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Abstract. This paper investigates a nonlinear FDEs involving the Caputo derivative of order κ ∈ (0, 1). The boundary

condition is novel: it includes a finite sum of interior point values, an integral with a time-delay term and a nonlinear

function of the terminal state. By applying Krasnoselskii’s FPT, the existence of at least one solution is established under

appropriate growth assumptions. and using Banach’s contraction principle we prove uniqueness under a Lipschitz

condition. The problem is transformed into an equivalent integral equation via the Green’s function approach. A

complete preliminaries section covers Caputo fractional calculus, function spaces and key compactness results including

the Arzelà-Ascoli theorem. An illustrative example confirms the theoretical results.

1. Introduction

Fractional calculus has become a powerful mathematical framework for describing systems

that exhibit memory effects, hereditary behavior and nonlocal interactions. In contrast to classical

integer-order differential equations, FDEs capture the dynamics of many real-world phenomena

with greater accuracy and realism arising in physics, engineering, biology, viscoelasticity, control

theory and population dynamics. The fundamental theory and applications of FDEs can be found
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in the standard monographs of Igor Podlubny [22], Kai Diethelm [10], Anatoly A. Kilbas and

coauthors [14] and Yong Zhou [31].

Among the different fractional operators, the Caputo derivative has received significant attention

due to its ability to incorporate classical initial and boundary conditions in a convenient and

physically meaningful manner. Due to this advantage, Caputo-type FDEs have been widely

applied in the study of systems involving memory effects and hereditary properties. Recently,

many researchers have investigated nonlinear fractonal differentials (FDEs) with nonlocal and

delay boundary conditions by employing different analytical techniques. For example, Sotiris

K. Ntouyas and collaborators studied FDEs with delay and nonlocal boundary conditions and

established existence and stability results by using FP methods [2]. Likewise, Chafia Derbazi and

Houari Hammouche analyzed nonlinear FDEs with nonlocal boundary conditions and obtained

existence and uniqueness criteria [9].

Boundary value problems (BVPs) for FDEs have become an active area of research because they

arise naturally in many applications involving diffusion processes, viscoelastic systems, control

problems, biological models and engineering phenomena. In particular, nonlocal boundary con-

ditions provide a more realistic mathematical framework since the boundary behavior depends

on the entire history or several states of the system rather than only pointwise information. Such

conditions are especially useful in describing processes with global interactions and hereditary

effects.

Delay terms are also essential in mathematical modeling, since many physical and biological

processes are influenced not only by their present state but also by their previous states. Fractional

differential equations with delay effects therefore provide a richer and more accurate description

of complex dynamical systems. In this direction, Brijesh Kumar Chaurasiya and Ashok Kumar

investigated FDEs with delay and integral boundary conditions and discussed positive solution

results [8]. Many methods have been reported by various researchers for solving FDEs using

various techniques, see [33–36]. Furthermore, Imran Liaqat and co-authors investigated variable-

order delay FDEs subject to integral boundary conditions and derived results concerning existence,

uniqueness and stability [13].

Motivated by these developments, the present work focuses on the investigation of uniqueness

and existence results for the following nonlinear fractional BVP:⎧⎪⎪⎪⎨⎪⎪⎪⎩
C
D
κ
0+ϕ(ℜ) = f(ℜ,ϕ(ℜ)), ℜ ∈ [0,T ], 0 < κ < 1,

ϕ(0) =
∑︁m

i=1 aiϕ(ξi) +
∫︁
T

0 g(ℜ,ϕ(ℜ− τ))dℜ+ h(ϕ(T )),
(1.1)

Here, CDκ
0+ denotes the Caputo fractional derivative of order 0 < κ < 1, f : [0,T ] × RR

→ Rn

is a continuous nonlinear function, g : [0,T ] ×RR
→ Rn represents the delay-integral term and

h : Rn
→ Rn is a nonlinear terminal function. Moreover,

0 < ξ1 < ξ2 < · · · ξm < T ,
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ai ∈ R and τ > 0 denotes the delay parameter.

The considered BVP combines several important features within a unified framework. The term

m∑︂
i=1

aiϕ(ξi)

represents a multi-point nonlocal boundary condition involving interior points of the interval.

Such conditions describe systems in which the boundary state depends on observations taken at

several intermediate points.

The integral term ∫︂
T

0
g(ℜ,ϕ(ℜ− τ))dℜ

introduces a delay-integral effect that models the cumulative influence of previous states of the

system. This type of condition frequently appears in hereditary processes, population dynamics,

viscoelastic systems and control theory.

