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Abstract. This paper presents the construction of optimal quadrature formulas with derivative corrections in the

(m)
2

the differential operator of order 2m. A complete analytical derivation of the optimal coefficients is obtained by reducing

Sobolev space L,/ (0,1). The proposed approach is based on Sobolev’s method together with the discrete analogue of

the problem to a finite system of linear equations for the unknown parameters. Closed-form representations of these
coefficients are established, and an explicit expression for the squared norm of the corresponding error functional is
derived. The resulting quadrature formulas extend several previously known optimal formulas and provide an effective

framework for the accurate numerical evaluation of definite integrals of sufficiently smooth functions.

1. INTRODUCTION. STATEMENT OF THE PROBLEM

The accurate numerical evaluation of definite integrals remains one of the fundamental problems
in computational mathematics because of its broad range of applications in numerical analysis,
mathematical physics, engineering, inverse problems, signal processing, and scientific computing.
Although many classical quadrature rules provide satisfactory accuracy for sufficiently smooth
functions, modern computational models frequently require integration methods that achieve
higher precision while using limited information about the integrand. This demand has stimu-

lated continuous research on the development of optimal quadrature formulas possessing minimal
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approximation errors in appropriate functional spaces. The theory of optimal quadrature formu-
las originates from the pioneering works of Sard and Nikol’skii, who formulated optimization
problems for numerical integration from different viewpoints [1]. Sard’s approach focuses on de-
termining optimal coefficients for prescribed nodes by minimizing the norm of the error functional,
whereas Nikol’skii’s formulation considers the simultaneous optimization of both coefficients and
nodes. These two viewpoints have established the theoretical foundation for a substantial body of
research devoted to optimal numerical integration [2, 3].

Considerable progress has been achieved in extending the classical theory to more sophisticated
settings, including weighted Sobolev spaces, periodic Hilbert spaces, oscillatory integrals, frac-
tional integrals, singular kernels, and quadrature formulas involving derivative information [4, 5].
Recent investigations have demonstrated that incorporating derivative values into quadrature
formulas may significantly improve approximation accuracy while preserving computational ef-
ficiency. Furthermore, new applications have shown that optimal quadrature formulas are useful
not only for numerical integration itself but also for solving integral equations, reconstructing com-
puted tomography images, and approximating highly oscillatory and fractional operators [6, 7].
Among the available construction techniques, Sobolev’s method based on discrete analogues of
differential operators remains one of the most powerful analytical approaches. Unlike purely
numerical optimization procedures, this method often leads to explicit representations of optimal
coefficients together with exact formulas for the norm of the associated error functional. Such
closed-form results provide deeper theoretical insight into the structure of optimal quadrature
formulas and facilitate their practical implementation in computational algorithms. The devel-
opment of optimal quadrature formulas has attracted sustained attention over several decades
because of its theoretical significance and practical importance in scientific computing. Early stud-
ies established the mathematical foundations of optimal numerical integration through the works
of Nikol’skii, Sobolev, Schoenberg, and their collaborators [1,2,4]. These pioneering contributions
introduced variational principles for constructing quadrature formulas with minimal error and
demonstrated the fundamental role of Hilbert and Sobolev spaces in approximation theory.

Several studies have recently focused on the construction of optimal quadrature formulas with
derivatives in Sobolev spaces. In particular, Shadimetov et al. [8] developed optimal quadrature
formulas involving first- and second-order derivatives of the integrand by applying Sobolev’s
method. Explicit representations of the optimal coefficients were obtained through the minimiza-
tion of the norm of the error functional, and the proposed formulas were successfully applied to
the numerical solution of Fredholm integral equations of the second kind, demonstrating higher
accuracy than classical numerical integration methods. In another study [9], constructed an opti-
mal quadrature formula with first- and second-order derivative corrections in the Sobolev space
Lgl) (0,1). The norm of the error functional was derived explicitly, closed-form expressions for

the optimal coefficients were obtained using the discrete analogue of the differential operator,



Int. J. Anal. Appl. (2026), 24:295 3

and numerical experiments confirmed a significant improvement over Simpson’s rule and pre-

viously known quadrature formulas. More recently [10], generalized this approach to arbitrary

(m)
2

ploying discrete analogues of higher-order differential operators together with the Vandermonde

