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Abstract. A new subclass of bi-univalent functions of complex order is formulated by combining a q-Poisson convolution

operator with a Ma–Minda subordination associated with a leaf-shaped image domain. The defining conditions are

imposed simultaneously on a function and its inverse and involve a weighted interaction between a Bazilevič-type

expression and the corresponding q-derivative term. This construction produces the class QPLr,q
Σ (ϵ, £,γ; Ω), whose

parameters provide considerable flexibility in controlling its analytic and geometric structure. The non-emptiness

of the proposed family is verified, and several relevant specializations are identified, including leaf-like q-Poisson

bi-starlike and derivative-type subclasses. By expanding the subordinating functions and comparing the resulting

coefficient identities for the function and its inverse, upper bounds for the initial Taylor–Maclaurin coefficients |a2| and
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|a3| are established. A Fekete–Szegö inequality for
⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
, κ ∈ C, is also derived under appropriate nondegeneracy

restrictions on the parameters. The results exhibit how the q-Poisson distribution, complex-order Bazilevič structure,

and leaf-like geometry interact in the coefficient theory of bi-univalent functions.

1. Introduction

The theory of quantum calculus, commonly known as q-calculus, extends ordinary calculus by

replacing the classical differential and integral operators with their q-counterparts. Its formulation

is distinguished by the absence of the usual limiting process, and thus offers a convenient setting

in which discrete structures can be analyzed alongside continuous ones. The parameter q governs

the degree of deformation, while the classical operators are recovered as q→ 1−. This feature has

made q-calculus a useful analytical tool in several areas, including basic hypergeometric functions,

combinatorial analysis, orthogonal polynomials, quantum theory, and mathematical physics. The

standard foundations of the subject, together with a systematic treatment of basic hypergeometric

series, are presented in the monograph of Gasper and Rahman [23].

Within geometric function theory, the introduction of q-difference operators has opened a broad

avenue for constructing parameter-dependent analogues of classical families of analytic functions.

By replacing an ordinary derivative with an appropriate q-derivative, one obtains deformed ver-

sions of starlike, convex, close-to-convex, Bazilevič, univalent, and bi-univalent function classes.

These formulations allow the geometric influence of the parameter q to be observed directly

through coefficient estimates and subordination conditions. They have also stimulated investi-

gations of Fekete–Szegö functionals, Hankel determinants, radius problems, inclusion properties,

growth estimates, and various extremal questions.

A related line of development originates in probability theory. For a discrete random variable,

the probability mass function can be encoded in the coefficients of a generating series. This trans-

formation converts distributional information into an analytic power series and thereby creates a

useful interface between probabilistic modelling and complex analysis. In analytic combinatorics,

generating functions are employed to extract asymptotic and enumerative information, whereas in

geometric function theory their coefficients can be incorporated into linear operators acting on nor-

malized analytic functions. Standard background on these analytic and combinatorial viewpoints

may be found in [3–5].

The Hadamard product provides a particularly effective mechanism for transferring a

probability-generating sequence into geometric function theory. If the coefficients of a proba-

bility distribution are used as the multipliers of the Taylor coefficients of an analytic function, the

resulting convolution operator retains the algebraic structure of the original distribution while

permitting geometric analysis through subordination. This principle has been applied to gen-

erating functions associated with the Poisson, Pascal, binomial, logarithmic, and other discrete

laws. The corresponding operators have been used to establish coefficient inequalities, inclusion
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relations, growth and covering properties, and Fekete–Szegö-type bounds for analytic, univalent,

bi-univalent, and harmonic function classes; see [9–17, 23, 25].

From a statistical perspective, the Poisson distribution is one of the most fundamental models

for count data. Its probability mass function has a simple coefficient structure, and its generating

function admits a particularly transparent power-series representation. These properties make the

Poisson law well suited to convolution constructions. In addition to its familiar role in modelling

event counts, Poisson-type structures arise in branching processes, enumeration theory, and non-

linear functional relations involving the Lambert W-function; see [1, 2]. The analytic simplicity of

its coefficients, together with its wide probabilistic relevance, explains its frequent appearance in

operator-based studies of geometric function classes.

