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Abstract. In this paper, we introduce several new concepts of neutrosophic bipolar valued fuzzy structures in semi-
groups, specifically focusing on neutrosophic bipolar valued fuzzy bi-ideals, generalized bi-ideals, ideals, and interior
ideals. We investigate the fundamental properties of these notions in detail. Furthermore, we establish several character-
izations of weakly regular semigroups in terms of these newly defined fuzzy ideals. Our results extend existing studies
on bipolar fuzzy sets and neutrosophic structures and provide a more robust framework for managing uncertainty

within algebraic systems.

1. INTRODUCTION

Many real-world problems involve uncertainty, incomplete information, and vagueness. To
address these challenges, fuzzy set theory provides an effective mathematical framework for
modeling such situations. This theory was first proposed by Zadeh in 1965 to represent imprecise
information through membership functions. Subsequently, Atanassov [1] introduced intuitionistic
fuzzy sets, which generalize classical fuzzy sets by incorporating both membership and non-
membership degrees, thereby providing a more flexible way to describe the uncertainty.

To further extend these concepts, Smarandache [17] introduced the cencepts of neutrosophic sets
in 1999. In this model, the degrees of truth, indeterminacy, and falsity are treated independently,
making it uniquely suitable for modeling scenarious where uncertainty and inconsistency coexist.
These ideas have been widely applied to various algebraic structures such as fields, rings, vector
spaces, groups, and semigroups [4,7-10,16,18,19]. In particular, Kuroki [14] initiated the study of
fuzzy sets in semigroups in 1979 by introducing the concept of fuzzy ideals and related structures.
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Another significant development is the notion of bipolar fuzzy sets, introduced by Zhang [21] in
1994. This concept allows the simultaneous representation of positive and negative information,
which is useful in decision-making processes and uncertainty analysis. Since then, bipolar fuzzy
structures have been extensively studied in various algebraic contexts.

In recent years, Gaketem and Khamrot [5] studied bipolar fuzzy weakly interior ideals in
semigroups and examined their relationships with other fuzzy ideals. Subsequently, Gaketem
et al. [6] introduced bipolar fuzzy implicative UP-filters in UP-algebras. Further research has
continued to develop the theory and applications of bipolar fuzzy sets [2,12,13].

More recently, Deetae and Khamrot [3] investigated neutrosophic structures on bipolar valued
fuzzy sets by incorporating positive and negative components of truth, indeterminacy, and falsity.
They also studied the fundamental properties of bipolar valued fuzzy subsemigroups. Later
Khamrot et al. [11] characterized quasi-regular semigroups in terms neutrosophic bipolar valued
fuzzy ideals.

Motivated by these developments, this paper introduces several new classes of neutrosophic
bipolar valued fuzzy ideals in semigroups. We investigate their fundamental properties and
establish characterizations of weakly regular semigroups based on these notions. The paper
is organized as follows. Section 2 reviews basic definitions related to semigroups and fuzzy

structures, while the subsequent sections present the main results and their characterizations.

2. PRELIMINARIES

This section presents the fundamental definitions and notations related to semigroups and
various fuzzy set models that will be used throughout this paper.

Let @ # W C ®, where G is a semigroup (SG). Then we define the following

(1) W is called a subsemigroup (SSG) of G if WI? C IW.

(2) Wis called a left ideal (LID) [right ideal (RID)] of ® if G C WWE C W).
(3) Wis called an ideal (ID) of ® if it is an LID and a RID of ®.

(4) Wis called a generalized bi-ideal (GBID) of ® if WSW C W.

(5) W is called a bi-ideal (BID) of ® if W is an SSG and W is a GIBd of 6.

(6) W is called an interior ideal (INID) of ® if W is an SSG and GWG C W.

(7) W is called a quasi-ideal (QID) of ® if GW N WG C W.

An SG © is called weakly reqular (WR) if, for every v € ©, there exists ¥, 1 € ® such that v = vxoy.
A fuzzy set (FS) w of a non-empty set 8 is defined as a mapping from ¥ into the unit interval
[0,1].