Sobolev spaces L,/ (0,1). They established analytical formulas for the optimal coefficients by em-
determinant technique. Their work provided a unified theoretical framework for constructing
derivative-based optimal quadrature formulas and analyzing their approximation properties for
general values of m. In [11], proposed an optimal Hermite-type quadrature formula in space
Lém) (0,1), where the quadrature sum incorporates function values together with the first- and
second-order derivatives at uniformly distributed nodes. Using Sobolev’s method and the dis-
crete analogue of the differential operator, the authors derived explicit analytical expressions for the
optimal coefficients and established a Wiener- Hopf system for their computation. Furthermore,
they obtained analytical formulas for the norm of the error functional, proved the convergence or-
der O(h™ and validated the theoretical findings through numerical experiments. In the following
works, optimal quadrature formulas were constructed using the first and second derivatives of the
function [12-15]. In [16,17], an optimal quadrature approach was developed for approximating
the fractional Riemann-Liouville integral in Sobolev spaces. Using Sobolev’s method, they de-
rived optimal coefficients and established a Wiener-Hopf type system for their determination. In
another study, explicit analytical expressions for the coefficients of optimal quadrature formulas in
Sobolev spaces of differentiable functions were obtained using Sobolev’s method. Subsequently,
optimal formulas for approximate integration in Sobolev factor spaces were developed through
the minimization of the error functional and the determination of the corresponding optimal
coefficients [18,19].

These studies demonstrate that Sobolev’s method provides an effective analytical framework
for constructing optimal quadrature formulas with derivatives. Nevertheless, deriving explicit
coefficient formulas and closed-form expressions for the norm of the error functional for more gen-
eral classes of derivative-based quadrature formulas remains an active and challenging research
problem, motivating the present investigation. Despite these substantial developments, relatively
few studies have investigated optimal quadrature formulas that simultaneously incorporate
several odd-order derivative corrections while preserving explicit analytical representations of
the optimal coefficients for arbitrary m > 6. In particular, obtaining closed-form expressions
for both the coefficients and the squared norm of the error functional remains a mathematically
challenging problem. Addressing this issue is important because explicit formulas simplify
theoretical analysis, facilitate numerical implementation, and provide deeper insight into the

structure of optimal integration schemes.

We consider the following general quadrature formula
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with the error funczi;cional
(x) = ep)(x) = ﬁéok[ﬁ]é(x —hB) + A1(6'(x) =" (x = 1)) + A2(6” (x) =0 (x = 1))

+A3(6V) (x) =6V (x = 1)) (1.2)

in the space Lém) (0,1) for m > 6. Here C[B], B = 0,N, A, are the coefficients of the formula (1.1),
h = %, N is a natural number, €[o,1] (%) is the characteristic function of the interval [0,1], 6(x) is the

Dirac delta-function.

(m)

In the space L, ' (0,1) equipped with the norm

2
1 1/2
M0y = 1 [ () 13)
0
The difference
1 N
(¢ f) = ff(X)dx—Zk[ﬁ]f[ﬁ] —A1(f(0) = £/(1)) = Aa(f7(0) = £ (1)) = As(fV)(0) - £V (1))
0 p=0

(1.4)
is called the error of the quadrature formula (1.1).

By the Cauchy-Schwarz inequality

1€, /)l < ALY (0, D)1 -1laLd™" (0, 1)1l

To quantify the accuracy of formula (1.1), we consider the norm of the error functional (1.2) in the
(m)*

conjugate space L, ’ (0,1), namely
la" = sup i@ f
1ALy o=t
Thus, evaluating the accuracy of quadrature formula (1.1) on Lém) (0,1) amounts to determining
the norm of the associated error functional £ in the conjugate space Lém)* (0,1).

We use the Sobolev method which is based on the discrete analogue of the differential operator
dZm / dem‘

For the error functional (1.4) to be defined on the space Lm

5 (0,1) it is necessary to impose the

following conditions (see [3])
(((x),x*)=0, a=0,1,2,..,m—1. (1.5)

Hence it is clear that for existence of the quadrature formulas of the form (1.1) the condition
N > m — 4 has to be met.
Aswasnoted above by the Cauchy-Schwarz inequality, the error of the formula (1.1) is estimated

by thenorm ||£ |L§m)* (0,1)|| of the error functional (1.2). Furthermore the norm of the error functional
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(1.2) depends on the coefficients C[B], A,. We minimize the norm of the error functional (1.2) by
the coefficients C[B], A, i.e., we find

oy (M)

eI

= nt. |I€|L

Problem 1. Find the norm of the error functional (1.2) of the quadrature formula of the form (1.1) in the
space Lém)*(o, 1).
Problem 2. Find coefficients C[B], A, which satisfy the equality (1.6).