The nonlinear terminal term

h(ϕ(T ))

describes nonlinear dependence on the final state of the solution and significantly generalizes

many existing boundary conditions studied in the literature. Consequently, problem (1.1) extends

several previously investigated fractional BVPs by incorporating multi-point nonlocal conditions,

delay effects, integral terms and nonlinear terminal constraints simultaneously.

To analyze problem (1.1), the given fractional differential equation is first converted can be

transformed into an equivalent integral formulation by applying the fundamental properties of

the Caputo fractional integral operator. Subsequently, classical FP methods are applied to study

the existence and uniqueness of solutions. More precisely, the Banach FPT introduced by Stefan

Banach [6] is utilized to obtain uniqueness results under appropriate Lipschitz-type conditions. In

addition, Krasnoselskii’s fixed point theorem (FPT) together with Arzelà–Ascoli theorem [4, 5, 15]

is utilized to establish the existence of solutions.

Another important aspect of fractional BVPs is stability analysis. Stability concepts determine

whether approximate the solutions preserve their proximity to the exact solutions even in the

presence of perturbations. The theory of UH stability originated from a problem proposed by

Stanislaw Ulam [28] and was first answered by Donald H. Hyers [12]. Later, Themistocles M.

Rassias extended this concept to more general perturbations [23]. Recently, Ulam-type stability

has been extensively investigated for FDEs with nonlocal conditions. For instance, Said Rezapour

and Mehdi E. Samei established Ulam–Hyers UH stability results for FDEs with nonlocal multi-

point and integral-delay boundary conditions [24]. Similarly, Wei Zhang and Min Li analyzed UH

stability and existence for nonlinear delay FDEs [30].
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The primary aim of this paper to derive sufficient conditions that guarantee the uniqueness and

existence of solutions for problem (1.1) and to investigate different forms of Ulam-type stability,

including UH stability, generalized UH stability (GUH) and UH–Rassias (UHR) stability.

The remainder of this paper is structured as follows. Section 2 presents the essential preliminaries

and auxiliary concepts from fractional calculus and fixed point theory. In Section 3, the existence

and uniqueness of solutions for problem (1.1) are established. Section 4 focuses on the analysis

of various forms of Ulam stability. A representative example illustrating the effectiveness of the

obtained theoretical findings is provided in Section 5. Finally, Section 6 concludes the paper with

a summary of the main results and several potential directions for future investigation.

2. Preliminaries

This section collects the essential concepts and tools from fractional calculus, functional analysis

and FP theory that will be used throughout the paper.

Definition 2.1. (see [14, 22])
Let κ > 0 and let φ : [0,T ] → Rn be a continuous function. The left-sided Riemann–Liouville fractional
integral of order κ is defined by

I
κ
0+φ(ℜ) =

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1φ(ℵ) dℵ, ℜ ∈ [0,T ],

Here Γ(·) is the Euler Gamma function, Γ(z) =
∫︁
∞

0 ℜ
ϕ−1e−ℜdℜ.

Definition 2.2. (see [10, 14] Caputo fractional derivative)
Let κ > 0 and let n = [κ] be the smallest integer greater or equal to κ. For a function φ ∈ Cn([0,T ], Rn),
the Caputo fractional derivative of order κ is

C
D
κ
0+φ(ℜ) = In−κ

0+ φ(n)(ℜ) =
1

Γ(n− κ)

∫︂
ℜ

0
(ℜ−ℵ)n−κ−1φ(n)(ℵ) dℵ, ℜ ∈ [0,T ].

In this work we only need the case 0 < κ < 1. Then n = 1 and the definition simplifies to

C
D
κ
0+φ(ℜ) =

1
Γ(1− κ)

∫︂
ℜ

0
(ℜ−ℵ)−κφ′(ℵ) dℵ.

Remark 2.1. For a constant function c, we have CDκ
0+c = 0. Moreover, if φ is continuously differentiable,

then CDκ
0+φ is continuous inℜ and tends to the ordinary derivative as κ→ 1−.

Lemma 2.1. (see [14] Homogeneous equation)
Let 0 < κ < 1. The only continuous solutions of

C
D
κ
0+ϕ(ℜ) = 0 for allℜ ∈ [0,T ]

are constant functions, i.e., ϕ(ℜ) = c with c ∈ Rn.
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Lemma 2.2. (see [10] Fractional integral of a Caputo derivative)
If ϕ ∈ C1([0,T ], Rn), then for every κ ∈ (0, 1),

I
κ
0+

(︂
C
D
κ
0+ϕ
)︂
(ℜ) = ϕ(ℜ) −ϕ(0), ∀ℜ ∈ [0,T ].

