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Abstract. In this work, we carry out a detailed qualitative analysis of a coupled system of multi-term fractional
differential equations. More specifically, we investigate whether solutions exist and whether they are unique. The
system under study includes coupled nonlocal boundary conditions. To obtain our results, we employ appropriate
fixed-point methods that are well-suited to fractional problems. Beyond existence and uniqueness, we also conduct
a thorough evaluation of the model’s stability properties. Specifically, we examine Ulam-Hyers-type stability and its

generalized version. These stability analyses confirm that the proposed system is reliable under small perturbations.

1. INTRODUCTION

Fractional calculus (FC) is currently a useful tool for describing processes that involve memory
effects. Unlike traditional integer-order models, fractional operators allow researchers to capture
the underlying dynamics of physical and biological systems with greater accuracy. As a result,
interest in this area has grown substantially, leading to many studies on nonlocal fractional dif-
ferential equations. Many boundary constraints, ranging from nonlinear multi-term to integral
multi-strip conditions, have been explored by Ahmad et al. [1-3], and Mani et al. [4] . For more
studies on this topic, see [5-7]. Collectively, these investigations provide the essential groundwork
for current research on nonlocal fractional models. The importance of such models is evident from
the wide range of applications where they appear. The description of memory effects in financial
markets [8] relies heavily on fractional Langevin equations. Fractional derivatives have proven es-

sential in the study of anomalous transport [9] and in formulating fractional advection-dispersion
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equations in hydrology [10]. For more applications, see [11-15]. These practical examples high-
light why fractional operators are so valuable: they excel at modeling systems where past behavior
continues to influence present dynamics.

While several researchers have studied systems of coupled FDEs with various BCs, the present
study introduces several new elements that distinguish it from existing literature.

First, as far as we know, this is the first work to consider a system of coupled multi-term Caputo
fractional differential equations where both equations contain sums of fractional derivatives with
distinct orders, along with a class of coupled nonlocal BCs of a general form. Specifically, the
boundary conditions at r = 1 for u depend on a weighted sum of v values at interior points 7;, and
similarly the condition for v depends on u at those same points. This coupling in the boundary
conditions adds significant mathematical complexity and has not been fully addressed in previous
works.

Second, we derive an explicit integral form of the solution for the linearized version of the
coupled equations. This representation is more general than those found in earlier studies because
it handles multi-term derivatives on both equations simultaneously.

Third, we not only prove the existence of solutions using Krasnoselskii’s fixed-point theorem and
the uniqueness, but we also conduct a complete stability analysis covering four different stability
types: Ulam-Hyers (UH), Ulam-Hyers-Rassias (UHR), and their generalization.Many existing
studies treat only one or two of these stability types; we provide all four.

Fourth, the theoretical results are supported by a concrete numerical example with explicit
parameter values, demonstrating that the conditions of our main theorems are verifiable in practice.

Motivated by the above considerations, in this paper we focus on a system of coupled multi-term
Caputo FDEs given by:

YiLi A D2ep(x) = I (k, 9 (x), x(x)),
b DPix () = ha(ie, (), X (x)),
o€ (N-1,N],Bs € (N=-1,N],oc# Lo #j

(1.1)

0<9<1,0<pj<1
1=1,23...N,j=1,2,3,...N
Al,[u]' eR

equipped with nonlocal boundary conditions,

k
#(0) = 0,¢(0) = 0,"3(0) = 0,p(1) = } " aixc(m)

k
X(0) = 0,1 (0) = 0,,XN2(0) = 0,x(1) = Y bip(n), i€ (0,1).
i=1

In this formulation, D% and *DF/ stand for the Caputo fractional derivatives corresponding to the

orders ¢; and ﬁA j - The functions h; and h; are assumed to be continuous.
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This paper is organized into multiple sections: The foundational concepts are presented in Section
2. The core findings of this study are presented in the third section, where we utilize Krasnoselskii’s
tixed-point theorem to establish the existence of solutions to problem (1.1). The stability analysis

of the solutions obtained in the previous section is examined in the final section.

2. PRELIMINARIES

Before moving to the main results, we review a few definitions and Lemmas from (FC). which

will be employed throughout this paper.

Definition 2.1. [16] Suppose an integrable function y , with —co < a < k¥ < b < oo. The ( order

Riemann-Liouville fractional integral IS is given by:

A K K—2z o—1
£-k0) - [ E I, @)

Here, we use I' to represent the Euler gamma function, and the kernel is Ky =

Definition 2.2. [16] Now consider a function y : [a,00) — R that is absolutely continuous and has
(N —1) derivatives. its Caputo fractional derivative of order { is expressed as:

N K _ »\N-p-1
Diyi) = [ Uy @2

In this definition, we require N —1 < 0 < N, with N = [g] + 1. The notation [p] stands for the integer part

of 0.

Lemma 2.1. [16] The general solution of °D2y(x) = 0 ,where « € [a,b], N —1 < ¢ < N, can be stated as:
y(x) = Eo+ Ey(k—a) + Ex(k —a)? + ... + En_1(x —a)N7,

the coefficients E; are arbitrary real numbers for i = 0,1,..,N — 1. Moreover,
12(D?)y(x ) + Z Ei(x —a)

Lemma 2.2. Let w,v € C([0,1],R) be given continuous functions. Then the solution to the following
problem

YL, AfDlg(x) = w(x),

) k€ [0,1] (2.3)
N ufDPix (i) = v(x),

9(0) =0,9'(0) = 0,N72(0) = 0,p(1) =

0<@lsl,0<ﬁjs1
1=1,23...N,l#0,j=1,23...N,j#o0
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can be written explicitly as follows:

1(1—z)b1
T(Bo)

;

_1
lo

(2.4)
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Yoo P (1-z)eonl
+ 2 ) e g"(z)dz)]

1 (™ (k- z)ﬁ“‘1
- Al A d
+ s TG v(z)dz

pi [ (e=z)f bt
-y £ fo T x(2)dz, (2.5)

j=1,j#0

In the expressions above, the constant y is given by y = 1 — A1A,, which must be nonzero for

the solution to be well-defined.