(1.6)

2. ANALYTICAL REPRESENTATION OF THE ERROR FUNCTIONAL

To solve Problem 1, i.e., for finding the norm of the error functional (1.2) in the space Lém) (0,1)
a concept of the extremal function is used [2,3]. The function ) is said to be the extremal function
of the error functional (1.2) if the following equality holds

(€, ¢e) = HflLé’”) ’”)|| 2.1)

(m)

In the space L, the extremal function ¢, of a functional ¢ was found by S.L. Sobolev [2]. This

extremal function has the form

Ye(x) = (=1)"0(x) * G(x) + Pu-a (%), 22)
where
x*"sgnx
is a solution of the equation
q2m
— 2.4
TG = 8(x), 2y

Py,-1(x) is a polynomial of degree m — 1, the symbol * is operation of convolution, i.e.

= ff (x—y)g(y)dy = f f(y)g(x—

()

It is well known that for any functional £in L, the equality

ALY (0, 1) = (6,9¢) = (£(x), (=1)"€(x) *G(x)) =

= fé’(X)[(—1)mfmf(y)G(x—y)ddex

—00 —00

holds [2].
Applying this equality to the error functional (1.2) we obtain the following

m N 1 _ m—
g o = (-1 LZO)ZCWC - -2, S
y = 0
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1
3 2m—2n 2m-2n 3 3
(x +(1-x) ) AnAx 1
2Y 4 d -
2} ”f 2(2m— 2n)! x+ZZ(2m—2n—2k—|—1)!+(2m—|—1)!
0

n=1 n=1 k=1
3 N 2m—2n 2m—2n
((hB)*" " + (1 - hp)>" ")
N n; o ﬁza i 2(2m —2n)! (2.5)

Thus Problem 1 is solved for quadrature formulas of the form (1.1) in the space Lgm) (0,1).

3. DERIVATION OF THE SYSTEM OF EQUATIONS FOR THE OPTIMAL COEFFICIENTS

We now turn to Problem 2, to determine the optimal coefficients, we minimize the norm ||£ 112
subject to the constraints (1.5) by employing the method of Lagrange multipliers. To this end, we

introduce the following functional

m—1
¥ =17 =2+ (=1)" ) Aa(€(x),2°),
a=0

where A, are unknown multipliers. The function ¥ is the multidimensional function with respect
to the coefficients C[B], A, and A,. Equating to zero partial derivatives of the ¥ by coefficients
C[B], A together with the conditions (1.5) we get the following system of linear equations

T ) (-
;)CV 2(2m—1)! _HZA” 2(2m —2n)! *
m-1 ! |x _ ]’lﬁ|2m_1
+ Z(‘) /\a(hﬁ) = mdx,ﬁ = O,N, (31)
a= 0
N 2m—2k 2m—2k 3
()" + (1=hp)™ ) Ay
/;)C[ﬁ] 2(2m — 2k)! _;2(2m—2n—2k+1)!+
m—1 1
+;ka(a—l)...(a—2k+2)-/\a: m, k:1,2,3 (32)
= 1
Y CItp) = —=,  a=01 (33)
p=0
= 1
Y ClBI(np)* — ay = —5  a=23 (3.4)
p=0
S 1
Y ClBl(nB)* - adr —a(a - 1)(a-2)A; = — =45 (3.5)
=0
N

CIBI(hB)" — aAy — a(a —1)(a = 2)Ay-
p=0

—ala—1)(a-2)(a-3)(a—4)A; =

’a:6,m—1. (3.6)
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The linear system (3.1)—(3.6) possesses a unique solution that yields the optimal coefficients
minimizing the norm [|£ II>. The proof of its existence and uniqueness is omitted, as it follows
the standard analysis of discrete Wiener-Hopf systems arising in the construction of optimal
quadrature formulas in the Sobolev space Lgm) (0,1). The uniqueness of Sard optimal quadrature

formulas has been discussed in [7].

