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Abstract. In the present work, we investigate a lattice Hamiltonian Hy, 1, y1, A > 0, describing a three-particle quantum
system with non-local interaction terms. The operator under consideration can be viewed as a tensor sum coupling of
two generalized Friedrichs models perturbed by a rank-two operator and is associated with particles propagating on a
d-dimensional lattice. The study is mainly focused on the spectral analysis of H, ), especially on the characterization
of its point spectrum. Employing the Fredholm determinant technique together with methods from the spectral theory
of operator matrices, we obtain criteria describing the existence and localization of eigenvalues of H, A In addition,
we examine how the point spectrum depends on the interaction parameters y and A. Moreover, sufficient conditions
guaranteeing the existence of one or two isolated simple eigenvalues are established. The obtained results contribute
to a deeper understanding of spectral phenomena for lattice quantum systems with non-local interactions and may be

useful in further investigations of multi-particle models in mathematical physics.

1. INTRODUCTION

The investigation of spectral properties of lattice Hamiltonians corresponding to interacting
particle systems remains one of the central topics of modern operator theory and mathematical
physics. In particular, discrete Schrodinger operators associated with systems of interacting quan-
tum particles on lattices arise naturally in solid state physics, lattice quantum field theory, statistical
mechanics, and the theory of many-particle quantum systems ( [1], [2], [3]). These operators serve
as lattice analogs of the corresponding Schrodinger operators in Euclidean spaces and provide
effective mathematical models for describing various physical phenomena.

Compared with the continuous case, the investigation of spectral properties of lattice Hamil-

tonians possesses several specific difficulties. Although the corresponding interaction operators
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are often compact or finite-rank perturbations, the structure of the essential and discrete spectra
of multi-particle lattice systems is substantially more complicated. One of the main reasons is that
the geometry of the lattice changes the analytical behavior of the spectral branches and may lead
to the appearance of additional spectral effects which do not occur in the continuous setting.

The study of the essential spectrum of lattice Schrodinger-type operators constitutes an impor-
tant direction in modern spectral theory and mathematical physics. In the single-particle setting,
the classical Weyl theorem [4] provides a fundamental tool for describing the invariance of the
essential spectrum under compact perturbations.

In the case of multi-particle quantum systems, the spectral analysis becomes substantially more
involved and requires more sophisticated operator-theoretic methods. In particular, an essential
role is played by the Hunziker-Van Winter—Zhislin (HVZ) theorem, which relates the structure
of the essential spectrum to the spectra of corresponding channel operators. Another important
approach is based on Faddeev-type equations and their operator-theoretic modifications. These
methods have been intensively developed and successfully applied in the investigation of lattice
quantum systems, discrete Schrodinger operators, and operator matrices (see, for example, [5], [6],
[7], [8], [9D).

A significant amount of work has been devoted to the spectral analysis of operator matrices and
Friedrichs-type models describing systems with variable particle numbers. Such models appear
naturally in the study of spin-boson Hamiltonians, Hubbard-type systems, and lattice models
describing interactions between particles and quantized fields. In particular, Friedrichs models
with finite-rank perturbations provide an effective framework for studying threshold phenomena,
embedded eigenvalues, spectral branches, and the structure of the discrete spectrum.

In this work, we consider the lattice Hamiltonian H, », associated with a three-particle quantum
system, where 1 > 0and A > 0 are spectral parameters. The considered operator can be represented
as the tensor sum of the Friedrichs model /) and a rank-two self-adjoint perturbation. Such a
representation provides an effective framework for reducing the spectral investigation of the
original Hamiltonian to the analysis of the associated Friedrichs model.

The paper addresses the spectral properties of the Hamiltonian H;, », with particular emphasis
on its point spectrum and the localization of its eigenvalues. Using the Fredholm determinant
method together with techniques from the spectral theory of bounded self-adjoint operators, we
establish explicit conditions ensuring the existence of eigenvalues below the lower edge, above
the upper edge, and inside the gaps of the essential spectrum.