Proof. We begin by applying fractional integration of order g, to the first equation in (2.3) and

similarly of order f, to the second equation. We will have ;

K Oo
(p(K):E1—|—E2K—|—---—|—ENKN_1—|—if ww(z)dz
0

Ag I'(00)
N —o—1 (2.6)
/\lf K — Z Qc —0—
— ————¢(z)dz,
IZAU Ql) v
I#0
,B(r 1
=G+ G+ - +GN1<N1+— vadz
T'(Bs)
’ 2.7)

N
U K — Z)ﬁo pi-1
-~ 7 d
]Z]muafo rG-f) O

The symbols Ej, Ey, ..., Ex and Gy, Gy, ..., GN represent arbitrary constants that arise from inte-
gration. Utilizing (2.6),(2.7) with the condition ¢(0) = 0,¢’(0) = 0,¢N2(0) = 0,x(0) =
0,X'(0) = 0,xN2(0) = 0 we can find that E; = 0,E;=0,Ex_; = O,for i=1,2,.,N-1 E; = 0
,G1 = 0,G,=0,Gy_1 =0,fori=1,2,..,N -1, G; = 0 Thus, (2.7),(2.6) as follows:

@ﬂ
p(x )—ENKN1+—f k=2) w(z)dz

N Z @u o— (28)

Al K
_ Z T (p(z) dz,

=1 0
I#0
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K _ [%—1
x<x>=GNKN-1+i fo %v(z)dz

N ; K — 7\Bo—Bi-1
- Z & f %){(Z)dz,
=1, Ho Jo r(ﬁﬁ _ﬁj)
Utilizing (1) = YX_ aix(n:) , x(1) = T5_, bip(n;) we get this system:
En-AiGN =T1,GN-A2EN =T2

where A| = Zle amNt, Ay = Zle biy ™1,

Al fl (1-z)%~0-1
+ — | T e(2)dz,
LA Tamw @
k , -
bi i (T]i_z>@o 1
T,=) &+ [ =2
2 Z‘Aafo (%) w(z)dz

Zk: i Aib; fm (n; — z)0=01 '
L2 0y a9

Evaluating the system(2.10) yields:

T+ AT T+ AxTy
EN=——F7/6Gv="T"7"7-
1-A1A; 1-A1A;

(2.9)

(2.10)

By inserting the expressions of Ex and Gy into (2.8),(2.9) the solutions are found to be (2.5),(2.4). O

Theorem 2.1. [17] (Krasnoselskii’s fixed-point theorem) Let W C X be a nonempty, closed, bounded, and

convex subset, and X be a Banach space. Suppose that we have two operators C,D : W — Xsatisfying the

following conditions:

(A1) Cx+DzeW forallx,ze W;
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(A2) D satisfies the contraction mapping principle;

(A3) C is both continuous and compact.

Under these assumptions, at least one fixed point x* € W exists such that x* = Cx* + Dx".

Theorem 2.2. [18] (ArzelaAscoli theorem)
A subset of the space X = C([0,1],R) is called relatively compact if and only if it is bounded and

equicontinuous.

3. MAIN RESULTS

Consider the Banach space X = C([0,1],R) endowed with the norm ||f|| = SUP,efo 1| fl.
Consequently, the space (X X X, |I(f1, f2)ll) is also a Banach space equipped with the norm
I(f1, 2)I = LAl + lIf2ll. We now define an operator U : X x X — X x X using Lemma (2.2) ,
which will help us reframe the system (1.1) into a fixed-point problem by:

U(p(x), x(x)) = (U (p(x), x(x)), Uz(p(x), x(x)))
where,

KN_l i — z ﬁa_l

k i
U (p(x), x(x)) = —[Z - [ ' %hz(%@@,x(z»dz

k N , B —f.—
B (7 (=)

- i A A d

ZZ aH(th T(ﬁa—ﬁj) Xx(z)dz

N 1 bo—0—1
Alf (1—z)%~0
1 L 2 o(2)d
2T T —g) PO %

k . i — 05—1
Z % foq %hl (z,0(2), x(2)) dz

y Y A [t
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1 (1 _ o)\oo—
_A%j; u;)glhﬂZ,(P(Z)/X(Z))dz

L(ds)
N 1 0o—01—1
A Az )
L v e WW]
K — ﬁAJ_l
i O %hxz,wzm(z))dz
N ) _A._
i (x—z)f P
— _— - A d 4
j_lz,;;g uafo T(Bs=B)) e

Wherey =1-A1A, #0.
4. HYPOTHESES

The following assumptions will be needed to support our main results. They concern the

nonlinear functions h; and h,.

(B1) Forall x € [0,1] and @, ¢*, x, x* € R, there exists L1 > 0 such that

I (e, (), x (1)) = (36, 9 (), X" (6))] < Ll = 9" + Ix = X1)
(By) Forall x € [0,1] and @, ¢*, x, x* € R, there exists L, > 0 such that

Iha(xc, (), x (1)) = B2 (1, 9" (1), X" (%)) < La(lp = ¢ + Ix = X1)
(B3) For constants Cq, Cy, D1, Dy, M1, M > 0,

Ih1 (x, @(x), x(x))| < Cilel + D1lx| + My
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ha (1, (%), x(x))| < Calg| + Dalx| + M>

Remark 4.1. To keep the computations manageable, we introduce the following shorthand notation.