The q-Poisson law provides a natural deformation of this classical model. Its coefficients depend

simultaneously on the distributional parameter and the quantum parameter q, and hence furnish

a family of kernels whose probabilistic and analytic behavior varies continuously with q. The ad-

missibility condition imposed on the parameters guarantees that the associated generating series is

well defined, while the limiting transition q→ 1− restores the ordinary Poisson distribution. Thus,

the q-Poisson model supplies a suitable bridge between discrete probability, quantum calculus,

and convolution methods in geometric function theory.

Another essential ingredient in the present study is the Ma–Minda subordination framework.

In this approach, the geometry of a function class is determined by an analytic dominant whose

image of the open unit disk is a prescribed region. Choosing a leaf-like dominant introduces a spe-

cific geometric constraint on the corresponding logarithmic or Bazilevič-type expressions. When

this geometric condition is combined with a q-difference operator and a probability-generated con-

volution kernel, the resulting class reflects three different forms of structure: the geometry of the

dominant domain, the deformation induced by q-calculus, and the coefficient weighting inherited

from the underlying probability distribution.

Motivated by this interaction, we define a convolution operator generated by the q-Poisson

distribution and apply it to normalized analytic functions in U. The operator is incorporated into

two Ma–Minda-type subordination conditions, one for a bi-univalent function and the other for its

analytic inverse. In this manner, we introduce a new family of complex-order q-Bi-Bazilevič-type

functions associated with a leaf-shaped image domain. The proposed class unifies the proba-

bilistic coefficient structure of the q-Poisson law, the analytic flexibility of complex-order Bazilevič

expressions, and the geometric control provided by leaf-like subordination.

The principal objective of the paper is to investigate the initial coefficient behavior of this new

class. In particular, estimates are obtained for the first nontrivial Taylor–Maclaurin coefficients, and

a Fekete–Szegö-type inequality is derived. The dependence of these bounds on the deformation

and distributional parameters reveals how the q-Poisson kernel modifies the analytic behavior of

the associated bi-univalent functions. Several classical and previously studied situations can be

recovered through suitable parameter choices, especially in the limiting regime q→ 1−.
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2. Preliminaries and Fundamental Function Classes

This section gathers the analytic notation and the basic function classes needed in the sequel.

We begin with the standard normalized family, recall the Carathéodory class and its coefficient

estimate, and then describe the inverse expansion associated with bi-univalent functions.

2.1. Basic Analytic Classes. Let A denote the class of functions f that are analytic in the open

unit disk

U =
{︂
z ∈ C : |z| < 1

}︂
and normalized by

f (0) = 0 and f ′(0) = 1.

Every function f ∈ A therefore possesses a Taylor–Maclaurin expansion of the form

f (z) = z +
∞∑︂

n=2

anzn, z ∈ U. (2.1)

The coefficients an encode the local analytic behavior of f near the origin and constitute the principal

objects in the coefficient problems considered throughout this work.

We also require the classical Carathéodory class P, consisting of all functions φ analytic in U

that satisfy

Reφ(z) > 0, z ∈ U,

together with the normalization

φ(0) = 1.

Accordingly, each φ ∈ P has a power-series representation

φ(z) = 1 +
∞∑︂

n=1

φnzn, z ∈ U. (2.2)

A fundamental coefficient estimate for functions with positive real part is provided by the

Carathéodory lemma, namely, ⃓⃓⃓
φn

⃓⃓⃓
≤ 2, n ≥ 1. (2.3)

This bound will be used repeatedly when the subordination conditions are converted into coeffi-

cient identities.