The investigation relies on representing the Friedrichs-type operator h,, through auxiliary
Friedrichs-type operators generated by rank-one perturbations. Assuming appropriate conditions
on the supports of the interaction functions, one can relate the eigenvalues of &, to the spectral
properties of the associated auxiliary models. Consequently, this method makes it possible to

analyze the dependence of the discrete spectrum on the parameters u and A.
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The results obtained in this work provide a detailed description of the essential spectrum of
the Hamiltonian H, , and allow one to determine the parameter regimes for which the operator
possesses one, two, or three simple eigenvalues. Furthermore, explicit representations are estab-
lished for the spectral branches of the essential spectrum generated by the associated two-particle
channels.

The exposition of the paper is structured in the following way. In Section 2, we study several
spectral aspects of the Friedrichs-type operator with a rank-two perturbation. Particular attention
is devoted to the investigation of its eigenvalues, Fredholm determinant, and a number of auxiliary
statements that are subsequently used in the analysis of the main model. The obtained results
provide the necessary operator-theoretic framework for the further spectral investigation. Section 3
is concerned with the analysis of the three-particle lattice Hamiltonian H,, ;, where the principal
results of the present work are established. In particular, we describe the structure of the essential
spectrum, investigate the existence and localization of eigenvalues, and derive conditions for the
appearance of discrete spectrum outside the essential spectral branches. The final section contains
concluding remarks together with a discussion of several possible directions for future research
related to multi-particle lattice systems and Friedrichs-type operator models.

Throughout the analysis presented in this paper, we adopt the standard notation ¢ (-) for the spec-
trum of a bounded self-adjoint operator. Correspondingly, dess(+), 0pp(+) and ogisc(+) will denote
its essential, point and discrete spectra, respectively. Unless otherwise stated, these conventions

remain in force in all subsequent sections.

2. SPECTRAL CHARACTERISTICS OF THE FRIEDRICHS-TYPE MODEL

Throughout the present work, the standard symbols C, R, Z, and IN are used to denote the sets
of complex, real, integer, and positive integer numbers, respectively. For an arbitrary dimension
d € N, the notation T? stands for the d-dimensional torus. The algebraic structure on T is
generated by the usual vector operations in the Euclidean space R?. More precisely, the operations
of vector addition and multiplication by real scalars are defined modulo the lattice (21Z)".

We explain it in the following example, if d = 3 and

g:(z~_5_n-_z), b:(S_n 37'(,2)6']1-'3,

2’ 6’ 3 6" 42
then
2n bn m 3
“+b—(‘?‘§'g)' 6a = (m;7;0) € T°.

Let Ly(T*) be the Hilbert space consisting of all square-integrable complex-valued functions
defined on the d-dimensional torus T, equipped with the standard inner product and the corre-
sponding norm. In this functional setting, we consider the bounded self-adjoint Friedrichs-type

operator

hyp i= hop — pky + Aky,
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acting in the space L (T*). Here, the parameters u > 0and A > 0 play the role of coupling constants
characterizing the interaction intensity.

The unperturbed part ho g is defined as the multiplication operator generated by the real-valued
function u(+), that is,

(og)(x) = u(x)g(x), g€ La(T").
Consequently, the spectral properties of hy are completely determined by the behavior of the
function u(-) on the torus T.
The operators k,, a = 1,2, are nonlocal interaction operators of integral type and are given by
(kag)(x) = va(x) jj;d va(t)g(t)dt, a=12.

These operators describe rank-one perturbations generated by the interaction functions v,(-).
Since the kernels of the corresponding integral operators admit separable representations, the
perturbations possess finite rank and therefore preserve many important spectral characteristics
of the unperturbed operator.

Throughout the paper, the functions u(-) and v,(-), @ = 1,2, are assumed to be real-valued
continuous functions on T¢. Under these assumptions, the operator /1, becomes a bounded
self-adjoint operator in L,(T?), which makes it possible to apply methods of the spectral theory of
self-adjoint operators and Fredholm determinant techniques in the subsequent analysis.

Since the interaction term —uk; + Aky is generated by integral operators of finite rank, the
operator h, , may be interpreted as a self-adjoint finite-rank perturbation of the multiplication
operator . In particular, the perturbation has rank two, because each operator k,, « = 1,2, is of
rank one. Consequently, the perturbation does not affect the essential part of the spectrum.