4. ANALYTICAL EXPRESSIONS FOR THE OPTIMAL QUADRATURE COEFFICIENTS

This section is devoted to solving the system (3.1)-(3.6) and obtaining explicit formulas for the
coefficients C[B]. The derivation is based on Sobolev’s approach to optimal quadrature formulas in
the Sobolev space Lém) (0,1) and relies on the theory of functions of discrete arguments together with
discrete convolution techniques (see [1,2]). For the reader’s convenience, the essential definitions
are summarized below.

Assume that ¢ and 1) are real-valued functions of real variable and are defined in real line R.

Definition 4.1. Function ¢ (hp) is called function of discrete argument, if it is given on some set of
integer values of f.

Definition 4.2. The inner product of two discrete functions ¢ (hg) and ¢(hp) is called the number

= Y @) -v(ip)

p=—00
if the series on the right hand side of the last equality converges absolutely.
Definition 4.3. The convolution of two discrete functions ¢(hg) and (hp) is called the inner
product

@(hB) +(hB) = |@(hy), Y (hp —hy)] Z p(hy) - (hB = hy).
'}/——OO
The Euler-Frobenius polynomials Ex(x), k = 1,2, ... is defined by the following formula [2]

(1—x)k+2( d )k< x

(4.1)

Eo (x) =1.
For the Euler-Frobenius polynomials Ei(x) the following identity holds

Ex(x) = x*E (%) ,

and also the following theorem is true
Theorem 4.1 [22]). Polynomial Qi (x) which is defined by the formula
k+1

ink+1
Qulr) = (=1 Y T
i—0

is the Euler-Frobenius polynomial, Qi(x) = Ej(x), where AO¥ = ¥}_ (~ 1)HClE.
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Suppose that C[8] = 0 for < 0 and g > N. Using Definition 4.3 we rewrite the equation (3.1)

in the convolution form:

|h,8'2m_1 3 ((hﬁ>2m—2n+(1_h‘8)2m—2n)
W 2w nZ;A" 2(2m —2n)! +
|x hﬁ| _ (hB)™ Zm 1 (=hp)2n-1-i
+ZA " f 2@2m-1r <zm>!+].zzoz<zm—1—f>!~<j+1>! *.2)

We consider the following problem.

Problem A. Find the discrete function C[B] and unknown coefficients Ay, Ay, which satisfy the system
(3.1)-(3.6).

Further, instead of C[f] we introduce the functions

o(hp) = Clp] lzf,'l v 43

2m—1

3 Zm 211 _ 2m— 2n m—1
()7~ + AR 7) | Y Aalip)e. (4.4)

u(hp) = o(hg) = ), Ar 2(2m — 2n)!

n=1 a=0
In this statement it is necessary to express C[B] by the function u[B]. For this we need such

operator D,,[f], which satisfies the equation
D (hB) + G(hB) = 6(hp), (4.5)

where G[f] = Ihﬁl_) is the discrete argument function corresponding to G(x) defined by (2.3),
0(hB) is equal to 0 when  # 0 and is equal to 1 when = 0,i.e. 6(hp) is the discrete delta-function.
The equation (4.5) is the discrete analogue of equation (2.4). So the discrete function Dy, (hpB) is
called the discrete analogue of the differential operator d¥m /dx*m [2,3].

In [22] the discrete analogue D,,(hp) of the differential operator d?" /dx®", which satisfies equa-
tion (4.5), is constructed. Taking into account (4.5) and D, (hg), for the optimal coefficients C[] we

have
C[B] = hDy,(hB) »u(hp). (4.6)

So, if we find the function u(hg), then the optimal coefficients C[B] will be found from equality
(4.6).

To calculate the convolution (4.6) it is required to find the representation of the function u(hg)
for all integer values of B. From the equality (4.2) we get, that u(hB) = f,(hf) when hp € [0,1],
where f,,(hB) is defined by equality (4.2). Now we need to find the representation of the function
u(hp) when g < 0and g > N.

Since C[8] = 0 when kg ¢ [0, 1], then

ClB] = hDyy(hB) *u(hB) =0, hB ¢ [0,1].