Definition 2.1. [1] An intuitionistic fuzzy set (IF set) € # 0 in set B is defined by

€:={(3 pc(3),vc(3)) | 3 € B},

where pg : B — [0,1] and ve : B — [0, 1] denote the grade of membership and non-membership functions,

respectively, satisfying 0 < pe(3) + ve(3) < 1 forall 3 € V.
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Definition 2.2. [21] A bipolar fuzzy set (shortly, BF set) w in 8 is defined as

w:={30" ()0 () 3€B},
where ™ : B — [0, 1] represents the positive membership degree and w™ : B — [-1,0] represents the
negative membership degree.

Definition 2.3. [17] A neutrosophic set (NS) € in a non-empty set B is defined as

€ = {3, Te(3),3c(3), Fe(3)) 1 3€ B},

where Tg, ¢, Fe : B — [0, 1] denote the truth-membership, the indeterminacy-membership, the falsity-

membership functions, respectively.
Next, we recall the notion of neutrosophic bipolar valued fuzzy sets.

Definition 2.4. [17] Let ) # B. A neutrosophic bipolar valued fuzzy set (NSBF) € in 0 is an object of the
form € = {3, TL(3), 35 (3), T (3), T (v), 35 (3), Fe(3)) : 3 € BY,
where zg,sg,gg 8 - [0,1] and T, I, &, - B — [-1,0].

For convenience, we denote € = (€-, €") by the NSBF

€ =1{G,T¢(3), 3¢ (3), Fg (3), Te(3), 36 (3), Be(3)) : 3 € B

Definition 2.5. [3] An NSBF set € = (€7,€") in an SG ® is called an NSBF subsemigroup (NSBF
SSG) if it satisfies:

Te(GH 2 TEG) AT,

SEGE <SEG) V),

(V3 te Q) Fe () 2 T B) ATE(D),
' T60 < T6) v ), |

J:(31) = 35 (3) A3 (D),

T (31) < Fe(3) v & (D).

Example 2.1. Consider an SG S = {1, 5,, b3} with the following Cayley table:

v

n
iy
N

¢
(o]

Cn¢

firy

jo!

w

|

W
Cne On¢
=W

b2 |65 &3
53 53 07
Define an NSBF set € = (€7, €") in & as follows:

S|T¢ 3¢ B¢ T S B
51103 05 06 -04 -06 -08
5102 03 0.8 -06 -07 —-0.6

53107 08 05 -02 -03 -09

¢
o8]
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Then € = (€, €") is an NSBF SSG of C.

Definition 2.6. [3] Let ® be an SG. An NSBF set € = (€7, €") in ® is called an NSBF right ideal (NSBF
RID) if the following assertions are valid:

TGH = TEG),
IEGH <3¢G),
B0 2 50
(V3,te ®) I(:;E(Sf) < zg(s),
368 > 353),
Fo(31) < Be(3).

Definition 2.7. [3] Let ® be an SG. An NSBF set € = (€=, €") in ® is called an NSBF left ideal (NSBF
LID) if the following assertions are valid:

TEGY 2 T,
3G <3¢,
. +
T RN
T (3D < T (),
35 (30) = 3 (D),
F5(3t) < &g (D).

Definition 2.8. An NSBF set € = (€~,C") in an SG © is called an NSBF ideal (NSBF ID) if it is both
NSBF LID and NSBF RID of .

Example 2.2. Consider an SG & = {51, 3, 63} with the ensuing Cayley table:

> 15 & &
1|61 b1 &
& |61 b1 &
8 |61 &1 &

Define an NSBF € = (€, €") in ® as follows:

SRR M i
51107 08 01 -02 -03 -09
5102 03 02 -06 -07 -07

55101 05 02 -07 -05 -0.8

It is evident that € = (€, ™) is an NSBF ID of 6. Every NSBF RID (resp., NSBF LID) is an NSBF
SSG. However, the converse does not necessarily hold, as illustrated by the following example.