In other words, the Caputo derivative is a left-inverse of the Riemann–Liouville integral up to the initial
value.

2.1. Compactness and Arzelà–Ascoli. To apply FPTs we need a compactness criterion in

C([0,T ], Rn). The Arzelà-Ascoli theorem provides exactly that.

Definition 2.3. (see [4] Equicontinuity)
A family F ⊂ C([0,T ], Rn) is equicontinuous if for every ε > 0 there exists δ > 0 such that for all ϕ ∈ F
and for allℜ1,ℜ2 ∈ [0,T ] with |ℜ1 −ℜ2| < δ,

|ϕ(ℜ1) −ϕ(ℜ2)| < ε.

Theorem 2.1. (see [4])
A subset F ⊆ C([0,T ], Rn) is relatively compact (every sequence in F has a subsequence that converges
uniformly) if and only if F is uniformly bounded (there exists M > 0 such that ∥ϕ∥ ≤ M for all ϕ ∈ F ) and
equicontinuous.

Theorem 2.2. (see [6])
Let X be a non-empty complete metric space (in particular, a Banach space) and let F : X → X be a
contraction, i.e., there exists a constant λ ∈ [0, 1) such that

d(Fϕ,Fφ) ≤ λd(ϕ,φ) for all ϕ,φ ∈ X.

Then F has a unique fixed point ϕ∗ ∈ X. Moreover, this fixed point can be obtained by iterating F from any
initial guess.

Theorem 2.3. (see [15] Krasnoselskii’s FPT)
Let X be a Banach space and let M be a non-empty closed convex bounded subset of X. Suppose that
A, B : M→ X are two operators such that

(1) Aϕ+ Bφ ∈ M for all ϕ,φ ∈ M;
(2) A is a contraction, i.e., ∥Aϕ1 −Aϕ2∥ ≤ k∥ϕ1 −ϕ2∥ for some k < 1 and all ϕ1,ϕ2 ∈ M;
(3) B is completely continuous, i.e., continuous and maps bounded sets into relatively compact sets.

Then there exists ϕ ∈ M such that ϕ = Aϕ+ Bϕ.

Lemma 2.3. Let 0 < κ < 1 and assume that f ∈ C([0,T ] × Rn, Rn), g ∈ C([0,T ] × Rn, Rn), h ∈
C(Rn, Rn). Then a function ϕ ∈ C([0,T ], Rn) is a solution of the fractional BVP

C
D
κ
0+ϕ(ℜ) = f(ℜ,ϕ(ℜ)), ℜ ∈ [0,T ],
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subject to the nonlocal boundary condition

ϕ(0) =
m∑︂

i=1

ai ϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )),

if and only if ϕ satisfies the integral equation

ϕ(ℜ) =
m∑︂

i=1

ai ϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )) +

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ.

Proof. We divide the proof into two parts.

(⇒) Necessity. Assume that ϕ ∈ C([0,T ], Rn) is a solution of the given FDE equation and satisfies

the boundary condition.

Applying the Riemann–Liouville integral operator Iκ0+ to both sides of the differential equation

and using the identity

I
κ
0+

(︂
C
D
κ
0+ϕ(ℜ)

)︂
= ϕ(ℜ) −ϕ(0),

which holds for 0 < κ < 1 (see Lemma 2.2), we obtain

ϕ(ℜ) = ϕ(0) +
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ.

Next, substituting the given boundary condition for ϕ(0), we arrive at

ϕ(ℜ) =
m∑︂

i=1

ai ϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )) +

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ.

Thus, ϕ satisfies the required integral equation.

(⇐) Sufficiency. Conversely, suppose that ϕ ∈ C([0,T ], Rn) satisfies the integral equation

ϕ(ℜ) =
m∑︂

i=1

ai ϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )) +

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ.

Evaluating atℜ = 0, we obtain

ϕ(0) =
m∑︂

i=1

ai ϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )),

since the integral term vanishes atℜ = 0. Hence, the boundary condition is satisfied.

Now, apply the Caputo fractional derivative operator CDκ
0+ to both sides. Using the property

C
D
κ
0+

⎛⎜⎜⎜⎜⎝ 1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ

⎞⎟⎟⎟⎟⎠ = f(ℜ,ϕ(ℜ)),

and noting that the remaining terms are constants with respect toℜ, whose Caputo derivative is

zero, we obtain
C
D
κ
0+ϕ(ℜ) = f(ℜ,ϕ(ℜ)), ℜ ∈ [0,T ].