Now we calculate the convolution v(hB) = C[B] * 2'?2% o when 1 ¢ [0,1].
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Suppose < 0, then taking into account (3.3)-(3.6), we have

h2m1 sl h thl
o) = ) 55—y = X Wiy

2(2m—1)! 202m—-1)!
mlhﬁZrnla ZC Zml(hﬁZmla aZC
22m—-1-a)la! am22m 1-a)la!
m=1 (h‘B)Zm 1- a a 3 m=1 hﬁ 2m 1— a( 1)(1
_ZZ(Zm 1-a) a+1 Z 22m—-1—a)(a—2n+1)!

a=0 n=1a=2n

& (hp)2rta(-1
_Z2Zm 1-a) ZC

a=m

2m—1 m-1-a )e
Hence, denoting by R,,—1(hB) = X % Z Cly](hy)® for the case < 0 we get
a=m

m=1 hﬁ?_mla a 3 m-1 hﬁ)ZWZ1"‘( 1)a
h,B Z Zm 1- a a—|—1 Z sz 1— a) (a 21’l+1) Rm—l(hﬁ)- 4.7)

= n=1a=2n

Now suppose p > N then for v(hp) we get

m—1 hﬁZmla( a m— hﬁzml"‘( 1)(1
v(hp) :Zzzm 1-a) a+1 ZZZ. 22m—1-a)(a-2n+1)! +Ry-1(hB).  (48)

a=0

Denoting
m—1 3 2m h 2m—a —1)« B
Y Aa(hp)* = Rya (nB) = ) | 2(2;[ P )a) (a( 2)71) — R (), (4.9)
a=0 n=1a=m+1
]’l 2m— a 1)«
Z «(hB)® + Ryu_1 (hB) Z Z 2m (if) s 221) =R (), (4.10)

n=1a=m+1
and taking into account (4.7), (4.8), (4.4) we have the following problem
Problem B. Find the solution of the equation

Dy (hB) +u(hB) =0,  hp ¢ [0,1] (4.11)
having the form:
m=1 (hp)2m=1-a(~1)2 3 Ay (hp)2m=2n
E‘ 22m—1-a)l(a+1)! ~ él (2m—2n)!
K08, B <0,
u(hp) = f hB), 0<B<N, 4.12)
m—1 — 1,
( ‘3 2m 1- a 1) An(hﬁ)zm 1 a(_l)a
=5 3am—T=a)( a+1 i nzla ZZH ) Gm-1-a)(a—2nt 1 T
+RU (mg), B> N,
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whereR -) 2 (h
-)

B) and R (hﬁ ) are unknown polynomials of degree m — 1 and A, are unknown coefficients.
If we find R (h

B) and Rm+) (hB), then from (4.9), (4.10) we obtain

1 1

(RS () + RS, (hp)).

N =
NI~

m=1
Rua(h) = 5 (R, () =Ry (1)), ) Aalp)* =
a=0
The auxiliary polynomials R (hﬁ) (hﬁ) and the coefficients A, can be recovered from
equation (4.11) using the d1screte analogue of the differential operator D,,(hf). Their deter-
mination provides an explicit representation of u(hg), from which the optimal coefficients C[f]
(p=0,1,..,N), A, are readily obtained. Although this procedure completely resolves Problems A
and B, deriving explicit formulas for the auxiliary polynomials is unnecessary for our purposes.
Instead, by combining the representation (4.12) with the discrete operator D,,(hB) and identity
(4.6), we derive closed-form expressions for the interior quadrature coefficients f = 1,2,..., N — 1.

To simplify the subsequent analysis, we introduce the following notation

(2m-1)!1(1- qk)z’”“.

= 413
T B (1) (4.13)
y V) EDT N Ay
)Z‘ { ;sz 1-a)l(a+1)! ;m*Rm-1<—h7>—f(—hy> ,
— _ 2m+1
o DI g ",

h2" gk Eom—1(qx)

) m—1 h +12m1a( 1)a 3 m-1 An(h +1>2m—1—a(_1)a
5 { y Y Y e

(+) _
22m—1-a)l(a+1)! m-T—ala-zmri w1 f(hy+1)}

n=1a=2n-1
where k = 1,2,...,m — 1, Ey,_1(q) is the Euler-Frobenius polynomial of degree 2m — 1, |g,| < 1 the
series in the (4.13) and (4.14) are convergent.