Let S denote the subclass of A whose members are univalent in U. If f ∈ S, then the Koebe

one-quarter theorem guarantees that f (U) contains the disk{︃
ξ ∈ C : |ξ| <

1
4

}︃
.

Consequently, the inverse function

f−1 = f−1

is analytic in a disk

|ξ| < r0( f ), r0( f ) ≥
1
4

.
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On their respective domains of definition, f and f−1 satisfy the inverse relations

f−1
(︂

f (z)
)︂
= z and f

(︂
f−1(ξ)

)︂
= ξ.

Reverting the series in (2.1) about the origin gives the local expansion of the inverse function:

f−1(ξ) = ξ− a2ξ
2 +

(︂
2a2

2 − a3

)︂
ξ3
−

(︂
5a3

2 − 5a2a3 + a4

)︂
ξ4 + O

(︂
ξ5

)︂
. (2.4)

Thus, the coefficients of f−1 are expressed entirely in terms of the Taylor coefficients of f , a fact

that is essential in the analysis of bi-univalent function classes.

A function f ∈ A is called bi-univalent in U whenever both f and its analytic inverse f−1 are

univalent in U. The family of all such functions is denoted by Σ. Hence,

f ∈ Σ ⇐⇒ f and f−1 are univalent in U.

The simultaneous univalence of a function and its inverse makes the coefficient theory of Σ

considerably more delicate than that of the classical class S.

2.2. Ma–Minda Subordination and Geometrically Prescribed Domains. Subordination is one of

the principal tools for encoding geometric properties of analytic functions. For two functions p
and h analytic in U, we write

p(z) ≺ h(z), z ∈ U,

whenever there exists a Schwarz function ω, analytic in U, such that

ω(0) = 0, |ω(z)| < 1,

and

p(z) = h
(︂
ω(z)

)︂
.

When h is univalent in U, this relation is equivalently expressed as

p(0) = h(0) and p(U) ⊂ h(U).

Thus, subordination converts an analytic relation into a geometric inclusion between image do-

mains.

A particularly influential application of this principle is the framework introduced by Ma and

Minda [24]. Let Ω be analytic and univalent in U, normalized by

Ω(0) = 1 and Ω′(0) > 0.

Assume further that Ω(U) is symmetric with respect to the real axis and starlike with respect to

the point 1. The corresponding Ma–Minda-type starlike family is defined by

K(Ω) =

{︄
f ∈ A :

z f ′(z)
f (z)

≺ Ω(z), z ∈ U

}︄
. (2.5)

Equivalently, for each f ∈ K(Ω), there exists a Schwarz function ω such that

z f ′(z)
f (z)

= Ω
(︂
ω(z)

)︂
.
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The defining relation in (2.5) shows that the geometry of the class is inherited directly from the

dominant function Ω. Indeed, the logarithmic derivative

z f ′(z)
f (z)

is confined to the region Ω(U), and hence the shape of this image domain determines the analytic

and geometric restrictions imposed on f . By changing the dominant Ω, one may therefore construct

a wide variety of subclasses within a single unified scheme.

This flexibility has led to the study of dominant functions whose images possess distinctive

geometric forms. Among the most prominent examples are mappings onto lemniscate-shaped,

lune-shaped, leaf-like, sine-associated, cosine-associated, and petal-shaped regions. Each choice

produces a different admissible range for the logarithmic derivative and consequently a different

family of starlike functions, with its own coefficient, distortion, growth, and extremal properties.

Of particular relevance to the present work are leaf-like image domains. When Ω(U) has a

leaf-shaped geometry, the subordination condition does more than impose a positive-real-part

restriction: it confines the relevant analytic expression to a nonclassical region whose boundary

reflects the finer geometric features of the chosen dominant. Such domains have proved effective

in defining refined subclasses of univalent and bi-univalent functions and in deriving coefficient

estimates that depend explicitly on the Taylor coefficients of Ω.

