
<ﬁ) - PP

IN

(G-

= p?h?> = — p*h?.

[

Take h < £, then we have p?h? > C3 = Cs(e).
So,

/5 s 1= (0)|?| Fas (£)(N)[Pdo(X) > Cfcgcg/ Fs (/)N [2do (M),

SAs#

There exists then a positive constant Cy such that

/ Fas(DOPdo(N) < C / 11— 28 (h) 2| Fa s (F) V) Pdr()
57 <A

%
h2n
Ol ——— .
((log}l)”)
r2n

[ e Fas Do) < O,

where C' is a positive constant. Now,

‘We obtain

o

[ Fs0Pa) = S [ R0
[A|=r izp J2ir<|A|<2itir
< < P20 N (2r) N (47) L >
- (logr)2y ~ (log2r)?y = (log4r)?v
< Ci(lgg i;v (142727 4 (2721)2 4 (2727)3 4. .)
r=2n
where K, = C(1 —2727)~! since 272" < 1.

Consequently
r2n

/Ikzr | FusfV))2do(N) = O (W) , as 1 — oo.

(#4) = (i). Suppose now that
r2n

Fa /\2d)\:O<>, as r — 00,
[ et Ok

[ =t WRIF (P = 5+,

and write

where

.rlz/w 1= @B (R) 2| Fa s (F) (N 2dor ()
L= / 11— 2B ()| Fu s (/) (V) [P ().
IA
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Firstly, we use the formula |g0/‘j*ﬁ(h)| <1and

2 h2"7
@) <4 /M Fus ()N Pdo(N) = O (Ug)) .
Set

B(\) = A | Fa s (@) 2do ().

An integration by parts gives
| ¥izasnoide®) = [ -xeoni
0 0

= —22p(z) +2 /I AP(AN)dA

0

< 2 / A2 (log \) ™2V dA
0

= 02> ?(logz)™ ).
We use the formula (d) of Lemma 1.2

L o< / 11— 2B ()| Fa s (F) (V) 2dr(N)
A<+

< / (12 + P2 2| Fap (F)(N) 2do(N)
[A<#

< B / N2 Fa (£ o (M)
IN<#

1\~
= 0<h2h—2+2" <log) )
h
Hence,

5) L=0 ((lgh)) .

Finally, we conclude from (4) and (5) that

_ B 2 2 o _ h21
[ ORIFA O = 0 (s )

And this ends the proof.
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