Theorem 4.2. The coefficients C[B], B = 1,2,...,N — 1 of the optimal quadrature formulas of the form
(1.1) in the space Lgm) (0,1), m = 6, have the following form

m—1

Clpl =n{1+ ) (df +pia, ")|, =12...N-1, (4.15)
=1

where dy, py are defined by (4.13), (4.14).
Proof. Suppose f = 1,2,...,N — 1. Then from (4.6), using Definition 4.3, equalities (4.5), (4.12),

we have

>

C[B) = hDy(hp) +u(hp) =h Y Du(h —hy)u(hy) =

y=-00

-1

h| Y Du(h—hy)u(hy) +ZDm hp —hy) fu(hy) + Z Dy (h = hy)u(hy) |-

y=—00 y=0 y=N+1
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-1 00
Now, adding and subtracting the expressions h Y, Dy (hf —hy)fu(hy) and h Y, Dy (hp -
y=—00 y=N+1

hy) fu(hy) to and from the last expression and taking into account Definition 4.3, we get

m— m— 2m+1
C[g] = { w(hB) * fiu(hB) + 252 D (1 -g0)

~ 1" qeEom-1(qe)

R R w00 el G DA @ % V1)) S
Z- [ ZZZm 1-a)l(a+1)! Z; (2m —2n)! TR, () = funlhy) |+

a=0 n=

’”Z g (2m — 1)1 (1 —gqi)?"+!
= 2" qxEom-1(qx)

00 m—1
h)/+1 2m1a a hy+1)2mla( 1)a
y
qu[z22m 1-a) a+1 +Z Z Qm—1-a)(a—2n+ 1)

y=1 a=0

Hence taking into account the notations (4.13), (4.14) we obtain

+R) (hy 1) = fu(hy +1)

C[p) = h| Dy

m=1

(1) * fun(hB) +Z (dd, + i ] (4.16)
k=1

Now using D,,(hB) and equality (4.2) we get

D, (hB) = f(hB) = 1. (4.17)
Putting (4.17) to the equation (4.16) we get (4.15). Theorem 4.2 is proved.

Before proving the main results, we present the following auxiliary lemmas.

Lemma 4.1. The following identity is taken place [13]

dear + gt i+ o dg +pgNtt H1
Z Kk + Prdy (l ) No* = (1)1 Y Wi+ P (1 b A0, (4.18)
i=0 (g —1)"* i—0 (1=q)

here o and N are natural numbers, dy and py are defined by (4.13), (4.14), A'0% is given in Theorem 4.1.
Lemma 4.2. The following identities are valid

wl o1y 12"12%‘]3% T Z’”:thf N e D
]:1 — il (2m—j—i)! = o 2m—-1—-j—i)!
. 2m-2 B]_hjZm—Z—] (_1)1
j=m+1 = (2m=1-j-i)!
and
m—1 (_1)]_1 2m—1-j hp+1zp nil h]Z]_1 m-2 (_1)1
= G-t & ptem-1-j-p)! = (-t 2m-1-j-i)
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2m—1 2m—-1-—
i hJZ]1 %

Z Z i! 2m 1—]—1)

j:m+2 i=
were
m-1 p d N+l+ 1+1 '
ZZ P Pka( ) Ao (4.19)
1 0]k z+1

The proof of Lemma 4.2 is obtained by expansion in powers of /1 of the left sides of given identities.
For the coefficients of the optimal quadrature formulas of the form (1.1) the following theorem
holds.
Theorem 4.3. Among quadrature formulas of the form (1.1) with the error functional (1.2) in the space
Lém) (0,1), m > 6, there exists unique optimal formula which coefficients are determined by the following

formulas
1 m—1 qu — Gk
COj=h|z+) d , B=0N 4.20
0] (2 ; el O (420)
m—1
C[p] :h(l+Zd (qf+qu‘ﬁ)],ﬁ —TN-1, (4.21)
k=1
1
By, NN v/N“( n™t
Ap = - A0, n=1,2,3 422
" (2n)! 2n 1)! Z r—1)"1 " (4.22)
where dy satisfy the following system of m — 1 linear equatzons
m—1 N+i i+1
+ . Bj
deqk 5D i G m, (4.23)
= = l+1 ] + 1
m—12m-2j N+i i+1
G + 4 ( 1) om2i ,
k 0 dy 7 N0 2 =0, j=1,2,3 (4.24)
=1 i=
m-1 2j N+i i+1
+ .
Z Zd Ak T (1+1) NG =0,  j=1,2 (4.25)

Here B, are Bernoulli numbers, Ay is the ﬁmte difference of order i of i, A0/ is given in Theorem 4.1, qy
are given in Theorem 4.2.

In the proof of Theorem 4.3, we use the following formulas from [21]:

n-1 k ; ¢
1 g\ 7 ]

Y k:_ lk_ ik
;Z‘/_o” 1-q;0(1—q)m = qu(;(l q)Ayly " (4.26)

where Afy¥ is the finite difference of order i of ¥, g is ratio of a geometric progression.