Thus, ϕ satisfies the fractional differential equation as well. □
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3. Main Results

This section investigates the uniqueness and existence of solutions for the fractional BVP

C
D
κ
0+ϕ(ℜ) = f(ℜ,ϕ(ℜ)), ℜ ∈ [0,T ], 0 < κ < 1, (3.1)

subject to the nonlocal boundary condition

ϕ(0) =
m∑︂

i=1

aiϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )). (3.2)

For our convenience, we introduce the following assumptions.

(1) There exists a positive constant Lf > 0 such that

|f(ℜ,ϕ) − f(ℜ,φ)| ≤ Lf|ϕ−φ|,

for eachℜ ∈ [0,T ] and all ϕ,φ ∈ Rn.

(2) There exists a positive constant Lg > 0 such that

|g(ℜ,ϕ) − g(ℜ,φ)| ≤ Lg|ϕ−φ|,

for eachℜ ∈ [0,T ] and all ϕ,φ ∈ Rn.

(3) There exists a positive constant Lh > 0 such that

|h(ϕ) − h(φ)| ≤ Lh|ϕ−φ|,

for all ϕ,φ ∈ Rn.

(4) The functions

f : [0,T ] ×Rn
→ Rn, g : [0,T ] ×Rn

→ Rn, h : Rn
→ Rn

are continuous.

Define

Ω =
m∑︂

i=1

|ai|+TLg +Lh +
LfT

κ

Γ(κ+ 1)
. (3.3)

Theorem 3.1. Assume that hypotheses (1)-(3) hold. If Ω < 1, then the BVP admits a unique solution on
[0,T ].

Proof. Modify the BVP into a fixed point problem. The operator

Θ : C([0,T ], Rn)→ C([0,T ], Rn)

defined by

(Θϕ)(ℜ) =
m∑︂

i=1

aiϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )) +

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ.

(3.4)

Clearly, the fixed points of the operator Θ are solutions of the problem. We shall use Banach

contraction principle 2.2 to prove that Θ has a fixed point.
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We first prove that Θ is a contraction mapping. Letϕ,φ ∈ C([0,T ], Rn). Then for eachℜ ∈ [0,T ],

we have

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤
m∑︂

i=1

|ai| |ϕ(ξi) −φ(ξi)|

+

∫︂
T

0
|g(ℵ,ϕ(ℵ− τ)) − g(ℵ,φ(ℵ− τ))| dℵ

+ |h(ϕ(T )) − h(φ(T ))|

+
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

|f(ℵ,ϕ(ℵ)) − f(ℵ,φ(ℵ))| dℵ.

Using assumptions (1)-(3), we obtain

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤
m∑︂

i=1

|ai| ∥ϕ−φ∥

+Lg

∫︂
T

0
|ϕ(ℵ− τ) −φ(ℵ− τ)|dℵ

+Lh∥ϕ−φ∥

+
Lf

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

|ϕ(ℵ) −φ(ℵ)| dℵ.

Since |ϕ(ℵ− τ) −φ(ℵ− τ)| ≤ ∥ϕ−φ∥ and |ϕ(ℵ) −φ(ℵ)| ≤ ∥ϕ−φ∥, we get

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤
m∑︂

i=1

|ai| ∥ϕ−φ∥+Lg

∫︂
T

0
∥ϕ−φ∥ dℵ+Lh∥ϕ−φ∥

+
Lf

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

∥ϕ−φ∥ dℵ.

Taking ∥ϕ−φ∥ outside the integrals, we have

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤

⎛⎜⎜⎜⎜⎜⎝ m∑︂
i=1

|ai|+TLg +Lh

⎞⎟⎟⎟⎟⎟⎠ ∥ϕ−φ∥+ Lf

Γ(κ)
∥ϕ−φ∥

∫︂
ℜ

0
(ℜ−ℵ)κ−1 dℵ.

Evaluating the integral, we obtain∫︂
ℜ

0
(ℜ−ℵ)κ−1 dℵ =

ℜ
κ

κ
.