Invoking Weyl’s theorem concerning the invariance of the essential spectrum under compact
perturbations, and especially under perturbations of finite rank, we infer that the operators /1, ) and
ho,o possess identical essential spectra. Therefore, the essential spectrum of the Friedrichs model
is completely determined by the spectral properties of the unperturbed multiplication operator.
More precisely,

Oess (hy,/\) = U(hO,O) = [Ell EZ]/
where the quantities E; and E, denote the lower and upper spectral thresholds defined by
E; := minu(x), E; := maxu(x).
xeTd xeTH

Hence, the structure of the essential spectrum of the operator /1, is entirely governed by the
range of the generating function u(-). In particular, the endpoints of the essential spectrum coincide
with the global minimum and maximum values of the function u(-) on the torus T¢.

To investigate the distribution and localization of the eigenvalues of the Friedrichs-type operator
hy,, we introduce the analytic function A, 1 (+), which plays the role of the Fredholm determinant

associated with the operator &, ). This function is defined on the domain C \ [Ey, E>] by the relation

Bua(z) = AL (2)82 (2) + pA(Ia(2)) -
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Where the functions A!(}) (-) and AEXZ) (-) are defined in the domain C \ [E1, Ez] by

A‘(}) (Z) =1- [1[11 (Z), AS\Z) (Z) =1+ /\IQZ(Z),

(H)o;i(t) dt
Il']‘(Z) = f M, i,j = 1,2.
Td

u(t) —z
The statement presented below establishes a rigorous relationship between the eigenvalues

with “special” integrals

of the Friedrichs-type operator h;, and the zeros of the corresponding Fredholm determinant
Ay,1 (). More precisely, it shows that the spectral problem for the operator /1, 4 outside the essential

spectrum can be reduced to the analysis of the zeros of the analytic function A, ().

Lemma 2.1. A complex number z € C\ [Ey, Ez| is an eigenvalue of the Friedrichs-type operator hy, , if and
only if the corresponding Fredholm determinant satisfies the relation Ay (z) = 0.

For the proof of Lemma 2.1 see [10].

Thus, the discrete spectral points of the operator /1 located outside the essential spectrum
are completely characterized by the zeros of the analytic function A, 4(-). Consequently, the in-
vestigation of eigenvalues of the Friedrichs-type operator can be reduced to the analysis of the
determinant equation A, 1 (z) = 0. This criterion provides an effective analytical tool for studying
the existence, localization, and multiplicity of discrete eigenvalues of the operator i, .

More precisely, the discrete spectral points lying outside the essential spectrum coincide exactly
with the zeros of the Fredholm determinant Ay A (-).

Therefore, the discrete spectrum of the operator admits the representation

Odisc (1) = {z € €\ [Eq, Ea] : Aya(z) = 0.
Hence, the spectral problem for the operator ki, 5 outside the interval [E1, Ep] is reduced to the
investigation of the zeros of the analytic function A, (-).
Therefore,
o(hyp) = [E1, E2] U{z € C\ [Ey, Ea] : Aya(z) = 0.

We introduce the auxiliary bounded self-adjoint operators hE,l ) and h(Az), acting in the Hilbert

space Ly (T4), by
W = hog— ki, h® = hog + Ak

Each of these operators represents a Friedrichs-type operator with a rank-one perturbation of
the multiplication operator hgo. The operators h‘(}) and hf) play an important role in the subse-
quent analysis, since they provide a convenient auxiliary framework for investigating the spectral
structure of the Friedrichs operator i, .

In particular, many properties of the discrete spectrum of ;) can be reduced to the study
of the spectral characteristics of these simpler rank-one perturbation models. The lemma stated
below serves as an auxiliary result that is essential for the investigation of eigenvalues of the

Friedrichs-type operator 1, ;.
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Lemma 2.2. The number z € C \ [Ey, E3] is an eigenvalue of the operator hf}) (respectively, of hf) ) precisely

when the corresponding analytic determinant function vanishes at z. More explicitly,

A;(}) (z)=0 (respectively, A(Az) (z) = 0)_

For the proof see [11].
The Lemma 2.2 allows us to obtain the equalities for the discrete spectrum of the Friedrichs-type

operators hf}) and hg\z), respectively:

Gdisc(h}(ll)) = {Z eC \ [El,Eg] : ALl)(Z) = 0},

oae(nY)) = {2 € C\ [Ex, Ea] A (2) = 0},
We make use of the following additional assumption throughout the paper in order to examine

the conditions on the existence of eigenvalues of the Friedrichs-type operator ki, 1.
Assumption 2.1. We impose the condition

mes(supp(vl) N supp(vz)) =0.