[Z ol "Ly +Zk‘ i il ”fg_ﬁj
1 ~
M & el (B +1) & Ak, ol T(Bo—pi+1)
k ()
P i TR All(z Lulbyln’
I/\alf(@ 1) " 4 1A6IT (0 =01 + 1) L |AgIT (06 +1)
k N Oo—01 N
Adlibiln; I )
+ + +
;zz ol (0o =0+ 1) |ulT( ﬁo“ ]X;l oIl (Bs = B +1)
N
Ly Al
- 2 + A —
A6lT (05 +1) _Z 6T (05 — 01+ 1)
I=1,l#0
k AU k N AJ_A
KZ:i[zmﬂ+z g i
LS Mol T +1) & 454 ol T(@o—a+1)
L L i il i 2|(Zk: Lalaiinl”
|[”'J|F(B\U + 1) ]':1 ]'#:U “’lﬁlr(ﬁ ﬁ i=1 |‘Ll(7|]__| ﬁa + 1
kK N Bo—pj N
|ujllailn; Al )
+ + +
;] Z |“U|r<ﬁa ﬁ]‘i‘l) |/\G|r Qa+l llzl#:cr Ao |F Ql—|—1)
L, n = |ujl w1
ol (Bs +1) 474, uolT(fo = B +1)
k ﬁu k N B(T_Bj
p( 1 lajl T laillg | m;
s11-—= ———(C2+Dy) + S
2 'V'[;' AT 1) ) ; ]-_;#a ol T(po =B +1)
N
1 Al 1
+ Ci+Dy) + e
RIS A l§g| o T(0s =01+ 1)
k @(7
bl 7 1 1
+1A |( L (C;+ D)+ ————(C2+D
1 ;" AT 11 P T ) (42)
k N 0o—01 N '
bl 10 |14l 1 )
+ A A + — ~ A <
;‘,le,l;o Aol T(0s—0r+1) j;‘m lusl T(Bs - Bj+ 1)
N k Bo
1 Al 1 ) 1 il T
+ . Ci+Dy)+ A — _
ISR ,_;;a Mol T (85— +1) IVI[;I#UIF(EUH) ?

k
bl M 11 ) o1
+ . M; + A |( ——— M+ —————M; |+ o= —————Mi|,
Mol T(0s +1) 1Z‘|Aalf(gg+1) Yl TR+ 1) ) el T+ 1)
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i, +jlzN,];¢a||+t_illr<ﬁg 7D
+ |A2|(Z-Zk1‘ %F(ﬁ?i D (C2+ D7) + |A1ﬁr(}l+ D (C1+ D)
-
+1Zk;‘ jijicl 1|||“i|| r (30’71_ /?j]+ 1) +z_1zi;ea mf (0o —101 +1))
N ‘ k @o
+Lr(/§:+ 5 (CHDZH]-_l,#a'l:_:’l'—r(ﬁ ) ) {;q:_ Qg+1
b
ir(ﬁo 1>M2+'A2'(§|5;'|ﬁ%ﬂ g|r<@:+ 1>M1)+|:_alr(ﬁlﬂ+1>M2

(4.3)

Theorem 4.1. The system (1.1) admits a unique solution if the assumptions (By)and (By) , together with
equations(4.1) hold ,and K < 1, where K = max{Ky, K5}

Proof. Consider ¢(x), ¢*(x), x(x), x*(x) € X
(U (p(x), X (1)) = Us (@ (1), X7 (%))l

k (ni—2) ﬁf
%[Z o] fﬂ 72 (2,0(2), X(2)) = ha(2,97(2), X (2)) dz

=1

Iu]
|‘U'UI

le 771 ﬁd
f e = o )

+
- -
mMZ

1 —_— (o
+|Av|fo %lhl(‘z'@(z)f?f( ) =hi(z,¢"(2), X' (2)) dz
ooy (1 -z)emat )
+ ) Aol Jo WW(Z)—(P(Z)Idz

k i PR o
+|A1|(Z|'§—;'| 0” %Ihl(z 0(2), x(2)) ~ (2, 9" (2), x* ()] dz

k N
|A411b;] (ni —z)%a~ .
+ z)—@*(z)|dz
;ZZZ;G ™ TG =5 () -2

1 — 7)Ps—
+ |L fo %Ihz(zw(z),x(z» —hy(z,9"(2), X" (2)ldz
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N

1 ol 2\Po—bj
+ Yy g——L——4M@—xT@M%

~ = (4.4)
j=1,j#0 |[“l‘7| 0 (ﬁ 5 )

e If - (z,¢(2), x(2)) = (2, ¢"(2), X (2))ldz

N —o-1

lmhf w—mw@ *
+ —\p(z) — z)|dz,
lg%JmJo RGO

Now, use (B1), (By) in (4.4)

[T (p(xc), x (k) = Un (" (x), x" ()]

SWL'“% Om%b(l(p—(p*l—%lx—)ﬂ)ﬂ
+i {%-V: i ﬁlfm m_Zﬁg PP s

i=1 j=1,j#0
+IA17 Ol%uﬂ(p—(p*lﬂx—x*l)dz
ﬂia ), %'(" vl

k . A —
bl (" (ni—z)%
+1A E Y L(lo -+ x - x| dz
|1I(' ol T2, 1(lp =@+ Ix = x*1)

libil (7 (i — z) %@t \
Aol o T o) TPI"

L ta-gf , :
T —/\ - - d
+ fo oo et - xh de

N
|1 —z)Pr P
+ ﬁ le X'ld )
jot 2o Hol JO (B —B))

1 (*(k-z)%!

+— | L (o= |+ = xdz
T o0 1l =@l + 1x = x*1)

|/\z|f (k —z)001
S dz
Aol Jo T(0s—01) g

k
Y. B (- + - D
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Li(lp—¢* 1 +1x - x1)

2: 1 *
+ _—90_('0
Mll(@a @l+1)| l

1=1,l#0
k @0
|b1| T]l' . .
+1A ——L - 4y -
| 1'(;I/\0|F(@g+1) 1l =1+ 1x = x1)
k N @0_@1
Aol ™ .
+ - lp —¢7l
121‘1212,1;0 Asl T(0s—01+1)
Bl T+ 1) - P
N
|ujl 1
T _%Ix—x*l)
jz;‘;&o ol T(Bs = pj+1)
i Ly (] |+ )
o -+ Ix-x
AT (0 + 1) VPP ITIA=A
I M S R
1= %0 Aol T(06 — 01+ 1)

k Bo k N ﬁa_ﬁ'
L i[zmm—Lz+Z Z laill i A]
VIl sl T(Bs +1) ey luol T(Bs—pBj+1)
Ly |l