For comparison, Table 1 presents several representative Ma–Minda-type dominants together

with the geometry of their image regions, the corresponding references, and numerical illustrations

of the domains Ω(U). The table emphasizes that the dominant function is not merely an auxiliary

component of the definition; rather, it is the geometric mechanism that shapes the resulting function

class and governs the form of the associated coefficient inequalities.

Table 1. Selected analytic functions associated with geometrically distinguished

image domains in geometric function theory.

Generating

function

Associated domain and

class
Authors Ref. Image of U

Ω(z) =
√

1 + z

The function maps U con-

formally onto the right-

hand part of the Bernoulli

lemniscate and generates

the lemniscate starlike class.

Sokoł and

Stankiewicz [18]

Continued on the next page
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Table 1 – continued from the previous page

Generating

function

Associated domain and

class
Authors Ref. Image of U

Ω(z) =

z +
√︁

1 + z2

The function maps U onto

a lune-shaped domain and

gives rise to the correspond-

ing lune-associated starlike

class.

Priya and

Sharma [20]

Ω(z) =

z +
3√︁

1 + z3

The mapping generates

a symmetric leaf-shaped

image domain and is used

to define the corresponding

leaf-associated class.

Singh and

Kaur [21]

Ω(z) = 1 + sin z

The function maps U onto

an eight-shaped region

contained in the right half-

plane and generates the

sine-associated starlike

class.

Cho et al. [7]

Ω(z) = cos z

The function is associated

with the cosine-generated

class defined through
z f ′(z)

f (z)
≺ cos z.

Bano and

Raza
[8]

Ω(z) =

1 + arcsinh(z)

The function maps U onto

a symmetric petal-shaped

domain and generates the

corresponding petal-shaped

starlike class.

Arora and

Kumar
[6]

To describe the q-deformation of the leaf-like geometry used in this paper, we recall the following

family.
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Definition 2.1. Let f ∈ Σ be represented by (2.1). Then f is said to belong to the class

Σq
(︂
ϵ, Ω(z; q)

)︂
if

z1−ϵ ðq
⟨︁

f (z)
⟩︁

( f (z))1−ϵ
≺ Ω(z; q), z ∈ U, (2.6)

where ϵ ∈ R. The dominant function Ω(z; q) is defined by

Ω(z; q) =
[2]qz

2 + (1− q)z
+

3

⌜⎷
1 +

⎛⎜⎜⎜⎜⎝ [2]qz

2 + (1− q)z

⎞⎟⎟⎟⎟⎠3

, 0 < q < 1, (2.7)

where the branch of the cubic root is chosen so that 3√1 = 1, and ðq
⟨︁

f (z)
⟩︁

denotes the q-derivative of f .

The function in (2.7) may be expressed as

Ω(z; q) = Ψq(z) +
3
√︂

1 + Ψ3
q(z),

where

Ψq(z) =
[2]qz

2 + (1− q)z
.

The Möbius transformation Ψq introduces the q-deformation, while the outer mapping generates

the leaf-shaped geometry. In particular,

Ω(0; q) = 1.

Moreover, the initial expansion of Ω is

Ω(z; q) = 1 +
[2]q
2

z−
(1− q)[2]q

4
z2 +O(z3). (2.8)

Consequently,

ðq
⟨︁
Ω(0; q)

⟩︁
=

[2]q
2

.

In the limiting case q→ 1−, one has

Ψq(z) −→ z

and hence

Ω(z; q) −→ z +
3
√︁

1 + z3.

Thus, the classical leaf-like mapping is recovered as the limiting member of the family (2.7).

For each fixed 0 < q < 1, the image Ω(U; q) describes a q-deformed leaf-like region symmetric

about the real axis. The subordination condition (2.6) therefore imposes a geometric restriction

whose shape varies continuously with the quantum parameter q. The effect of this parameter on

the corresponding image domains is illustrated in Figure 2.
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Table 2. Geometric deformation of the leaf-like image domain Ω(U; q) for selected

values of q.