Here, mes(-) denotes the Lebesgue measure on RY, while supp(v,) stands for the support of the
function v,(+), @ = 1, 2.

Example 2.1. We recall that, if d = 1, then the functions

COS X xe(—E E)
B 7 2/ 2 7
v (x) = T T
o xem(-L2).
¥e€T\(=3 3
sin2x, x€ T\(—E, E),
_ 272
u(x) = T T
0/ E(——, _)/
{722

satisfy the Assumption 2.1.

The following result establishes a connection between the spectral properties of the Friedrichs-

type operator &, ) and the eigenvalue structure of the associated auxiliary rank-one perturbation
models hfll) and h(f).

Lemma 2.3. Assume that Assumption 2.1 holds. A number z € C\ [Ey, Ey] is an eigenvalue of the

Friedrichs-type operator hy, » if and only if it is an eigenvalue of at least one of the auxiliary operators h}(})
and h'?.
A

Proof. According to Lemma 2.1, the number z € C\ [Ej, E;] is an eigenvalue of the operator hy,a
precisely when the corresponding Fredholm determinant satisfies the equality A 1(z) = 0.

Assume now that Assumption 2.1 holds. Then, by the definition of the function I;5(-), we have

112(2) :0, ZER\[E1,E2].
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Consequently, the determinant function A, ,(-) admits the factorization

Aun(z) = AP ()80 (2).

Therefore, the equality A, 1(z) = 0 holds if and only if at least one of the relations
AV =0 o AP(z)=0

is satisfied. Applying Lemma 2.2, we conclude that the point z is an eigenvalue of one of the

(1) (2)
M A

This completes the proof of Lemma 2.3.

auxiliary operators i, or h

O

As a consequence of Lemma 2.3 and Assumption 2.1, the discrete spectrum of the Friedrichs-type
operator 1, ) can be represented through the discrete spectra of the auxiliary rank-one perturbation

models hfll) and h(f). More precisely, one has
Odisc (h,u,/\) = Gdisc(h}(il)) U Gdisc(hf\2))-

The above representation is particularly useful for the subsequent spectral analysis, since the

Ll) and hf\z) possess a significantly simpler structure compared with the operator /1, 1. As

a result, many properties of the discrete spectrum of /1, ) can be investigated through the spectral

operators h

characteristics of these auxiliary Friedrichs-type operators.

Therefore, the obtained equality serves as an important analytical tool in the study of the
existence, localization, and distribution of eigenvalues of the operator /1, 5.

The significance of the latter equality is that the corresponding Fredholm determinants Af}) ()
and AS\Z) (+) form the monotonic functions.

The representation of the discrete spectrum in terms of auxiliary Friedrichs-type operators
constitutes an important tool in the spectral theory of operator matrices and many-particle Hamil-
tonians. This method allows one to reduce complicated spectral problems to the analysis of
simpler model operators and has found numerous applications in the investigation of quantum
lattice systems and related operator-theoretic models (see also [12], [13], [14], [15], [16]).

—

1)
)

Lemma 2.4. Then the auxiliary operator h

(
A

admits at most one simple eigenvalue located to the left of the

N =

lower threshold E1, whereas the operator h
of the upper threshold E,.

possesses at most one simple eigenvalue situated to the right

The proof of Lemma 2.4 follows easily from the monotonicity properties of the functions Af}) ()
2
and Ag ) (+).
Whenever they exist, the unique eigenvalues of hf,l) and hf) lying in (—co,Eq) and (Ep, +0),

M) ond E?

respectively, will be denoted by E,, e
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3. SPECTRAL ANALYSIS OF THE THREE-PARTICLE LATTICE HAMILTONIAN

We denote by L;((Td)z) the Hilbert space consisting of all quadratically integrable complex-
valued functions on (T9)? that are symmetric with respect to permutations of the variables.

We introduce a three-particle lattice Hamiltonian
Hyp s L3 ((T)?%) = L3(T7)?)
defined by
Hy = Hop— u(Vir + Vio) + A(Var + V).