Example 2.3. Consider an SG S = {51, 30, 53,24} with the following Cayley table:
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> 51 52 53 V4

51161 &1 &1 &

5181 & & &

b6 & & b

S5 101 61 & &3

Define an NSBF € = (€, €") in ® as follows:

S T S B T e &
5105 07 01 -02 -01 -03
5103 04 03 —-06 -07 -04
5105 05 02 —-04 -05 -04
5,102 02 05 -06 -08 -05

It is evident that € = (€7, €") is an NSBF SSG of ®, but it is not a left NSBF ideal of ®, since
T (6403) = TE(82) = 0.3 < 0.5 =T (53).

Definition 2.9. [3] Let ® be an SG. An NSBF SSG € =
IN ID) in ® if the below assertions are valid:

(€=, €") in ® is an NSBF interior ideal (NSBF

TE(xst) = TEG),
3¢ (x3t) < 3EG),
* -
(v, 1€ )| Do) 2 Be ()
T (w3t) < T(3),
el 2 S¢0),
e (131) < F5(3)-

Remark 2.1. Every NSBF IDs of an SG ® is an NSBF In IDs of ©.

Definition 2.10. [3] Let NSBF € = (€=, €*) inan SG G and [y, iz, {13 € [0,1], 81,02, 83 € [~1,0], the

sets

The set €*(f1, iz, f13) := {3 € Q’)IZ*( ) > Fl1,3§(3) < [ip, %g(s) > [i3} is called a positive (fi1, [ia, [i3)-
level of € = (€=, €"). It is evident that P (fuy, i, f13) = (Tg )M N (I N (Fg )™, and

(Te )1_{36(\5|z (3) < &1},

(30)% = (3 € 6I35(3) = 82,

(80" = (3 € 61 (3) < ba)
The set N&(51,52, 53) =3¢ 6T (3) VS V},Své(a) > 0y, Fe(3) < 5:»,} is called a negative (81,62, 63)-level
of € = (€, €"). It is evident that N (1,02,03) = (T5)" N (I5)2 N (Fg)»
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The set Cé(ﬁl,ﬁz,ﬂ3,51,52,53) = PCET (1, i2, l13) ﬂN@‘(51,5g,53) is called the bipolar
([11,Flz,ﬂ3,61,52,53)-l€0€l Of@ = (@_,Q‘?Jr).

Definition 2.11. [3] For any 0 # W C B, the characteristic NSBF function of W in V is defined to be a
structure xuy = (6, Ty, (3), 33 3), T (3), T 3), 37 3), B (3)) = 3 € BY, where

1 if3eW
EI}‘(F %_)[01]%'_)1)(15():: f3
0 if3¢%,
0 if 3
S)J(Fw:%_)[orl]g'_)‘sm(s) = f‘?’
1 if 3¢ W,
1 if3eW
g){m %_)[0/1];3'_)8’;113(3) :_{0 f 3¢ W
if 3 ,
) -1 if3eW
z)(m:% [10]3|—>le3()~:
0 if3¢W,
_ o 0 if3eW
\SX‘IB . % - [_1/0]13 = ‘SXQB(a) =
-1 if 3¢,
) B -1 if3eW
Frw : B = [-1,0;5 0§y, (3) :=
0 if 3¢W.

For convenience, we denote yy; = ( )(;B, )(;B) by the characteristic NSBF (shortly, CNSBF) function

xw = {3 T 03) S5 3) i 3)) T 3), Iy (1), &y (3)) = 3 € B). The SG 6 can be considered a
fuzzy subset of itself, i.e., xs(3) =(1,0,1,-1,0,-1) forall 3 € G.

Definition 2.12. Let € = (€=, €") and B = (B, B) be NSBFs in a semigroup S. Then
(1) € = (€,€") is said to be an NSBF contained in B = (B~,B"), denoted by € £ B = (€T C
B, 6 CB) if

Ty () <TL(), L) 235(0),  Fg(v) < Fylv),

Te(r) 2 TH(r), () <Jg(r), Fe(r) =2 Fx),
forallx e . If € C Band B C €, then we say that € = B.
(2) The union of two NSBFs € = (€~,€") and B = (B, B™) is defined as

CUB=(CTuBT,C UB)

=, (Tg UTH) (1), (3¢ US) (1), (g U Fy)(v),
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(Te UT) (1), (3 U 3p) (1), (8 U ) (1)) :

where, forallt € S,

(TEUTH(v)

=gt

(r)

G

(T UBy)(r) = () AFy(r).