_|_

+ T2 11/~ 1 4\ ~ ~
AT (0 + 1) AsIT (05 — 01+ 1)

I=1,l#0
+1A l( L +Zk'. i e
" & a,r(e, +1) Aol (05— 01 + 1)

N

|#J )
S —
|Vo|r ,Ba +1) ]_Z]:;t |‘UUIF ﬁ] +1)

1
N

|Al -
TG + 1) @g+1 ) T (0 ; ))||(§0/X)—((PIX)||-

I=1,l#0

using (4.1)

UL (@(x), x(x)) = Ur (@™ (), X" (1))l < Kill(p, x) = (9", X)I-

Applying the same approach as previously, we get:

U2 (p(x), x(x)) = U(@" (), X" (1))l < Kall(ep, x) = (@7, X)I-

(4.5)
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Consequently , by utilizing the relation (4.5) and (4.6), we obtain
1U(p (1), x () = U(* (1), X" ()l = UL (@ (1), x () = Ur (" (1), x" (1))
U (), x (1)) = Ua (@™ (1), X (1))l
< Kill(@, x) = (@7 X+ Kall(g, x) = (07, xO)I
< Kil(g, x) = (¢ 1)l

Therefore , the system (1.1) admits a unique solution,since the operator U possesses a unique fixed

(4.7)

point . O
Theorem 4.2. The system (1.1) admits at least one solution if the assumptions (B1) — (Bs) hold.

Proof. Let us divide the operator U into two operators S and P defined as:
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1 (1 _ \po-1
_ifo %hz(z,qo(z),x(z))dz

1—z)b ﬁ;
f x(z)dz
j= 1]¢a
+A2(Z fm = ep(e) ()
kXN i (nl—Z)ﬁ” pi-1 s
21]12] of(; (50_51) X()d

1

1 (1-z)%1
%, W 1(z,0(2), x(2)) dz

+i%fﬁ“<mﬂ

N po=p
Z f & x(2)dz.
j=1, ]#0 0 IB‘r ﬁ])

Furthermore, we Define a ball O, = {(¢,x) € Xx X : [l(@, x)Il < p,llpll < §/||X|| < g}, with
positive radius p > max{p1, p2}, where p1 ,p> are defined by equations (4.2) and (4.3). For simplicity,

the proof is carried out through several steps .

Step 1 We claim that
S(p(x), x(x)) + P (x), X' (x)) € Qp € XX X

for every
(QD(K)/X(K)/ (P*(K),X*(K)) S QP
For this
k W (i —2) 5(,
1S1((), x()) + P (" (x) %[wa = o2, (2l dz
SO gl (nl—z)ﬁﬂ Bt
+;]‘:Z,]‘ |l||#a| —(ﬁa—ﬁ]) lx(z)|dz
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N 1 bs—01—1
Al [ (-2
+ — —————lp(z)ldz
llZ,la [Aql 0 r(@o_Ql) (P< )

k i p— A1
+|A1|(;|'j—;'| O” 2 e p(2) ()l dz

I'(0s)
k e
2 zzlzi;a e e G
- 1%m (2 (), x(2))]
ia | Q—iﬁmndz)]

K — Z@J
le T2 (2, 0(2), x(2)ldz

N —o-1
Al (K—Z)@“ &
+ E — | = lp(2)ldz, 4.8
g Mol Joo T(00 = 01) 7 o

Apply B3 in (4.8)

(ng + ng + My)

151 (@(x), x(x)) + P1(@" (1), X" (1))l < 2

1 el
i |15| T(fy + 1)

i=1

illw "
. Z|Ha|F(ﬁg Bi+1)2
1 1 P

P
(C12+D12

+ M)

N
|A] 1 P
+ N
Z‘ Aol T(0s—01+1) 2
S P p
; Shm = (C15 + D1 + M)

k N @J_@
+Z Z. L
T Aol T(0s—01+1)2

(Czp +D2p + M>)
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I=1,I#0
by use (4.2)
IS1(p(x), () + Pr(@" (), " () < 5, @9)
Similarly
120 (), x(x)) + Pal” (1), 1 ()11 < 5, (4.10)

Hence, from (4.9) and (4.10), we have

S(p(x), x(x)) + P (x), x" () € Qp.

Step 2 To assert the boundedness of S. Take any ¢, x € (), yielding

k a: i — \bs
|sl<ga<1<>,x<v<>>|sl‘2'l' O e g, 1)

el o TR

oy | i —z)PoBi-1
2 jlz,;;g o ), %IX(Z)I iz
+|A1_g| 01 (1;(2? 1|h1(Z,(p( e
’ lil i 01 <1r[@?0_“ @; (p(2) d2

kK N ) L
bl (7 (i —z) %@t
+Z Z |Ag| 0 r(@(j—@l> |(P(Z)|dz (41]_)
1 (1(1-z)p?
1ol r'(Bs)

| (1-2z)po~ /31
|‘u]|f (z)ldz)}.
= 1# Ho

Ih2(z, ¢(2), x(2))] dz

use (B3) in(4.11)

koo ps
151 (), (1)l < l[z K;’lﬁ@g +DaE 4 M)

k N |H]| T]ﬁ(f_ﬁj ‘0
+ ; -t -
ZZ g Ilualr(ﬁg Bi+1)2

+D1p+M1)

—_
—_
N[

(G
(0
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+
k
|bl| rlz p p
A — (Ci=+ D=+ M
| 1'(Z|Aa|r(@g+1)( 15+ D1y + M)
@0_@1

k
[Adlbil 1 p
+ —_
Z Z Aol T(0s—01+1)2

1 1 P P
— (G4 Dt M
|‘Ua|r(ﬁg—|—l)( 25 + D25+ M)

N

Z |}1j| 1 B)
Tt |[Ja| F(ﬁo — ‘B]' + 1) 2

_|_

~

Similarly

T T Aoy Clp + Dy

| E—f—Ml)

|F(Qg—|—1)( 2 2

Os
I52(p(x), () < bl

k

=1
ZN: bl n"
—1 I=1#0 Mol r(@a - @l + 1) 2
1 p P
e Q5 D
ol T(By +1) " "2 2

N

Iyl 1 P
- ———
Z |Ha|r(ﬁ ﬁ]‘—|—1)2

_|_

Iyl
3

1

k
1
1

+ M)

k
la;| ™ p p
1 Y P (G 4D, v m
| 2|( L, ol T (R, 1)( 2= 25 2)

kN 1 n?o—ﬁf 0
+Z Z Tuol T(By—fi+1)2 12

p
(C1 >

E+M1)

* 2

Aol T (86 +1) !