Fixed class-defining subordination condition

z1−ϵ ðq
⟨︁

f (z)
⟩︁(︂

f (z)
)︂1−ϵ

≺ Ω(z; q), z ∈ U

q-deformed leaf-like dominant function

Ω(z; q) =
[2]qz

2 + (1− q)z
+

3

⌜⎷
1 +

⎛⎜⎜⎜⎜⎝ [2]qz

2 + (1− q)z

⎞⎟⎟⎟⎟⎠3

(a) Strongly deformed regime

q = 10−6

The image is relatively contracted and exhibits the

strongest deformation from the classical leaf-like domain.

(b) Lower intermediate regime

q = 0.33

The image begins to expand and gradually develops a

more distinct leaf-like boundary.

(c) Upper intermediate regime

q = 0.65

The symmetric leaf-like profile becomes broader and

more pronounced as the value of q increases.

(d) Near-classical regime

q = 0.9999

The image approaches the classical leaf-like domain

generated by z +
3√

1 + z3.
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Table 2 illustrates the geometric influence of the deformation parameter q while the defining

subordination condition remains fixed. As q increases from a value close to zero toward 1, the

image domain gradually expands and approaches the classical leaf-like region. Indeed,

lim
q→1−

[2]qz

2 + (1− q)z
= z,

and consequently,

lim
q→1−

Ω(z; q) = z +
3
√︁

1 + z3.

2.3. The q-Poisson distribution and its convolution operator. We begin with a probabilistic kernel

whose coefficients will subsequently generate an analytic convolution operator. For 0 < q < 1,

define the q-exponential function by

Eq(χ) =
∞∑︂

n=0

χn

[n]q!
, (2.9)

where the q-factorial is given by

[n]q! =

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
1, n = 0,

[1]q[2]q · · · [n]q, n ≥ 1.
(2.10)

A discrete random variableY is said to follow the q-Poisson distribution with intensity parameter

r > 0 if

Pq(Y = n) =
rn

[n]q!Eq(r)
, n ∈N∪ {0}. (2.11)

Indeed, whenever Eq(r) converges, one has
∞∑︂

n=0

Pq(Y = n) =
1
Eq(r)

∞∑︂
n=0

rn

[n]q!
= 1.

Admissible parameter region. The parameters r and q cannot be selected independently. To determine

the convergence region, let

un =
rn

[n]q!
.

Then
un+1

un
=

r
[n + 1]q

,

and, since

lim
n→∞

[n + 1]q =
1

1− q
,

we obtain

lim
n→∞

⃓⃓⃓⃓⃓
un+1

un

⃓⃓⃓⃓⃓
= r(1− q).

Consequently, the normalizing factor Eq(r) is finite precisely under the condition

r(1− q) < 1. (2.12)
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Thus, the admissible parameter set can be written as

D =
{︁
(r, q) ∈ (0,∞) × (0, 1) : r(1− q) < 1

}︁
,

or, equivalently, ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
0 < q < 1, 0 < r ≤ 1,

1−
1
r
< q < 1, r > 1.

(2.13)

Table 3 records the admissible q-intervals corresponding to the values of r used in Figure 1.

Table 3. Admissible q-ranges for the selected intensity parameters.

Panel Intensity r
Admissible
range of q

Geometric interpretation

(a) r = 0.25 0 < q < 1 The complete interval (0, 1)

is admissible because r ≤ 1.

(b) r = 4
3
4
< q < 1 The deformation parameter

must remain above 0.75.

(c) r = 12
11
12
< q < 1 Only values sufficiently

close to unity are admissi-

ble.

(d) r = 30
29
30
< q < 1 The allowed interval is con-

centrated near the classical

limit q = 1.