(3) The intersection of two NSBFs € = (€=, E") and B = (B~,B™") is defined as

ENBY = (C NBT,E NY")

) (1), (3¢ NIG) (1), (Fg N Fy)(v),

(Te NT)(1), (S NIg) (1), (B N Ty) (1)) s x € S},

where, forallx € S,

(35 N3P M) =5 () V),
(N F5)() = B ATL),
(Te N Tg) (1) = Tg(n) vV T ()

(3¢ N 35) (1) = J5(1) A 5(0),
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(4) The product (composition) of two NSBFs is defined by
€58 = (o B+, E 0 B").

Forw € S, we define

2oz o) o O %0 0
¢ °© B u) = X)ESu
0’ lfﬁl - (D

A SO vIE), i F#o,
0, if Fu = 0.

\/ (Bim)ATEW), i#F =0,

0, if Fu = 0.

A (T vIg0), #Fzo,
(Tg o Ty) (1) = { Bo)er,
0’ lf7:u - (2)

\/ {5 ATz (), iR =0,
0. if Fu = 0.
A (50 Vi), 70,

(Fg 0 Tg) (1) =< r)er
0, if Fu = 0.

where Fy, = {(h,1) € SX S | u = bhr}.

Theorem 2.1. Let () # K ofan SG &. Then K isan SSG (LID, RID, INID) of S ifand only if xws = (Xqu Xy
is an NSBF SSG (NSBF LID, NSBF RID, NSBF INID) of .

Theorem 2.2. Let ® be an SG. Then the arbitrary intersection (resp., union) of NSBF SSGs (NSBF LIDs,
NSBF RIDs, NSBF INIDs) in & is an NSBF SSG (NSBF LID, NSBF RID, NSBF INID) of .

3. Main ResuLrrs

In this section, we provide the definitions of NSBF bi-ideals of an SG and examine the properties
of NSBF bi-ideals and NSBF generalized bi-ideals.
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Definition 3.1. Let ® be an SG. An NSBF SSG € = (€~,€") in ® is an NSBF bi-ideal (NSBF B ID) in

® if the below assertions are valid:

To (x3t) 2 TE(¥) ATE(D),
J¢ (83F) < JE(x) vIE(D),
+ + +
T
G = e e\
I (x3F) = I (x) A I (1),
e (x3t) < Fe(x) V T (b)-

Example 3.1. Consider an SG ® = {51, 32, 83, 84} with the following Cayley table:

v

> 5 & 83 4

b6 &1 &1 b

52 51 51 51 51

5186 & & &

Sa |81 &1 & b3

Define an NSBF € = (€=, €") in ® as follows:

ST S B T S B
5106 01 05 -01 -06 -0.1
5103 03 02 -04 -03 -03
53104 02 01 -03 -04 —-02
5,101 04 01 -05 -01 -04

It is easy to examine that € = (€=, ") is an NSBF B ID of , but it is not a left NSBF ID of ®, since
T (6403) = TE(82) = 0.3 < 0.4 =T (83).

Remark 3.1. Every NSBF IDs of an SG ® is an NSBF B IDs of ®.

Definition 3.2. Let ® be an SG. An NSBF SG € = (€, €") in ® is an NSBF generalized bi-ideal (NSBF
GB ID) in ©® if the below assertions are valid:

To(x3t) = To(x) ATL(T),
I (138) < 35 (x) VI (D),
(Vrate0) ?;é‘z?f)) . ig((;) C ggt((ff))/ ‘
¢ = ¢ e\
Je(x31) = I (x) A I (1),
T (13t) < e (x) v F (D)
Remark 3.2. Every NSBF BIDs of an SG © is an NSBF GB IDs of an SG ©.

In order to establish the converses of Remarks 3.1 and 3.2, we need to strengthen the condition

imposed on ©.