At last we give the following well known formulas from [20]

k+1 k! Bk+1 j

L =S 2
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where By 1 are Bernoulli numbers,

v
A% =) ChA% K.
p=0

Proof. First we consider the first sum of equation (3.1). For this sum we have

N |h5 _ h)/|2m_1
s = )b 22m—-1)!
y=0

2m1 hﬁ hy 2m1 N (hﬁ_hy)2m—1
= co 2m 1)! +ZC _;)CM 202m-1)!

C(2m-1)!

The last two sums of the expression S we denote

and we calculate them separately.
By using (4.15) and formulas (4.25), (4.26) for S; we have

B

S1 = Z
J2m = m—1
= L

m—1

(hB = hy)?!
1+ ) (g +pia” )]—=
. 2m—1)!

2m—1

qukzqky 2m— 1+qu ﬁZqV 2m— 1]]

pen [ (2m—1)1Bay
e Z 2m—j)! ﬁ+Z

| j=1

qﬂ 2m—-1 0 i

k ip2m—1

- A .
1-q ;(Qk—l) g }H

~

Aig2m-1
k ;=
Tk { ZZ(; (qr—1)

1= 2m-1 ipom-1 2m—1 i
P A'B N-g| 1 ( gk ) i \2m—1
- Ay AiQ2m1_
=1 ; (qk—l)l} Pl 1-%2{ =1

(4.28)

Taking into account that g is the root of the Euler-Frobenius polynomial E;,—2(q) and using (4.27)

the expression for S; we reduce to the following form

(g (B! WX Boj
(2m)! i (2m—1)!Bl+h2 Z{ j!(2m—j)!ﬁ]+

51 =

2m—1 2m—1-j m-1 ] —d + N+i i o
pm Z T Z Kk +prg, (= )AlO].

2m 1 _] | = Qk - l+1

(4.29)
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Now we consider S,. By using equations (3.3)-(3.6) we rewrite the expression S, in powers of hf3

hﬁ hyZml
52 = ZC 22m-1)!

M1h2m1] 2m1hﬁ2m1]
2(2

S Lo+ 3 S S oo

2k+1 (hﬁ 2m 1-— ] )]

2 k
1 . ,
Z:‘)Z 2(2m - 1—] ! (j+1+Z_;](]—1)---(]—2n+2)An)+

=2k
= (hg)¥ 11 (-1)]
2(2m—1-j)j!

j=0

+
=6

]+1 Z]] 1)..(j- 2n+2)A}+

2m—1 N
m— hﬁzml] )]

+Z 2T 2 S (4:30)
’ 0

Substituting (4.2) and S into equatlon (3.1) and using (4.28), (4.29) we have

h hB)2m-1 hB)2m-1 2m— ZBm J2m=j(}
9P | OB 0P R B )
(2m)! (2m—1)! (2m—1)! = jl(2m - j)!
RS W ()21 RS G g+ prgy (D)
g/ —
+ '(2m—1-j)! ;; (g — 1)1 Ao
2 2k+1 )m-1-
(hB)?m=1=i(
- j(j—1)..(j—2n+2)A,
;]Z: 2(2m—-1- ]]' ]+1 Z
ml(

h)Zml] ]
]2'422 1]]'

]+1 Z]] 1)..(j- 2n+2)A]

2m— l(hﬁ)zm 1— ] j N

- Z 22m—1-)! Z- Yy -
= r=
3 - 3 2m—2n i
(hB)*" 2" (=hp)!
=) A ) A Tt
nZl 2(2m —2n)! nZl j—ZO 2(2m —2n— j)!j!

m=1 2m—1 —1—j
(hB)*" (k)"
+ Aa(hB)* = + - ; .
0;) a(hp) (2m)! %2-(2711—1—])!-(]—1-1)!
Hence equating coefficients of the same powers of hﬁ gives
m—1 m— 1 3 (_1)]

Aj +Y A+
= j(1B) = ] 2m ]) 712_11 2(2m —2n—j)!