Hence,

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤

⎛⎜⎜⎜⎜⎜⎝ m∑︂
i=1

|ai|+TLg +Lh +
Lfℜ

κ

Γ(κ+ 1)

⎞⎟⎟⎟⎟⎟⎠ ∥ϕ−φ∥.
Sinceℜ ≤ T , we get

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤

⎛⎜⎜⎜⎜⎜⎝ m∑︂
i=1

|ai|+TLg +Lh +
LfT

κ

Γ(κ+ 1)

⎞⎟⎟⎟⎟⎟⎠ ∥ϕ−φ∥.
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Therefore,

|(Θϕ)(ℜ) − (Θφ)(ℜ)| ≤ Ω∥ϕ−φ∥.

Thus,

∥Θϕ−Θφ∥ ≤ Ω∥ϕ−φ∥.

Accordingly, Θ is a contraction mapping. As a consequence of Banach FPT 2.2, we conclude

that Θ has a unique fixed point which is a solution of the BVP. The theorem is proved. □

Theorem 3.2. Assume that hypotheses (1)-(4) are satisfied. Then the BVP admits at least one solution on
[0,T ].

Proof. We shall use Krasnoselskii’s FPT 2.3 to prove that the operator Θ defined by (3.4) has a fixed

point.

Consider

Br = {ϕ ∈ C([0,T ], Rn) : ∥ϕ∥ ≤ r}.

From equation (3.4), define A and B as follows:

(Aϕ)(ℜ) =
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ,

(Bϕ)(ℜ) =
m∑︂

i=1

aiϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )).

Then Θ = A + B.

Step 1: Aϕ+ Bφ ∈ Br

Let ϕ,φ ∈ Br. Then

|(Aϕ)(ℜ) + (Bφ)(ℜ)| ≤
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

|f(ℵ,ϕ(ℵ))| dℵ

+
m∑︂

i=1

|ai| |φ(ξi)|

+

∫︂
T

0
|g(ℵ,φ(ℵ− τ))| dℵ

+ |h(φ(T ))|.

Since f, g, h are continuous, there exist positive constants Mf, Mg, Mh such that

|f(ℜ,ϕ)| ≤ Mf, |g(ℜ,ϕ)| ≤ Mg, |h(ϕ)| ≤ Mh.

Substituting these bounds, we obtain

|(Aϕ)(ℜ) + (Bφ)(ℜ)| ≤
Mf

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1 dℵ+ r

m∑︂
i=1

|ai|+TMg + Mh.
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Evaluating the integral gives

|(Aϕ)(ℜ) + (Bφ)(ℜ)| ≤
Mfℜ

κ

Γ(κ+ 1)
+ r

m∑︂
i=1

|ai|+TMg + Mh.

Sinceℜ ≤ T ,

|(Aϕ)(ℜ) + (Bφ)(ℜ)| ≤
MfT

κ

Γ(κ+ 1)
+ r

m∑︂
i=1

|ai|+TMg + Mh.

Choosing r sufficiently large, we conclude that Aϕ+ Bφ ∈ Br.

Step 2: A is compact and continuous
Letℜ1,ℜ2 ∈ [0,T ],ℜ1 <ℜ2 and ϕ ∈ Br. Then

|(Aϕ)(ℜ2) − (Aϕ)(ℜ1)| ≤
1

Γ(κ)

∫︂
ℜ1

0

[︂
(ℜ2 −ℵ)

κ−1
− (ℜ1 −ℵ)

κ−1
]︂
|f(ℵ,ϕ(ℵ))| dℵ

+
1

Γ(κ)

∫︂
ℜ2

ℜ1

(ℜ2 −ℵ)
κ−1
|f(ℵ,ϕ(ℵ))| dℵ.

Using |f(ℵ,ϕ(ℵ))| ≤ Mf, we get

|(Aϕ)(ℜ2) − (Aϕ)(ℜ1)| ≤
Mf

Γ(κ)

∫︂
ℜ1

0

[︂
(ℜ2 −ℵ)

κ−1
− (ℜ1 −ℵ)

κ−1
]︂
dℵ

+
Mf

Γ(κ)

∫︂
ℜ2

ℜ1

(ℜ2 −ℵ)
κ−1 dℵ.

Therefore,

|(Aϕ)(ℜ2) − (Aϕ)(ℜ1)| ≤
Mf

Γ(κ+ 1)
|ℜ

κ
2 −ℜ

κ
1 |.

Asℜ1 →ℜ2, the RHS tends to zero. Thus A is equicontinuous. Also,

|(Aϕ)(ℜ)| ≤
MfT

κ

Γ(κ+ 1)
,

which shows that A is uniformly bounded. Accordingly, by Arzelà-Ascoli theorem 2.1, A is

completely continuous.