Theorem 3.1. Let ® be a WR semigroup. Then the following statements are holds.
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(1) Every NSBF INIDs and the NSBF IDs coincide
(2) Every NSBF GB IDs and the NSBF B IDs coincide

Proof. (1) Suppose that € = (€=, E") is an NSBF INID of ® and let 3,1y € &. By the weak regularity
of ®, there exist t,n € ® such that 3 = 3tan. Thus, TS (3y) = TL(3tw) = T (31)3(w) = TEG3),
3¢ (3n) = 3¢ (Gtsny) = 3¢ (3t)3(w) < I (3) and Fg (3v) = g (3t3w) = F& (3)3(m) = Fg (3)-
And T (3n) = Tg(tam) = Te(6H3(m) < TE(G), Ig(n) = IeGtmy) = I ()3(m) = Ig(3)
and F;(3v) = %g(gtann) = §:(30)3(m) < F;(3). Hence € = (€7, E") is an NSBF RID of 6.
Similarly, we can show that € = (€7, ") is an NSBF LID of ®. Thus, € = (€~,€") is a NSBF
ID of 6.

(2) Suppose that € = (€-,E") is an NSBF GB ID of ® and let 3,1 € &. By the weak regularity
of ®, there exist f,n € ® such that 3 = 3t3n Thus, T (3v) = T (B(B)Y) = TEG) ATE(D),
Se(m) = IEGEMY) < IEB) VIE () and FEGy) = FGEHYY) = FEG) AT (n). And
T () = T(G(Hn)y) < ‘l@( 3) V Tg(n), Jg(3) = IG(HM)n) = I;(3) A Jg(n) and Fg(3) =
Fe(3(B)) < F(3) V Fe(v). Hence, € = (€7, E") is an NSBF SSG of 6. Thus, € = (¢, E")
is an NSBF B ID of 6.

Theorem 3.2. Let & be an SG. Then, for any 0 # W C S, the given assertions are equivalent:

(1) Wis a BID (GBID, QID),
(2) xw = (X3 Xg,) is an NSBF B ID (NSBF GB ID, NSBF QID ).

Proof. (1=2) Suppose that 2 is a BID of ® and 3,9,€ € &. If 3,p € W, then xap € W.
Thus, T} (xap) = T} (¥) = T}, (v) = 1,3}, (xan) = I} () = I}, (v) = 0, (xan) =
Fia® = &) = 1and T, (vay) = T, (x) = T, (n) = 0,3, (xan) = I, () =
I =1, ’i‘fm(xar)) T () = Fy () = 0. Hence, EI;IB(xar)) > T, (x )/\I;m( ), I (2ap) <

S (1) V 3 (0), Bt (100) 2 B (2) A §y (0), T (200) < T (5) V T (9), 35 (200) 2 Sz (6) A
S (o),c&m (xay) < Ty, (1) V §1, (). Therefore, xay = (Xqp Xg) is an NSBF SSG. By Definition
2.11, xw = (Xqy Xg) is an NSBF B ID.

(2=1) Suppose that x93 = ( )(;;3, Xg) is an NSBF B ID. Then yu = ( )(;Hz, Xg) is an NSBF SSG.
Thus, W is an SSG. Let 3,9 € Wand a € S. Then T} (3) = T/, (v) = 1,3, (3) = I}, () =
0, 8;13(3) = 3;&;(0) = 1. By assumptions, which imply xan € 2. Hence, by Definition 2.11, W is a
BID. m]

4. CHARACTERIZE WEAKLY REGULAR SEMIGROUPS IN TERMS OF NEUTROSOPHIC BiroLAR-VALUED Fuzzy
IpEALS
In this section, we establish several characterizations of WR SGs using NSBF ideals.
Lemma 4.1. Let W, &(# 0) C ®. Then the ensuing pronouncements are trie

(1) (rw) A (xe) = (xwne)-
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(2) (xw)o(xe) = (xmwe)-

The ensuing lemma will be used to examine in Theorem 4.1.

Lemma 4.2. [15] For SG ® is WR if and only if R N & C KL for every RID K and every ID £ of ®.

Theorem 4.1. Let ® be an SG. Then the ensuing are equivalent:

(1) G is WR,

(2) €N BT €Y, for every NSBF RID € = (€, ") and every NSBFID B = (B, B™) of 6.