m=12m-1-j N+z( 1)i+1

K2m=j dk’]k"‘Pk”] o1
R et AT
(2m—1—1)!kZ; Z;‘ (qx — 1)1
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m—-1 2m—j i
Boy—ih?"1(hB)/
ZC 2m1]_ 2.] ('B), (4.31)
2m 1-j)! p=i ji(2m —j)!
m—1 j d + N+i i+1 o B:
Z kqk qu —(H ) AlQj = : j+1 , ] =6,m—1, (4.32)
k=1 i=0 qk - l J 1
-1 d + N+i 1+1 '
K9k pkq ( ) AZOZ =0, (433)
_ 1+1
=1 i= qk
Y E pqu ~ ik (4.34)
= 2 1 qk ’ ’
o m—12n— 1d + N+i i+1 ‘
s H¥"By B2 Kk T Prdy (1 ) APl =123 (4.35)
(2n)!  (2n-1)! & & (g —1)""
m-l 4 g0 4 opaNFi(_1)itl
Z Z K9k pqu iJ(rl ) A104 =0, (4:36)
k=1 i=0 (@ =1)
Taking into account (4.33), (4.15) from (3.3) when a = 0 we get
m—1 N
1 quk ~ Prdk
CINJ=h|5+ Y —F—2|. 437
[N] [2 ; 1 -k ] 4

Now, putting the values of A; into (3.2) we get the following equations for unknowns dj and py:

O RS g ey (= )Z+1Ai02m—2 vy qukNH+pqu(_1)i+1AiOZ’”‘2 (4.38)
; = — )it ’ '
P (1—gq)* k=1 i=0 (1- i)
m—1 j-1 d N+z+ i+1 B
Z n - quk(+1 ) Al — 7,].: 7 m (4.39)
9%’
=1 i=
m=1 3 quk+pqu+i(_l)l+l m-1 3 N+l+pqu( )H—l ‘
I 1) M
== (Qk -1) =1 i=0 Qk)
m1 5 g0 1Nt i+ 1 S, dgN T+ anly
ZZ Kk + Prd, l—(H ) AiO5 — ZZ k4 kali(rl ) AP, (4.41)
=1 = (9, —1) k=1 i=0 (1-4x)
=y D (4.42)
k=1 i=0 (1 qk)lJrl , |
m=1 4 N+i i+1
+ .
Z qu qukil ) A104 =0 (443)
k=1 i=0 1 Qk Z
¥ i M (444
= (g-1) = (-9 |
mol2med g o 4o N1 ()i ) 2 4qu (1)
k k 2m—4 k i2m—4
Y, Z‘ gt A0 Z Z FErA T R o
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m—12m— 6qu +quN+1( )z+1 m—12m— 6quN+l+pqu( )H—l '
k 1 2m—6 in2m—6
N0 ) NOTP, (4.46)
Z Z 1 Qk l+1 ; ; 1 qk i+1
thus, from equahtles (4.32)- (4.33), (4.36) and (4.38)- (4.46) we get
m—1 2m-2j N+i i+1
Get+a, (D"
(di — px) N0 2 =0, j=1,2,3 (4.47)
; Zs (= 1)+
m— 1 N+i i+1
+ .
Z L +1) NG =0, j=1,2 (4.48)
k:1 ~ (q-1 )i
m—1 N+i i+1
+ .
Z Z LN 1) NOI =0, j=6m—1, (4.49)
= (-1

Taking into account uniqueness of the optimal coefficients, we conclude, that the homogeneous

system of linear equations (4.46)-(4.47) has trivial solution. This means, that
de=p, k=1,2,..,m-1. (4.50)

Then, using (4.48), from (4.46)- (4.47) we get (4.22)- (4.24), and from (4.15), (4.33), (4.34), (4.36) we
obtain (4.20)-(4.22).
Theorem 4.3 is proved.

5. CoNCLUSION

In this paper, a new of optimal quadrature formulas with odd-order derivative corrections has
been constructed in the Sobolev space Lgm) (0,1) for m > 6. The proposed quadrature formulas
extend the classical Sard-type framework by incorporating the first-, third-, and fifth-order deriva-
tives of the integrand while preserving analytical tractability. The results obtained generalize
several previously known optimal quadrature formulas that involve derivative information and
provide a unified analytical framework for constructing high-order quadrature rules in differen-
tiable function spaces. The explicit representation of the coefficients considerably simplifies both
the theoretical analysis and practical implementation of the proposed formulas. The developed
quadrature formulas can be applied to the accurate numerical evaluation of definite integrals, the
numerical solution of integral equations, and other computational problems that require high-

order accuracy.
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publication of this paper.
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