N

I/\ll 1 p
" Z Ql+1)2)

I= lia

Thus, S and S; are uniformly bounded; it follows that S is uniformly bounded.
Step 3 Now, our next goal is to prove the continuity of the operator S . To this end, let a sequence

nrAn i ’ .
(@n, xn) € Qp which converges to (¢, x). Then

1S1(@n (1), xn (1)) = S1(p(x), x (%))

1y lai| (" (i —z)Pot
) 'V_'[;w_al L T T RE o) (@) ~h(z p(z). x(2))ldz
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k N |y]| i (171 — Z)ﬁg—ﬁj—l
DIDN- R e REC R

1 — )0~
+ I/\L f %ml (2, 9n(2), xn(2) = I (2, 0(2), X (2)) | dz

|
N

A (T (A-z)eet
+ — —|pu(z) —p(z)|dz
lzlz,;;mw o Tla-ay 70

k . i R 0‘_1
(X [ e 0) - e ) (2l
= Mo o

k N i oo—01—1
Adllbd - (™ (i —2)% @
+Y) n(2) —@(2)ld
' ol Jo  Tla=o) lpn(2) = @(2)ldz

i=1I=1,l#0
1 (1 (1-z)f!
+ ol Jo Tﬁa)lhz(z, on(2), xn(2)) = h2(z,9(2), x(2))| dz

T I N s
A= el
+J'12,];¢a il Jo TG —p) (z) - x(2)l z)

Applying the Lebesgue Dominated Convergence Theorem, we obtain,

151 (0n (1), xn (1)) = S1( (%), x (1))l = 0

as n — oo. Likewise, the continuity of S can be derived. Therefore, S is continuous.

Step 4 We will show the equicontinuity of the operator S.Let k1, k2 € [0, 1], k1 < k2, (51,52 € XX X)

AR S a; i (n; —z)Po—1
1S1(p(2), X (K2)) = S1(p k1), x (1))| < ”—||[Z|Ll_;|l 07 %WZ(Z‘,@(Z)JC(Z))MZ
- - |H] 77‘ — Z)ﬁa‘ﬁj—l
—|-ZZ:]Z]"¢G l||Ha| w|x(2)|d2
1 1(1-z)e1
T Wlhdw(zm(z))uz

N 1 —o—1

Al (1-z)%@

+ E ————|p(z)ldz
el Jo T(eo —a)

k , Ni (1. — 7)1
+'A1'(Z|'f\’lll fo’ =Dz, p(2), 1)
i=1"°

= F(Qa)
k N . o
Aoyl (7 (ni—z)e@
i —————lp(z)ldz

1 (1~ 5)Bom
il A (2, ()l dz
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N
|H] f —z)PePi~1 )
+ z)|dz
Z Ittol X ()
j=1 j#0
™~y i n.ﬁ" o
! Z‘lyalF(ﬁaH)( 25 + D27+ M)
k N Bo—Bi
sl 1; P
+ lgj|— —"———=
z'Zl‘ j_;;g luol T(Bs —Bj+1) 2
+ —=—==(Ci5 + D15 +M
IAGIF(QUH)( 15 P13 1)

N
Al 1 p
+ - F
L ol T(0s — 01+ 1) 2

I=1,l#0
. || 77‘@{7 p P
A i i D
+1 1l(;| UIT(QG+1)< + D1z + M)
k -
N ML
i=1 =110 Aol T(os—ar+1)2
1 p P
+ = (G5 + D5 + M
T, £ 1) G2 + D2 +M2)
N
|[U]'| 1 p)
+ T/ 2 1 1\90 7
]‘_;;g |tol T (Bo -Bi+ 1)2

Evidently, ||S1(@(x2), x(x2)) — S1(@(x1), x(x1))ll = 0 as k1 — «2 Similarly, we have

1S2(p(x2), x(x2)) = S2(@(x1), x(x1))Il = 0 as k1 — x2 . Therefore, S is equicontinuous.

Consequently, by virtue of theorem (2.2) , S is a completely continuous operator on (), .

Step 5 Our objective is to establish the contraction P. Consider that ¢, x, ¢*, x* € X

PR )i Mﬂf oL |h1 (z,¢(2),x(2)) =1 (z, 9" (2), X" (2))|dz
1A, M .
+l 1,l#0 Aol Jo T(os—ar) lp(z) — @™ (2)ldz
1 (K z)@a

T 1(lp = @* + lx = x"1)dz

=l Jo
al Kk —z)%—a-1
+ 2 |Ql|| %(I@(Z)—fp*&)l)dz
1=1,l# o

1

ﬁ(lfp o1+ =X

Y w_ -
* X Mg =grm e -v e
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IP1((x), (1)) = Pa " (1), " ()1l < (%ﬁ
W1 —(¢" X"
+l:1,l;ta Aol T(0s — 0 +1) 120 =@
1Py (@ (), 2 (K)) = P1 (90" (), " (D) < K lps ) = (07 )1 e
Similarly
. . 1 Ly
IP2(@ (%), x(x)) = Pa(@" (), X" (1))l < (mm

i M;)u&o,x)—@ix*)lb (414)
e o T (B =B+ 1)
IP2((x), x (i) = Pa(@" (x), x" ()l < Kyl (@, x) = (", x7)II-

let K’ = max{K{, K}} then:

IP(p(x), x(x)) = P(@" (), X" ()l < K'll(, x) = (@, 27l

Evidently, P satisfies the contraction condition. Thus,in view of theorem (2.1), the consid-

ered coupled multi-term Caputo FDEs possess at least one solution.