Proof. (1) = (2) Let € = (€7,E") and B = (B~,B") be an NSBF RID and an NSBF ID of 6

respectively. Let 3 € ®. By the weak regularity of ®, there exist r,n € ® such that 3 = 3r3n. Thus,

and

(Tg 0 TH)(3)

(B¢ oFg)0)

I v v

IANIA

vV v

IAN A

V (T (m) ATy (a))

3=mq

Vo A{Tg (m) AT (a))

Fran=mq

Te (1) AT (GN)
Te(B) A THG)
(TEATH0B),

3r3n=mq
3¢ (3r) v I (3n)
3E(B)V3IEB)

(S¢ VIH) ()

VB () A F5(9)
V() AT ()

3r3n=mq

T () A &g (31)
Fe (3) ATy 3)
(Fe ATy (3),

A AT (m) v Tg(a)}

3=mq

A (T (m) v Tg(a)}

Jn=mgq

Te(3r) v IGGn)
T (3) vV IZG)
(TeATH)G),
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I
i<
g

G|
2
>
o
=

Jrpn=mgq
G(3r) /\S%(s
35(3) A5 (3)
= (S@A%)(s),
Fe(m) v Fy(a)}
A {Fe(m) v &g (a)

T (D) v &5 (xh)
Fe(b) v E5(D)
= (FgV Fy)D).
So, (T2 033)(5) 2 (T ATHG), (SE 035 6) < (3E VL), (52 0F3)6) 2 (FE AFE)(3) and
(Teo Tg)(3) < (Tg v Tg)(3), (S0 35)() 2 (35 A 35)(3), (Fg 0 Fa) (3) < (e A Fg) (3)- Hence,
€nBLC Ea3B.
(2) = (1) Let R and € be a RID and an ID of ® respectively. Then by Theorem 2.1, xa = (i, X3)

and xe¢ = ( )(i{, X¢) is an NSBF RID and NSBF ID of ® respectively. By presumption and Lemma
4.1, we have

n)

v v

(B¢ © &) (H)

A A
h=mq
A

IANIA

i) B) = (T NTL)G) < (T4 0 T B) = (T 6)

1=(
0= (J3,,)(3) = (J53 M) () 2 (I, 0 3:,)) (3) = (S) 3)
1= (8,0) 3) = (B N8 3) < (B, 0 1)) (3) = (8r00) ),

and
0= (Thae) B) = (T MT) (3) 2 ((Ty 0 T, ) (3) = (T ) B),
1= (Sne) 3) = (S M35 B) < (S 033 ) (B) = (S ) B3),
0= (o) B) = (B, M) (3) 2 (B, 0 1)) (3) = (8 ()-
Thus, 3 € 8¢ and so, R N £ C K. It follows that by Lemma 4.2, ® is WR. O

The ensuing lemma will be used to examine in Theorem 4.2.

Lemma 4.3. [15] Let ® be an SG. Then the ensuing pronouncements are equivalent:
(1) ®is WR.
(2) | N AU C KU for every BID K and every ID U of ©.

Theorem 4.2. Let ® be an SG. Then the ensuing are equivalent:

(1) ®is WR,

(2) €N B C €Y, for every NSBF BID € = (€~,€") and every NSBFID B = (8~,8") of ©.
(3) €NV C €D, for every NSBF BID € = (€7, €E") and every NSBF INID B = (8~,87) of 6.
(4) €N VB C €D, for every NSBF GB ID € and every NSBF INID B = (B~,8") of ©.
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Proof. (1) =

(4) Let € =

(€~,E")and B =

(B~,B") be an NSBF GB ID and an NSBF INID of &

respectively. Let 3 € S. Then there exists r,n € ® such that 3 = 3r3n. Thus,

and

(Te3T5) ()

(B¢ 05y)(3)

(Fs085)(3)

v v

A IA

v v

Il IA A

v v

[l IA A

V (T (m) ATy (a))

3=mq

VAT (m) ATy (a)

3r3n=mq
TE(3) AT (13n)
T (3) AATL(B)
(TeATE)B)