Here, Ho denotes the unperturbed part of the operator and acts as the multiplication operator
generated by the function u(x) + u(y). More precisely,

(Hoof)(x,y) = (u(x) + u(y))f (x,y).

The operators V5, a, = 1,2, represent nonlocal interaction operators of integral type. Their

action on a function f € L;((T’l )2) is given by

(Var o) = o) [ watf (e,
and
(Ve P ) =valw) [ ou@fdt,  a=12

Thus, the operator H, ) can be interpreted as a perturbation of the multiplication operator Hog
by nonlocal interaction terms generated through the functions v (-) and v;(-). Under the imposed
assumptions, these perturbation operators are bounded and preserve the self-adjointness of the
model Hamiltonian.

From the view of the operators Vg, a, = 1,2 one can see that they are partial integral operators
with degenerated kernel of rank 1.

The functions I;;(+), i = 1,2, are monotone on the intervals (—oo, E1) and (Ep, +0). Therefore,
applying the dominated convergence theorem, one concludes that the following one-sided limits
exist, possibly taking finite or infinite values:

Li1(E1) = Z_l)ihg?_o L1(z), In(Ey) = z—1>iEI2n+0 In(z).

The existence of these limits plays an important role in the subsequent spectral analysis, since
the behavior of the functions 11 (-) and I»(+) near the spectral thresholds E; and E; determines the
possible appearance of discrete eigenvalues outside the essential spectrum.

We introduce the following requirements for “special” integrals that are important for our
further investigations.

Assumption 3.1. We suppose that

L1 (E1)| = 400, |I2(E2)| < +00.
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Example 3.1. If d = 1, then the functions

T T
cosx, xe€l-=, =],

v1(x) = 2/31 T
T\(=Z= =
0, xe \( 2’ 2)’
sin2x, x € T\(—g, g),
v(x) = %
0, XE(—E, E),

and

u(x) =1-cosx
satisfy the Assumption 3.1.

We define the following critical value

Ap = —(Izz(Ez))_l
of A under the Assumption 3.1.

Assumption 3.2. We suppose that

11 (E1)| < +oo, II22(Ep)| = +oo.

Example 3.2. If d = 1, then the functions

. T T
sin2x, x€l|—-—= ,

_ 2’2
v x) = T T
7 "]l" ryYarsy
0 e \( 2 2)
CcosX, XE€ T\(—E, E),
_ 272
v2(x) =

T TC
E R —
0, X ( 2’2)’

u(x) =1-cosx

and

satisfy the Assumption 3.2.

Under the Assumption 3.2 we introduce the following critical value

uo = (I (Er)) ™!
of the parameter u > 0.

Questions related to the existence of eigenvalues and the structure of the essential spectrum for
lattice Schrodinger operators and related operator models have attracted considerable attention in
the literature. Numerous investigations devoted to these problems have been carried out by dif-
ferent authors. Below, we briefly review several results that are closely connected with the present

work. In paper [17], the lower edge of the essential spectrum of a lattice model Hamiltonian
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was estimated by means of eigenvalues of a Friedrichs-type operator involving an n-dimensional
perturbation. The spectral analysis of such Hamiltonians through their representation as tensor
sums of two Friedrichs-type models with multidimensional perturbations was subsequently de-
veloped in [18]. Further progress in the study of multi-particle discrete Schrodinger operators
was obtained in [19], where critical values of mass ratios guaranteeing the existence of one, two,
or three eigenvalues for a three-particle lattice Schrodinger operator were established. In [20],
the authors derived criteria ensuring the absence of eigenvalues, as well as conditions for the
existence of a unique triple eigenvalue located above the upper threshold of the essential spec-
trum for a three-particle discrete Schrodinger operator associated with a system consisting of two
fermions and an additional particle interacting through pairwise repulsive zero-range potentials
on a three-dimensional lattice. The investigation carried out in [21] was devoted to conditions
guaranteeing the absence of eigenvalues and the existence of three eigenvalues situated below the
essential spectrum for a three-particle discrete Schrodinger operator describing a system of two
fermions and a particle of another nature. Finally, in [22], it was proved that the essential spectrum
of the corresponding three-particle discrete Schrodinger operator is represented as a finite union
of bounded closed intervals.

Main result of the paper is the following theorem.