5. ANALYSIS OF STABILITY

Now we focus on the stability analysis of solutions to the system (1.1). Specifically, we examine
four types of stability: Ulam-Hyers (UH), Ulam-Hyers-Rassias (UHR), and their generalization
(GUH) and (GUHR).

Definition 5.1. Let (¢*, x*) be the unique solution of the system(1.1),and the solution (@, x) satisfies the
following inequalities
N
| Y ADE() = In (i, (1), X (x))] < €1,
=1

. 3 (5.1)
'Z uiDPix () — by (i, p(x), X (x))| < €2,
j=1

where, 1« € [0.1],A, uj € R

for some € = max{eq, e2} > 0. If there exists a constants H = max{H1, Hy}(positive) , such that
(@, x)— (", x*)| < He , then the solution (¢, x) of the system (1.1) is termed as (UH) stable . In the same
manner, the solution (@, x) of the system (1.1) is said to be generalized Ulam-Hyers (GUH) stable. if we
can find Non-negative function K : Rt — R™ with K(0) = 0 ,such that |(¢, x) — (¢*, x*)| < HK (¢).
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Definition 5.2. Let (¢*, x*) be the unique solution of the system(1.1),and the solution (¢, x) satisfies the
following inequalities ,

|ZAICD@ ~In(x, @ (), x (k)| < Vi (i)er,

e (5.2)
|Z u DPix (i) = ha(x, (%), x ()] < va(x)ea,

j=1

where, x €[0.1],A, uj € R

for some € = max{ey, €2} > 0. If there exists a constant H = max{H, Ha}(positive) , such that
(@, x) = (9%, x)| < Hv(x)e, then the solution (¢, x) of the system (1.1) is said to be (UHR) stable for a
continuous function v = max{vy, vo} € X X X.

Definition 5.3. Let (¢*, x*) be the unique solution of the system(1.1),and the solution (@, x) satisfies the
following inequalities ,

|me — (6, (), x(x))] < v1(x),

'ZufDﬁfx — a0 (), (1)) < valx), 53)

where « € [0.1], A, uj € R

for some € = max{ey, €2} > 0.If there exists a constant H = max{H,, Ha}(positive),such that (@, x) —
(¢*, x| < Hv (k) , then the solution (¢, x) of the system(1.1) is said to be (GUHR) stable for a continuous
function v = max{vy, va} € X X X.

Remark 5.1. Let (¢, x) € X X X be a solution of the inequality (5.1) if and only if we can find a functions
Y1, 2 € X, depending on ¢ and x, such that:

(1) €1 = [P1(x)l, €2 = [ih2(x)],
(2)

ZMD@' — (1,0 (x), x(x)) = 1 (x) =0,

(5.4)
Z i DP1x (1) = ha (i, (1), 2(x)) = (i) = O,
=1

where k € [0.1], A, uj € R.

Remark 5.2. Let (@, x) € X x X be a solution of the inequality (5.2), if and only if we can find functions
Y1, € X, depending on ¢ and x, such that:

(1) [P1(x)| < vi(x)er, [Ya(x)l < va(x)ea, x€[0.1],
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(2)

me (s, (), x(K)) = 1 (x) = 0,

(5.5)
Z D (1) = a1, 9 (1), X (%)) = () =
=1

where « € [0.1], A, uj € R.

Remark 5.3. (¢, x) € X x X is a solution of the inequality (5.3) if and only if one can find a functions
1,12 € X, depending on ¢ and x, such that:

(1) [P1(x)] < vi(k), [Ya(x)l < va(x), x€[0.1],
(2)

ZAICD@' = (16, @(x), (1)) = 1 () = 0,

(5.6)
Y 1 D(x) - (o, (), (1)) — () =
j=1
where « € [0.1], A, uj € R.
Lemma 5.1. Let (@, x) € X X X be a solution to the following system:
N PN
YLACD%o(x) = hy(x, o(x), x (k) + x),
Yz AfDYg(xc) = I (i, (i), x (1) + ¢r (k) <01 57)

S D () = (e, (), (1)) + 2 (1),

satisfying the following relations:
k 0o
[Agllbil ™ 1

Iyl )
Ui (o, x —1 ) + ~ + ~
llp (1) = U (e, ) < L T2,] F(QUH) olT(0o +1)  1A4IT(d5 + 1)

_|__ Z |€l| 17 |AAl| ),
Y\ & ol T(Bs + 1) |uglr(ﬁg+1)

Blf
S Al M 1 Iyl
() - Ua (g, 1)l < 2 - + - - .
W\N& usl T(Bs+1)  luslT(Bs+1)  |uoll(Bs + 1)
ey " g )
|7/| Qg + 1 |/\a|r(@a + 1) ’
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Proof. For any solution (¢, x) € X x X of (1.1), we have

m—zﬁ !y A (M (1-z)p
f z)dz Haj; r(ﬁa) Yn(z)dz

Arb m—z@l 1 (' (1-2z)01
+Z 1 f ; z)dz _/\_j(; Ta) gbl(z)dz}

p(x) = (e x) +

o

Using Remark 5.1, we get

k — ! 1 — Ba—l
Ww_wmmmsihh%iomh?>”“””*P1 (3$>hMmﬁ
=1 e ‘ Ho o
k ,
[Adlibd - (" (ni —2)%~
+iZf Aol Jo T(&s) 2)ldz +|/\(,|f |¢1 Idz}

K _ 0o—1
+ ! - f %wmzﬂdz
0

S_[ Adod 0" 1 Dl )

Aol T(fs+1) AT (05 +1)  |AT(8s +1)

i b m Al )
~ |uol (.30 +1) |H0|r(ﬁa +1)