Step 3: B is a contraction mapping
Let ϕ,φ ∈ Br. Then

|(Bϕ)(ℜ) − (Bφ)(ℜ)| ≤
m∑︂

i=1

|ai| |ϕ(ξi) −φ(ξi)|

+

∫︂
T

0
|g(ℵ,ϕ(ℵ− τ)) − g(ℵ,φ(ℵ− τ))| dℵ

+ |h(ϕ(T )) − h(φ(T ))|.

Using (2) and (3),

|(Bϕ)(ℜ) − (Bφ)(ℜ)| ≤
m∑︂

i=1

|ai| ∥ϕ−φ∥+TLg∥ϕ−φ∥+Lh∥ϕ−φ∥.
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Hence,

|(Bϕ)(ℜ) − (Bφ)(ℜ)| ≤
(︃ m∑︂

i=1

|ai|+TLg +Lh

)︃
∥ϕ−φ∥.

Therefore B is a contraction mapping.

Thus, all assumptions of Krasnoselskii’s FPT 2.3 are satisfied. As a result, the operator Θ has at

least one fixed point in C([0,T ], Rn). Consequently, the BVP admits at least one solution on [0,T ].

The proof is complete. □

4. Ulam-Type Stability Results

This section investigates the UH stability, generalized UH stability and UH–Rassias stability for

the problem

C
D
κ
0+ϕ(ℜ) = f(ℜ,ϕ(ℜ)), ℜ ∈ [0,T ],

subject to

ϕ(0) =
m∑︂

i=1

aiϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T )).

Definition 4.1 (UH Stability). The problem is said to be UH stable if for every ε > 0 and for any function
φ ∈ C([0,T ], Rn) satisfying ⃓⃓⃓

C
D
κ
0+φ(ℜ) − f(ℜ,φ(ℜ))

⃓⃓⃓
≤ ε, ℜ ∈ [0,T ],

there exists a solution ϕ of the problem such that

∥φ−ϕ∥ ≤ Cε,

for some constant C > 0.

Theorem 4.1. [UH Stability] Assume that hypotheses (1)-(3) hold and Ω < 1. Then the problem is UH
stable.

Proof. Let φ ∈ C([0,T ], Rn) satisfy⃓⃓⃓
C
D
κ
0+φ(ℜ) − f(ℜ,φ(ℜ))

⃓⃓⃓
≤ ε. (4.1)

Then there exists a function ζ(ℜ) such that

C
D
κ
0+φ(ℜ) = f(ℜ,φ(ℜ)) + ζ(ℜ), |ζ(ℜ)| ≤ ε.

Applying the fractional integral operator, we obtain

φ(ℜ) = φ(0) +
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,φ(ℵ)) dℵ+

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1ζ(ℵ) dℵ.
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Substituting the boundary condition of φ, we get

φ(ℜ) =
m∑︂

i=1

aiφ(ξi) +

∫︂
T

0
g(ℵ,φ(ℵ− τ)) dℵ+ h(φ(T ))

+
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,φ(ℵ)) dℵ

+
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1ζ(ℵ) dℵ.

(4.2)

Let ϕ(ℜ) be the exact solution:

ϕ(ℜ) =
m∑︂

i=1

aiϕ(ξi) +

∫︂
T

0
g(ℵ,ϕ(ℵ− τ)) dℵ+ h(ϕ(T ))

+
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1f(ℵ,ϕ(ℵ)) dℵ.

(4.3)

Subtracting (4.3) from (4.2) gives

|φ(ℜ) −ϕ(ℜ)| ≤
m∑︂

i=1

|ai| |φ(ξi) −ϕ(ξi)|

+

∫︂
T

0
|g(ℵ,φ(ℵ− τ)) − g(ℵ,ϕ(ℵ− τ))| dℵ

+ |h(φ(T )) − h(ϕ(T ))|

+
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

|f(ℵ,φ(ℵ)) − f(ℵ,ϕ(ℵ))| dℵ

+
1

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

|ζ(ℵ)|dℵ.

Using the Lipschitz conditions, we obtain

|φ(ℜ) −ϕ(ℜ)| ≤
m∑︂

i=1

|ai|∥φ−ϕ∥+TLg∥φ−ϕ∥+Lh∥φ−ϕ∥

+
Lf

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1

∥φ−ϕ∥ dℵ

+
ε

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1 dℵ.

Evaluating the integrals: ∫︂
ℜ

0
(ℜ−ℵ)κ−1 dℵ =

ℜ
κ

κ
.