Behavior of the probability profiles. Figure 1 illustrates the effect of the deformation parameter q on

the probability mass function for representative values of r.
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Figure 1. Profiles of the q-Poisson probability mass function for selected values

of the intensity parameter r. In each panel, the parameter q is chosen from the

admissible interval determined by r(1− q) < 1. The graphs demonstrate how the q-

deformation changes the position of the mode, the peak height, and the dispersion

of the distribution. As q → 1−, the corresponding profiles approach the classical

Poisson distribution.

For small values of r, the admissible interval for q is relatively broad, allowing the deformation

effect to be observed over a large range of parameters. As r increases, condition (2.12) forces q to

move closer to unity. This explains why the profiles associated with larger values of r display a

more restricted range of admissible deformations.

The associated analytic kernel. Motivated by the probability weights in (2.11), we introduce the

normalized analytic function

Pq(z) = z +
∞∑︂

n=2

rn−1

[n− 1]q!Eq(r)
zn, z ∈ U. (2.14)

The dependence of Pq on r and q is suppressed from the notation whenever no ambiguity can arise.
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For the coefficients in (2.14), we have

lim
n→∞

⃓⃓⃓⃓⃓
⃓⃓ rn/[n]q!

rn−1/[n− 1]q!

⃓⃓⃓⃓⃓
⃓⃓ = r(1− q).

Therefore, under (2.12), the radius of convergence of (2.14) is

R =
1

r(1− q)
> 1.

Hence, Pq is analytic in a disk containing U. Moreover,

Pq(0) = 0 and P′q(0) = 1,

so that

Pq ∈ A.

The q-Poisson convolution operator. Let

f (z) = z +
∞∑︂

n=2

anzn
∈ A.

We define the q-Poisson convolution operator

P r
q : A −→ A

by the Hadamard product

P r
q ( f (z)) = Pq(z) ∗ f (z) = z +

∞∑︂
n=2

rn−1

[n− 1]q!Eq(r)
anzn, z ∈ U. (2.15)

In particular, the initial terms of the transformed function are

P r
q ( f (z)) = z +

r
Eq(r)

a2z2 +
r2

[2]q!Eq(r)
a3z3 +

r3

[3]q!Eq(r)
a4z4 + · · · . (2.16)

Thus, P r
q acts diagonally on the Taylor–Maclaurin coefficients of f , with multipliers determined by

the q-Poisson probabilities.

The operator is linear, and its normalization is preserved:

P r
q (a f1 + b f2) = a P r

q ( f1) + b P r
q ( f2),

whenever the linear combination is normalized appropriately.

Finally, since

[n]q −→ n and Eq(r) −→ er as q→ 1−,

the operator P r
q reduces to the classical Poisson-distribution convolution operator

P r
q ( f (z)) −→ z +

∞∑︂
n=2

rn−1

(n− 1)! er anzn.

This limiting relation confirms that the proposed operator constitutes a natural q-extension of its

classical counterpart.
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3. A q-Poisson Leaf-Like Bi-Bazilevič Class

The purpose of this section is to merge two independent structures: the coefficient-weighting

action of the q-Poisson convolution operator P r
q , introduced in (2.15), and the geometric constraint

generated by the q-deformed leaf-like function Ω(z; q) given in (2.7). Their combination leads to a

flexible family of bi-univalent functions in which the analytic behavior of both a function and its

inverse is governed by the same leaf-like image domain.

Let f and its analytic inverse f−1 = f−1 be defined by (2.1) and (2.4), respectively. Throughout

this section, we assume that

0 < q < 1, r > 0, r(1− q) < 1.

The last condition ensures the convergence of the underlying q-Poisson series and, consequently,

guarantees that the coefficients of the associated q-Poisson convolution operator are well defined.