Similarly, we can find:

o b (7 (-2)! Ay (-2
Y nee-g [ Mo V1%

k ‘ i (1. — \Bo—1 1 (1 _ \Bo—1
+yo MO [ ww”‘

x() = Ualg, )+ =~

I'(Bs) He Jo I'(Bs)

K Bo—1
/Jgf( (ﬁi) Un(z)dz.

kol (1 — 2001 1(1 )01
)=ttt < il Y [ (mr@?j @i+ 1 [ EE2 @

|Aallai m—z 1A=zt
+Z mg f ~a(o)ld = ) T e )|dz}

)dz,
|,Uo| |1,b2 z)|

Le ( Aslla nf“ (R )
|V| 1 |[JG| r(ﬁa"‘l) |[Ja|r(ﬁa+1) |Mcf|r(ﬁg+1)
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(7

- Ay
2
+ .
|V|(Z T'(gs + 1) AT (s + 1))

Therefore
‘00'

€1 |ALllbil 1 1 v )
o) = (e 01 < 01 Y 5 T 7D e D e T

i=1
Bo

e lal A )

+ ,
Iyl Z lusl T(Bs +1)  usll(Bs +1)

,817
€ |Aolla;] — ™0; 1 [yl )
K _7/[ ’ <= + +
) = thlp ol < ; ol T(Bo+1) " 1aoll(Bo+1) ' JuolT(Bs + 1)

ey ny’ 1Ay )
|V| P Qa Molr(@a + 1) '

O

Theorem 5.1. Under the hypotheses (B1), (Bz) and assuming Equations(4.1) hold with K < 1, where
K = max{Ky, Kz}. Then, the problem (1.1) is UH and GUHstable.

Proof. for any solution (¢, x) € X x X and (¢, x*) unique solution of problem (1.1), we derive:

(. x) = (@ X = lI(g, x) = U (", X
< llp = U (@, )l + lIx = Ua (e, X)II
+ 11U (o, x) = Ur (@, X + 11U, x) — Uz (@7, X7
Applying lemma(5.1) and theorem(4.1) we have:

0o

|Agllbil  10; 1 [yl )
;X < — — + -
I(p.x) = (#7200 < ||( — Aol T(8e+1)  1AIT(8 +1)  1A6IT (8o + 1)
B\(T
€2(i ol T 1A )
+ .
WNS uol T(Bs +1)  |uoll(Bs + 1)
k ﬁﬂ
+€_z(Z|Azuai| 7 N/ )
vl =1 lusl T(Bs+1)  luoll(Bs+1)  luoll(Bs +1)
k 0O
€1 bl ; |Az| ) . x
+ = e + A +Kll(p, x) = (¢,
| |(Z‘MI I(0s+1)  1A6IT(0s +1) I, x) = (@% X'l

Il
—_

1
1 [_1 Adibd 71
1-K IVl =1 |/\cr| (@0+1) Mcflr(@a"’_l)

0o

LW S bl A, )
MolC(6s + 1) =l T (00 + 1) A6l (20 + 1)

IA
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k po
& ( Aallail  ;
lyI\ =

ol T(o+1) " IualT(

1
po+
+Z |ai| ’71‘ |A4] )]
ol T(Bs + 1) |y0|r Bo+1

< He,

Yl
+1) WUlr(ﬁAa +1)

where
QU ('70

k
1 |Aallbil — TT; 1 Iyl bil —1I;
H = max + +y =0
{(1-1<)|y|(1,_1 Mol Tleo+1)  AolT(gs+1)  Aell(eo + 1) Zl‘lf\alf(@a+1)

1A ) 1 (" Aslla " L1
Mell(gs + 1)) T=KWI\ & Ttol T(Bo + 1) [tall(Bo + 1) IptolT(Bo + 1)

|ail 77 |Aq] )}
- + ,
Z |[vl¢7|r ﬁg+1 |[Ja|r(ﬁo+l)
Consequently, it is established that the system solution (1.1) is (UH) stable. Moreover, the system
(1.1) becomes (GUH) stable when K (€) is taken as K'(€) = € . m]

Lemma 5.2. Let the assumptions in Remark (5.2) be fulfilled. Then , any solution of (5.7), satisfies the
following relation:

vi(Ker o lAdlb] 0 1 ] )

& Aol T +1) " 1400 +1) * Aoll (06 +1)

llp(xc) — U (@, x)Il <

ﬁa
€ A
+V2(K) 2 Z |ail N Al )
Iyl ltsl T( ﬁg+1 |lusIT(Bo +1)

k 4

va(x)e |As|la;| ’h 1 Wyl
Ix () — Uz (@, X)II < - + -
v 7 ; ol T(Bo+1)  uolT(Bo+1)  IolT(Bo+1)
vi(K)er [ o n’ 1Az )
bl \&] ga+1 Mol (00 + 1))

Proof. Assuming that (¢, x) € X x X is the solution to (1.1), then

(1 —z)Po~1 A [P (1=-z)F T
f Un(z) dz—y—;ﬁ —T(ﬁa) Un(z)dz

(i = 2) R
+ZA1 fq ) 1(Z)dz_/‘\%j; —(1”2):) lPl(Z)dZ\ (5:8)

07
+—f k=2) U1 (z)dz,

p(x) = Us(p, ) + ——
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Using Remark 5.2, we get

p— o~ 1 _Z o~
|w>(mwxn-%zﬂﬂ R P B

| & ol T(8,) ol Jo T(Bo)

k _

Al (7 (i —2)% ! 1 (T (1-z)%
L ek g n>'%”W]

K — z@1

g f, e
vi()er (v Al 17 1 L )
(& 1Al F<@a+1) Aol (g +1)  1Aall (0o +1))

( lai |A4] ) n Ll )
IVI = I[lclr ,Bo+1 |Halr(ﬁa+1) 'F(Qo‘f‘l) |AG|F(QG+1) ’

Similarly we can find:

_ — )01
x(x) = Us(p, x) + [Z f '7’ ?) dz—‘:—j : “F(Z) W1(2) dz
Azul nl—zﬁ 1 1 (P (1-z)p
)3 o [y r%>¢“”4
1 “(k=z)f
iy T
bl (" (i —2)%" | 14l ( —z)% !
Ix(x) = Uz (@, x)| < |)/|[Z‘ ] Thﬁl( z)|dz |/\a| T(20) [Y1(z)ldz
|Az||az| m—z )
L f it i et 'dzl
wf (e
vea(y Al B 1y )
|V| = luol T(Bo+1)  |u6ll(Bo+1) |6l (Bs +1)
vi(Ker (v bl 0 |As|
L ;M |r<gg+1)+mg|r(@g+1))’

k Qo
vi(K)er |Aqllbil — T; 1 |yl )
lip() = (g, )l < =7 Z; - TRy

~
=
s}
S
+
=

k Bo
+V2(K)€2 Z la;| n |A1] )

T &l TBo+1)  lwoll(Bs+ 1))
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k Bo
va(Ker (o Wsllal 1 b
() = Ua(p, )l < ( i .
X = ol O < = P\ L T 7 1) T Tt o+ 1) el (o 1)
el( n’ Al
|V| IA IF(@a+1) NolT (05 +1) )

O

Theorem 5.2. Under the hypotheses (B1), (Bz) and assuming Equations (4.1) hold with K < 1, where
K = max{Ky, Ka}. Then, the problem (1.1) is both (UHR) and (GUHR) stable.

Proof. Given any solution (¢, x) € X x X and the unique solution (¢*, x*) of problem(1.1), we
obtain

(@, x) = (@ X)) = lI(@, x) —U(@", x*)Il
< llp = U (e, )Nl + llx = Ua (@, X)II + 1UL (@, x) — Ur (@™, Xl + 1T, X) = Ua (@™, X7

by use lemma(5.2) and theorem(4.1) we have:

0o

k
o i®e oAbl 1 Il )
7 - 7 S ~ ~ + ~
0 = (@n = =) [Z‘ Aol T(2+1) " A0 +1)  IAGIT(2 + 1)
+V2(K)€2(Zk"ﬂ ’Yﬁg i |AAl| )
Iyl i— | (.80 +1)  |uolT(Bs +1)
Vz(K>ez(Z"v‘|Az||ai| i 1 bl )
— — + =
T & ol TBo+1)  [woll(Bo+1)  IuolT(Bo +1)
+vl<1<)e1(z"v‘ bl |Aq| )
Iyl i Aol T(0s +1)  1A6T(0s +1))

1 [vm ilAll'h' w1
ST-K[ T (& Wl T@+ 1) ell(@ + 1)

I o Ao )
ol (05 +1) & 1Al T(0 +1)  1A6IT (05 +1)
VZ(K)Gz( E Asllad 1 Il
h/l =1 |[UU| F(ﬁa + 1) “’lﬁlr(ﬁﬁ + 1) |[10|r(3a + 1)

Zk: A1 )]
— |t6] T( 50+1 " alT o+ 1)
< Hv(x)e,
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where
2% k @G
1 [Aqllb;l — ™; 1 Iyl
H = max _ + - +
{(1—K)|y|(; Asl T(0s+1) AT (0 +1)  |A6IT(6s + 1) Z Qg+1

i=1

Y ) 1 (" Aol 1" (O
oll(0s + 1)) A=K\ S uol T(Bo+1)  |uoll(Bo+1) Il (Bs +1)

ﬁa
Z ai L A1 )}
ol T'( ﬁa +1)  |uolT(Be +1)))
Hence, the system (1.1) enjoys the (UHR) stability properties. Also, the (GUHR) stability of system
(1.1) follows by setting € = 1. m]

6. ILLUSTRATIVE EXAMPLE

Example 6.1. We consider a coupled system of multi-term fractional differential equations with nonlocal

boundary conditions:

Yo MDD () = I (x, ¢(x), x(x)), 6.1)
Y 4 DPix () = ha(x, @(x), x(k)),
3
9(0) = 0,97 (0) = 0,"2(0) = 0,0(1) = Y aix(mi)
i=1
3
x(0) = 0,x(0) = 0,x""2(0) = 0,x(1) = }_ bip(nms)
i=1
where
, 1 .1 1 . 68_ . ,_ 1 , 1 , 1 , 32 5
=5 G=7 GB=g 0=1=0 [7’1—3, 2=5 P=15 Pa 31 Bo
1 1 -1 3
U1 = 2/ Uz = _15/ Us g/ Ua 2 Al = 3/ /\2 = 1_/ A3 = E/ /\4 =-3
oot .t 3 ., 1, 3 ,_3 _1 _1 1
1 — 5 s 2 101 3 10/ 1 50/ 2 100/ 3 50/ m = 2/ M2 = 4/ n3 = 8/
1
h(x, (%), x(x)) = - (cos @(x) + |x(x)] + tan™ K)
K+ 4
lp ()] + sin x(x) 2
(1), (o)) = LA
we obtain
* * 1 *
i (), () = (), 2° ()1 < 5(0) = 9" 1+ () (),
: 6.2)
lhz(K/(P(K)/X(K))—hz(KﬁP*(K)fﬂ(*(K))lSZ(I(P(K)— () + x (k) = X" (1)1 |,
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with L1 = 1/2,L, = 1/4 and K = 0.212314121903 < 1 ,and we have y = 1.000070518494 # 0.
Accordingly, since the conditions required by Theorem (4.1) hold, problem (1.1) admits a unique solution
on [0,1].

7. CONCLUSION

This paper investigated a system of coupled fractional differential equations and a specific class
of boundary value problems involving nonlocal conditions. We first derived the integral operator
that corresponds to the proposed system. Then, to prove the existence and uniqueness of solutions,
we utilized Krasnoselskii’s fixed-point theorem and the Banach contraction principle. Finally, we
developed several stability frameworks, including Ulam-Hyers, Ulam-Hyers-Rassias, and their
generalization. These results give new contributions to the field of boundary value problems in

fractional calculus.
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