Thus,

|φ(ℜ) −ϕ(ℜ)| ≤

⎛⎜⎜⎜⎜⎜⎝ m∑︂
i=1

|ai|+TLg +Lh +
Lfℜ

κ

Γ(κ+ 1)

⎞⎟⎟⎟⎟⎟⎠ ∥φ−ϕ∥+ εℜκ

Γ(κ+ 1)
.
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Sinceℜ ≤ T , we have

|φ(ℜ) −ϕ(ℜ)| ≤ Ω∥φ−ϕ∥+
εT κ

Γ(κ+ 1)
.

Taking supremum overℜ:

∥φ−ϕ∥ ≤ Ω∥φ−ϕ∥+
εT κ

Γ(κ+ 1)
.

Hence,

(1−Ω)∥φ−ϕ∥ ≤
εT κ

Γ(κ+ 1)
.

Therefore,

∥φ−ϕ∥ ≤
T
κ

(1−Ω)Γ(κ+ 1)
ε.

Thus, the problem is UH stable. □

Definition 4.2 (Generalized UH Stability). The problem is said to be generalized UH stable if

∥φ−ϕ∥ ≤ Ψ(ε),

where Ψ(0) = 0.

Theorem 4.2. Under the assumptions of Theorem 4.1, the problem is generalized UH stable.

Proof. From the previous result,

∥φ−ϕ∥ ≤
T
κ

(1−Ω)Γ(κ+ 1)
ε.

Define Ψ(ε) =
T
κ

(1−Ω)Γ(κ+ 1)
ε. Clearly, Ψ(0) = 0. Hence generalized UH stability holds. □

Definition 4.3 (UH–Rassias Stability). The problem is UH–Rassias stable if⃓⃓⃓
CDκφ(ℜ) − f(ℜ,φ(ℜ))

⃓⃓⃓
≤ εψ(ℜ)

implies

|φ(ℜ) −ϕ(ℜ)| ≤ Cεψ(ℜ).

Theorem 4.3 (UH–Rassias Stability). Assume (1)-(3). Then the problem is UH–Rassias stable.

Proof. Let ⃓⃓⃓
C
D
κφ(ℜ) − f(ℜ,φ(ℜ))

⃓⃓⃓
≤ εψ(ℜ).

Proceeding as before, we obtain

|φ(ℜ) −ϕ(ℜ)| ≤ Ω∥φ−ϕ∥+
ε

Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1ψ(ℵ) dℵ.

Taking supremum,

∥φ−ϕ∥ ≤ Ω∥φ−ϕ∥+ εCψ,
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where

Cψ = sup
ℜ∈[0,T ]

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1ψ(ℵ) dℵ.

Thus,

∥φ−ϕ∥ ≤
Cψ

1−Ω
ε.

Hence, UH–Rassias stability holds. □

5. Example

To illustrate the effectiveness of the established theoretical results, the following example is

provided.

Example 5.1. Consider the FDE

C
D
κ
0+ϕ(ℜ) =

1
10

sin(ϕ(ℜ)) +
ℜ

20
, ℜ ∈ [0, 1], 0 < κ < 1,

subject to the nonlocal boundary condition

ϕ(0) =
1
4
ϕ
(︃1
2

)︃
+

∫︂ 1

0

1
8
ϕ(ℵ− τ) dℵ+

1
6

arctan(ϕ(1)),

where τ ∈ (0, 1) is fixed.

Verification of the assumptions: We begin by identifying the functions involved in the problem:

f(ℜ,ϕ) =
1

10
sin(ϕ) +

ℜ

20
, g(ℜ,ϕ) =

1
8
ϕ, h(ϕ) =

1
6

arctan(ϕ).

It is clear that all three functions are continuous on their respective domains. Hence, the

continuity assumption is satisfied.

Lipschitz condition for f. For any ϕ,φ ∈ R, we have

|f(ℜ,ϕ) − f(ℜ,φ)| =
⃓⃓⃓⃓⃓

1
10

(sinϕ− sinφ)
⃓⃓⃓⃓⃓
.

Since the sine function is Lipschitz continuous with constant 1, it follows that

|f(ℜ,ϕ) − f(ℜ,φ)| ≤
1

10
|ϕ−φ|.

Thus, f satisfies a Lipschitz condition with constant

Lf =
1
10

.

Lipschitz condition for g. Similarly,

|g(ℜ,ϕ) − g(ℜ,φ)| =
1
8
|ϕ−φ|,

which shows that g is Lipschitz continuous with

Lg =
1
8

.
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Lipschitz condition for h. Using the fact that | arctan′(ϕ)| ≤ 1, we obtain

|h(ϕ) − h(φ)| =
1
6
| arctanϕ− arctanφ| ≤

1
6
|ϕ−φ|.