For subsequent use, we introduce the following auxiliary functional:

B
r,q
ϵ,α,γ[ f ](z) := 1 +

1
γ

⎡⎢⎢⎢⎢⎢⎣(1− £)

⎛⎜⎜⎜⎜⎝P r
q ( f (z))

z

⎞⎟⎟⎟⎟⎠ϵ + £
z1−ϵ ðq

⟨︂
P r

q ( f (z))
⟩︂

(︂
P r

q ( f (z))
)︂1−ϵ

− 1

⎤⎥⎥⎥⎥⎥⎦, z ∈ U, (3.1)

where

ϵ, £ ∈ C, γ ∈ C∗.

The functional in (3.1) combines a Bazilevič-type power term with a normalized q-derivative

expression associated with the q-Poisson transform of f . The parameter ϵ controls the power

structure, £ determines the relative contribution of the two constituent terms, and the nonzero

complex parameter γ provides an additional scaling and rotational effect.

Whenever nonintegral complex powers occur, they are interpreted through analytic branches

selected in a neighborhood of the origin. This choice is well defined because

P r
q ( f (z))

z
= 1 + O(z) (z→ 0),

and the branches are normalized so that⎛⎜⎜⎜⎜⎝P r
q ( f (z))

z

⎞⎟⎟⎟⎟⎠ϵ
⃓⃓⃓⃓⃓
⃓⃓
z=0

= 1.

Consequently,

B
r,q
ϵ,α,γ[ f ](0) = 1,

which is consistent with the normalization of the Ma–Minda dominant function used in the defining

subordination conditions.

The parameter ϵ controls the Bazilevič-type power structure, whereas £ determines the balance

between the quotient term and the q-derivative term. The nonzero complex parameter γ provides

an additional scaling and rotational effect.
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Definition 3.1. A function f ∈ Σ is said to belong to the class QPLr,q
Σ (ϵ, £,γ; Ω), if

B
r,q
ϵ,α,γ[ f ](z) ≺ Ω(z; q), z ∈ U, (3.2)

and

B
r,q
ϵ,α,γ[ f−1](ξ) ≺ Ω(ξ; q), ξ ∈U. (3.3)

Here, in the second condition,

B
r,q
ϵ,α,γ[ f−1](ξ) = 1 +

1
γ

⎡⎢⎢⎢⎢⎢⎢⎢⎣(1− £)

⎛⎜⎜⎜⎜⎝P r
q ( f−1(ξ))

ξ

⎞⎟⎟⎟⎟⎠ϵ + £
ξ1−ϵ ðq

⟨︂
P r

q ( f−1(ξ))
⟩︂

(︂
P r

q ( f−1(ξ))
)︂1−ϵ

− 1

⎤⎥⎥⎥⎥⎥⎥⎥⎦ .

Definition 3.1 imposes the same geometric restriction on the q-Poisson transforms of both f and

f−1. Thus, the image domains

B
r,q
ϵ,α,γ[ f ](U) and B

r,q
ϵ,α,γ[ f−1](U)

are simultaneously contained in the leaf-like region Ω(U; q). This two-sided requirement is the

essential feature distinguishing the present class from its corresponding univalent counterpart.

3.1. Structural reductions. The parameters ϵ, £, and γ generate several natural subclasses. To

avoid repeating nearly identical subordinations for the function and its inverse, Table 4 records

the reduced functional for f ; in each case, the corresponding inverse condition is obtained by

replacing

f (z), z with f−1(ξ), ξ,

respectively.

Table 4. Principal reductions of QPLr,q
Σ (ϵ, £,γ; Ω).

No. Parameter choice Resulting subclass Reduced defining functional

1 ϵ = 0

Generalized q-Poisson

leaf-like bi-starlike-type

class

1 +
£
γ

⎡⎢⎢⎢⎢⎢⎢⎣z ðq
⟨︂
P r

q ( f (z))
⟩︂

P r
q ( f (z))

− 1

⎤⎥⎥⎥⎥⎥⎥⎦
2 ϵ = 0, £ = γ , 0

Normalized q-Poisson

leaf-like bi-starlike class

z ðq
⟨︂
P r

q ( f (z))
⟩︂

P r
q ( f (z))