Theorem 3.1. Suppose that Assumptions 2.1 and 3.1 hold.

(1)

(i) Forany u > 0and 0 < A < Ag the number 2E " is a simple eigenvalue of the Hamiltonian Hy, ;.

Moreover, the essential and point spectra of the operator admit the representations

Uess(H[u,/\) == [ELl) + El/ Efll) + EZ] U [2E1/ 2E2]/

and
H,.) = 2E("
Gpp( y,)t) { u }/
respectively.
(ii) Forany p > 0and A > Ag the numbers ZEE}) and ZEE\Z) are the simple eigenvalues of the Hamiltonian
Hy,.
L

In addition, the essential spectrum of the operator is represented as
1 1 2 2
Gess(Hyn) = [ES + Er, EY + E5] U [2Ey, 2E2) U [EY) + Ey, EP) + Eo),
while its point spectrum is given by

(1) 4 @ 5@

_ (1)
opp(Hya) = 2E, 7, Ey A 2E))

Proof. From the definitions of the operators H,, and h,, it follows that the Hamiltonian H, »

admits the representation
Hy = h‘u//\ @I+ I®h‘u//\,

where I denotes the identity operator acting in Ly (T%).
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Such a decomposition is particularly convenient for the spectral analysis of the Hamiltonian,
since it allows one to apply the general theory of tensor sums of self-adjoint operators. In particular,
by the classical theorem on the spectrum of tensor sum, one has

G(H#,A) = G(l’l#,/\) + G(l’l#,;\). (31)

Assume now that Assumptions 2.1 and 3.1 are satisfied. Then the determinant functions Af}) (+)

and AE\Z) (-) possess the asymptotic properties

lim AV (z) = lim AP (z) = 1.

Z——00 u Z——+00 A
(i) Let p >0and 0 < A < Ag. Then

AW

L (El) = =09,

(1)
u

0 admits a unique solution El(ll) € (—o0, E1). According to the criterion established in Lemma 2.2, the
(1) 1)

IS [T
Furthermore, Lemma 2.3 shows that this spectral point simultaneously generates an eigenvalue of

and the function A, (+) is monotonically increasing on the interval (—co, E1 ), the equation Ai,l) (z) =

number E ;' belongs to the discrete spectrum of the auxiliary rank-one perturbation operator

the Friedrichs-type operator /1. Hence, the operator h, ) possesses a eigenvalue located below

the lower threshold E; of the essential spectrum.

(2)
A

h(Az) does not possess eigenvalues to the left of the threshold E;.

On the other hand, for every z < E; and A > 0, one has A}”/(z) > 1. Consequently, the operator

Next, let 0 < A < Ap. Since the function Agz)(-) is monotonically increasing on the interval

(Ez, +0), we obtain

2 2 2
AP (2)> AP (B) 2 AP (B) =0,  z>Ea. (32)
It is evident from the relation (3.2) that AE\Z) (z) >0forallz> Eyand A € (0, Ag]. By Lemma 2.2,

(2)
A

On the other hand, for every z > E; and u > 0, one has A

the Friedrichs-type operator ;" has no eigenvalues which located is on the r.h.s. of the point E,.

(1)
U

hfll) does not possess eigenvalues to the right of the threshold E,.

(z) > 1. Consequently, the operator

Thus, if ¢ > 0 and 0 < A < Ao, then by Lemma 2.3 the Friedrichs-type operator ki, y has no
eigenvalues belonging to the set (Ey, 4+00).
This yields that,

oaisc () = (EV),  olhun) = {EV ) U[Ey, Eo)

and by the relation (3.1), for any u > 0 and 0 < A < Ag the number ZELU is a simple eigenvalue of
the Hamiltonian H;, , and

[ + Ey, EYY) + ] U [2E4,2E,),

Oess (Hy,1) u

opp (Hun) = (2E).
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(2)
A

(ii) Now we consider the case A > Ag. By the definitions of the numbers A}” (Ez) and Ao, we obtain

A

A (E) < AP (E2) =0

(2)
A

there exists a number E(AZ) € (Ey, +00) such that

Since the function A7 () is monotonically increasing and continuous in the interval (Ep, +0),

2)

AP(EP) =o.