Hence,

Lh =
1
6

.

Evaluation of the contraction constant. We now compute the constant

Ω =
m∑︂

i=1

|ai|+TLg +Lh +
LfT

κ

Γ(κ+ 1)
.

In this example:

m = 1, a1 =
1
4

, T = 1.

Therefore,
m∑︂

i=1

|ai| =
1
4

, TLg =
1
8

, Lh =
1
6

.

To obtain a concrete value, let us choose κ = 0.5. Since Γ(1.5) ≈ 0.886, we get

LfT
κ

Γ(κ+ 1)
=

1
10 Γ(1.5)

≈ 0.113.

Hence,

Ω ≈ 0.25 + 0.125 + 0.1667 + 0.113 = 0.6547 < 1.

Existence and uniqueness. Since the computed constant satisfies Ω < 1, all the conditions of the

uniqueness theorem are fulfilled. Therefore, the problem admits a unique solution on the interval

[0, 1].

UH stability. In view of the established stability result, the difference between the approximate

solution φ and the exact solution ϕ satisfies

∥φ−ϕ∥ ≤
T
κ

(1−Ω)Γ(κ+ 1)
ε.

Substituting the values obtained above, we find

1−Ω ≈ 0.3453,
T
κ

Γ(κ+ 1)
≈ 1.129,

which yields

∥φ−ϕ∥ ≤ 3.27 ε.

This shows that the problem is UH stable.

Generalized UH stability: The above estimate naturally leads to the function Ψ(ε) = 3.27ε, which

satisfies Ψ(0) = 0. Hence, the problem is also generalized UH stable.
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UH–Rassias stability. Let us consider a control function of the form ψ(ℜ) = ℜκ. In this case, the

associated integral term

1
Γ(κ)

∫︂
ℜ

0
(ℜ−ℵ)κ−1ψ(ℵ) dℵ

is finite for all ℜ ∈ [0, 1], which ensures the existence of a constant Cψ > 0. Consequently, we

obtain

∥φ−ϕ∥ ≤
Cψ

1−Ω
ε,

which confirms the UH–Rassias stability.

Concluding observation. This example clearly illustrates that the theoretical results derived in this

paper are applicable to concrete nonlinear fractional problems with nonlocal boundary conditions.

In particular, all assumptions are satisfied and the existence, uniqueness and different types of

stability follow directly from the established theorems.

5.1. Graphical Representation. To illustrate dynamical behavior and stability properties of the

considered Caputo fractional BVP, three-dimensional graphical simulations are presented for dif-

ferent values of the fractional order, delay parameter and perturbation parameter. The obtained

surfaces demonstrate the influence of memory effects, nonlocal delay dynamics and UH stability

on the solution profile. Assume t = ℜ.

Figure Discussions

Figure 1. 3D profile of the approximate solution ϕ(ℜ) for different fractional orders κ.

Figure 1 illustrates the three-dimensional profile of the approximate solution ϕ(ℜ) correspond-

ing to different fractional orders κ ∈ (0, 1). The graphical behavior shows that the fractional

parameter significantly affects the evolution of the solution due to the memory-dependent nature

of the Caputo fractional derivative.
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Figure 2. Influence of the delay parameter τ on the solution profile of the nonlocal

fractional BVP.

Figure 2 presents the influence of the delay parameter τ on the solution surface of the nonlocal

fractional BVP. The simulation indicates that variations in the delay term modify the system

dynamics while preserving the smoothness and boundedness of the solution.

Figure 3. Stability surface associated with the Ulam-Hyers perturbation estimate.

Figure 3 depicts the stability surface associated with the Ulam–Hyers perturbation estimate.

The graphical results confirm that small perturbations produce controlled deviations in the ap-

proximate solution, thereby validating the UH stability established theoretically.
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6. Conclusion

We have studied a fractional differential equation with a generalized nonlocal boundary condi-

tion that includes discrete point evaluations, an integral with delay and a nonlinear terminal term.

Using Krasnoselskii’s FPT we proved existence under mild growth conditions and using Banach’s

contraction principle we proved uniqueness under a Lipschitz condition. The Arzelà-Ascoli the-

orem was essential for compactness in the existence proof. The results extend classical BVPs and

are directly applicable to models in viscoelasticity, population dynamics and control theory with

memory. Future work may consider variable-order fractional derivatives or systems with multiple

delays.
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