A (3¢ (m) v3g(a)

3=mq

\/ {?f*( )/\‘C‘f+( )}

3=mq

V AEE(m) A S (a))

3r3n=mq

T (3) A &y (131)
Fe(3) AT5(3)
(Fe AT B),

A (T (m) vz%(q)}

3=mq

A {Te(m) v Tg(a)}

Lz&é) \a Q;(
Te(3) vV T(
(Te VI G

3m)
3)

),
V A{Se(m) ASg(a))

3=mq

Vo A{Sg(m) A S (a)}

Jn=mgq

[
>

{Fg(m) v Fz(a)}

Jn=mgq

Fe(3) V Ty (r3n)
Fe(3) VEZ0)
(Fs A &) (3)-
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Hence, (TL0TL(3) = (TEATE)B), (3535(3) < (S5 V) (3), (FeodxB3) = (F¢ AFe)(3) and
(TedTH(3) < (T VI (), (3¢035(3) = (S ATE) (3), (6385() < (B¢ V&) (3). Thus, EMB L

(4) = (3) = (2) This is obvious because every NSBF B ID of ® is an NSBF GB ID of ® and
every NSBF ID of ® is an NSBF INID of 6.

(2) = (1). Let R bea GBID of  and Ube an ID of . Then by Theorem2.1and 3.2 x¢ = (i, X3)
and xy = ()(g, Xy) is an NSBF GB ID and is an NSBF ID of ©. By presumption and Lemma 4.1,
we have

1= (T4, 06) = (TLNT)0) < (T 0T 6) = (T 6),

0= (3% (3) = (B, MWL) () 2 (S, 0 35,))6) = (3,0 3).

1= (8 (3) = (B, N8 () < (B, 0 83 (3) = (550 (3),

and
-1= (Z);mu)( ) (zm I_Iz)(u)( = ((z);ﬁ z);u>)(3) = <z)_mu)(3)’
0= Q) 3) = B M) () = (S 030 3) = ) 3)
1= (&) (3) = (B M) (3) = (T, 0 8y, ) 3) = (Fre) B3)-
Thus, 3 € KU. Hence, & N U = KU. Therefore by Lemma 4.3, ® is WR. ]

The ensuing lemma allows us to examine Theorem 4.3.

Lemma 4.4. [15] Let ® be an SG. Then the ensuing pronouncements are equivalent:

(1) ®is WR.
(2) UNKNR C UKR for every BID U, every ID K and every RID R of ®.

Theorem 4.3. Let ® be an SG. Then the ensuing pronouncements are equivalent:

(1) 6 is WR.

(2) €NV NN C EBoN for every NSBF BID € = (€, E"), every NSBFID B = (B~,8™) and every
NSBERID %t = (%, %+) of G,

(3) €NV NN C EBoN for every NSBF GB ID € = (€=, €™), every NSBF INID B = (8-, 8") and
every NSBF RID &t = (M, M) of 6.

Proof. (1) = (3) Suppose that € = (€7,E") is an NSBF GB ID, 8 = (87, 87) is an NSBF INID
and N = (N, M") is an NSBF RID of 6. Let 3 € ®. Then there exist t,¢ € ® such that 3 = 3r3c.
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Thus,
(TEoTEoTHE) = (VT A (TEoT)®)
= (V) A (T T) )

T () A (30 1) (130

TG AV {TEm) AT (s)}

r3e=ms
Vo Tg(m) AT (s))
r3r3e2=ms

(
(T (r3r) A T3 (32))
(T

IV

= TB)A

N

2(3) A T(3)
Ai*)()

(

o
T B)A
3&(3 A
/\I

vl

—~
LR
&+
[¢]
R
&+
[¢]
L2
<5
~—
—~
=
~—
|
—~ —~ /\
—~ —~
a

||>zr

Il IA
R
Gt Et e

I
L2
@+

—~

vV ( Iy (m) v 35 (s))

(S (r31) v 33, (3¢%))
+

3)
3)

N IA
[ Sy o]
G4 @+

w
@t
<

(B © Ty ©Fy)(3)

(&g (1) A (&g 0 Ty) (0)})
(B¢ (@) A (g 0 Fy) (0))

ab
A (B © Ty (v30)
V AFg(m) ATy (s))

r3c=ms

ACV O Eg(m) ATg(s))

r3r32=ms

A (T (130) A By (36%))
A (T (3) ATy (3))
3* AT3)(3),

Il
—~ —~
D
Na N |\<§«

>

+

QQ

I v
!
G+«

~—~~
=8

8~+

+

—~~
=3
~—

—~
~—

3

Cq?@?