(2)
N
hasno eigenvalues

(2)
A

For the case (i), we showed that for any A > 0 the Friedrichs-type operator h

Lemma 2.2 yields that this number E” is an eigenvalue of the Friedrichs-type operator 1

(2)
A

in the interval (—oo,E;) and for any p > 0 and A € (0, Ag] the operators hfll) and h;z) have no
eigenvalues in the interval (E, +0).
Therefore, by virtue of Lemma 2.3, that for every u > 0 and A > Ay, the Friedrichs-type operator

(1) and E (2)

hy, possesses exactly two simple eigenvalues, E, N

. Accordingly, the discrete spectrum of

the operator is given by

Odisc (h‘u,/\) = {Efil)/ EE\Z) }/

while the whole spectrum admits the representation
U(I’ly,/\) = {ELl),E(Z)} U [El, Ez]

In view of the equality (3.1), for any u > 0 and A > Ag the numbers ZELD and 2E'?) are constitute

A
simple eigenvalues of the Hamiltonian H, . Moreover, the essential spectrum of the operator

admits the decomposition
Gess(Hyn) = [E + Ey, E + Eo] U [2Ey, 2E2) U [EY) + Ey, EP) + Eo),
whereas its point spectrum is represented by

opp(Hyp) = 2B, EV + EY, 2E7).

por b A A
Note:
26V <EM +E and 2B >EY 4 E,
Depending on the values of A and p, the eigenvalue EE}) + Egz) is in the [2E;, 2E>] network of

the essential spectrum or of the essential spectrum
D +Ey, EY + Eo] U 2B, 2] U[EY) + By, EY + E)]
will be located in the space. m]
The following Theorem can be proven analogously to Theorem 3.1.

Theorem 3.2. Suppose that Assumptions 2.1 and 3.2 hold .
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(2)
A

(i) Forany 0 < u < po and A > 0 the number 2E " is a simple eigenvalue of the Hamiltonian H, 5
and

Gess(Hup) = [2E1,2E2) U[EY + By, E?) 4 Ey),

opp(Hy ) = {2EP)).

() and 2E® are the simple eigenvalues of the Hamiltonian

(i) Forany > poand A > 0 the numbers 2E, 3

Hy, 1. Moreover, the equalities
Gess(Hyn) = [E + Eq, ) + E2] U [2E1,2E2) U [EY) + By, EY + Eo),

opp(Hup) = (2E, EV + E®),2EY)

hold.

4. CONCLUSION

In this work, we study a three-particle lattice Hamiltonian H,, 1, depending on the interaction
parameters y > 0 and A > 0. The operator under consideration can be represented as a tensor sum
generated by two Friedrichs-type operators together with a rank-two perturbation term.

Such a representation provides an effective framework for the spectral analysis of the model,
since it allows the investigation of the three-particle Hamiltonian to be reduced to the study of the
associated Friedrichs-type operators and their spectral characteristics.

The representation of the lattice model Hamiltonian Hy, ; in the proposed form made it possible
to derive several fundamental spectral characteristics of the model. In particular, an explicit
description of the essential spectrum of the Hamiltonian H;, , was obtained, and the exact number
of closed intervals constituting the essential spectrum was completely characterized. Furthermore,
a detailed analysis of the point spectrum was carried out, which allowed us to determine the precise
conditions under which the considered Hamiltonian admits one, two, or three simple eigenvalues.
The analytical expressions for these eigenvalues, together with their localization with respect to
the essential spectrum, were also established. These results provide a comprehensive spectral
description of the model and significantly contribute to the spectral theory of lattice Hamiltonians
with non-local perturbations.

All the above-mentioned results were obtained under the assumption that, among the special
integrals entering the Fredholm determinant associated with the Friedrichs-type models, one
remains finite whereas the other diverges. In the derivation of the principal spectral results, natural
assumptions imposed on the supports of the parameter functions v; () and v(-) made it possible
to reduce the spectral analysis of the Friedrichs model with a two-dimensional perturbation to
the investigation of the essential and discrete spectra of two auxiliary Friedrichs-type operators
involving one-dimensional perturbations. A crucial role in this approach is played by the behavior
of the corresponding special integral appearing in the Fredholm determinant. In particular, the
divergence of this integral guarantees the existence of a discrete eigenvalue for the lattice model

Hamiltonian.
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