+

i§

A

v
Jr
> \_/

—~

and

(Tgo Ty o T)(3) = ((/\ (Te(0) v (T 0 T5) (0)))

3=ab

= (( \ (Te(@) V(T T (0)})

3r3c=ab
< Te(3) V(T 0 Ty) (13¢)

\v /\{I%m vV T (9)}

r3e=ms



16 Int. ]. Anal. Appl. (2026), 24:285

cBAC N\ Ty ATH(s)

= Te(3) V(T (130) vV T (32))
<T(3) V (T3(3) vV IR(3))

= (TgVILVING),

= 3G A( V Jgm) vVIG(s))

(]
@G+
o
N~—
<
—~
(]
Bl
o
xR
=
~—
—~
~—
=

(
(Bgo8goTp)(B3) = (
(C

<6)V (5 © 5) (30
VA (B v ()

DV Fam) v Eg(s)
v

r3r3cZ=ms

(
Bl
Fe(3) v (Ty(rar) v §5,(3¢%))
B3V (%B(a) vV F(3))
(T v gV 5) (3)-
Hence, we get that (T o Ty 0 T5(3) 2 (TEATE AT (), (3¢ 035 035(3) < (3¢ Vg VI3,
(FeoFgoBn(3) = (‘gﬁ/\?ﬁ/\‘{f;;)( ) and (TgoT50T5(3) < (TEVIGVIHEG), (Sgo3
I (3) = (SEAIGAI)(3), (g 0Ty 0Ty (3) < (Fg V&g V Fy) (3)- Therefore ENVNN C CoBaN.
It is obvious that (3) = (2).
(2) = (1) Let U be a BID, & be an ID and R be a RID of ®. Then, by Theorem 2.1 and 3.2,
Xu = ()(K,)(I‘I), X] = ()(R,)(R) ()(m,)(m) is an NSBF B ID, is an NSBF ID and is an NSBF RID

of ®. By presumption and Lemma 4.1, we have

1= (T ) 3) = (T4 NTENTL)G) < (T 0 T 0 TH)B) = (T (),

XUnKnR Xu Xu XusR

0= (Sunann) (3) = (5 M35 M) (3) = (3, 0355 0 335) (3) = (San) (3)s

1= (Byyonen) 3) = (B M8 M8y, (3) < (T, 0 l’% F1a) 3) = (Bruen) (),

Al

and
1= (z)(umsrm)( ) (z)(u I_I:I ﬂz )( ) (z)(u 3:)_(R S:)_(Je)( ) <I)_(IISR)( )’
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O = (S};IIHRH‘R)(S) = (S)_(ll M S;Q M S;}()(S) < (S;ll °© S)_(R OS;‘R)(S) = (S;NR‘R)(?))’

=1 = (Fyean) B) = (B M8 M85 (3) 2 (T 0 B 0 B) (3) = (Bren) (3)-
Thus we have 3 € URR. Hence, N K NR C UKR. It thus follows, by Lemma 4.4, that ® is WR. O

5. CoNCLUSION

In this paper, we introduced several new types of neutrosophic bipolar-valued fuzzy ideals in
semigroups, including bi-ideals, generalized bi-ideals, ideals, and interior ideals. We studied their
fundamental properties and established relationships among these concepts. Furthermore, we
provided various characterizations of weakly regular semigroups in terms of these newly defined
fuzzy structures.

The results presented in this work extend existing studies on bipolar fuzzy sets and neutrosophic
models and offer a broader framework for analyzing uncertainty in algebraic systems. Future
research may explore similar structures in other algebraic settings or investigate their applications

in decision-making and computational intelligence.
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