3 ϵ = 1

Weighted quotient–

derivative-type bi-

univalent class

1 +
1
γ

⎡⎢⎢⎢⎢⎣(1− £)
P r

q ( f (z))

z
+ £ ðq

⟨︂
P r

q ( f (z))
⟩︂
− 1

⎤⎥⎥⎥⎥⎦

4 ϵ = 1, £ = γ = 1

q-Poisson leaf-like

derivative-type bi-

univalent class

ðq
⟨︂
P r

q ( f (z))
⟩︂
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In each row of Table 4, the displayed functional is required to be subordinate to Ω(z; q). The

corresponding condition for the inverse function is obtained by replacing f (z) and z with f−1(ξ)

and ξ, respectively.

3.2. The classical limiting configuration. The limiting process q→ 1− simultaneously transforms

the q-difference operator, the q-Poisson kernel, and the leaf-like dominant function. More precisely,

ðq
⟨︁

f (z)
⟩︁
−→ f ′(z), [n]q −→ n,

and

Ω(z; q) −→ Ω0(z) := z +
3
√︁

1 + z3. (3.4)

Moreover, the operator P r
q approaches the classical Poisson convolution operator

Pr( f )(z) = z +
∞∑︂

n=2

rn−1

(n− 1)! er anzn. (3.5)

Accordingly, Definition 3.1 reduces to the classical Poisson leaf-like bi-Bazilevič-type class de-

termined by

1 +
1
γ

⎡⎢⎢⎢⎢⎢⎣(1− £)
(︄
Pr( f )(z)

z

)︄ϵ
+ £

z1−ϵ (Pr( f )(z))′

(Pr( f )(z))1−ϵ
− 1

⎤⎥⎥⎥⎥⎥⎦ ≺ Ω0(z), (3.6)

together with

1 +
1
γ

⎡⎢⎢⎢⎢⎢⎣(1− £)
(︄
Pr( f−1)(ξ)

ξ

)︄ϵ
+ £
ξ1−ϵ

(︂
Pr( f−1)(ξ)

)︂′
(Pr( f−1)(ξ))1−ϵ

− 1

⎤⎥⎥⎥⎥⎥⎦ ≺ Ω0(ξ). (3.7)

Two familiar limiting subclasses follow immediately.

Corollary 3.1. If ϵ = 0 and q→ 1−, then the defining conditions become

1 +
£
γ

[︄
z (Pr( f )(z))′

Pr( f )(z)
− 1

]︄
≺ z +

3
√︁

1 + z3,

and

1 +
£
γ

⎡⎢⎢⎢⎢⎢⎢⎣ξ
(︂
Pr( f−1)(ξ)

)︂′
Pr( f−1)(ξ)

− 1

⎤⎥⎥⎥⎥⎥⎥⎦ ≺ ξ+ 3
√︁

1 + ξ3.

In particular, the choice £ = γ , 0 yields the classical Poisson leaf-like bi-starlike-type conditions.

Corollary 3.2. If ϵ = 1 and q→ 1−, then

1 +
1
γ

[︄
(1− £)

Pr( f )(z)
z

+ £ (Pr( f )(z))′ − 1
]︄
≺ z +

3
√︁

1 + z3,

with the analogous condition for f−1. When £ = γ = 1, this reduces to

(Pr( f )(z))′ ≺ z +
3
√︁

1 + z3

and (︂
Pr( f−1)(ξ)

)︂′
≺ ξ+

3
√︁

1 + ξ3.
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These limiting relations show that the newly introduced family is not an isolated construction;

rather, it provides a genuine q-deformation of several Poisson leaf-like bi-univalent subclasses.

3.3. Nonemptiness of the class. The following observation confirms that the defining conditions

are consistent.

Proposition 3.1. For every admissible pair (r, q) and every ϵ, £ ∈ C, γ ∈ C∗, the class QPLr,q
Σ (ϵ, £,γ; Ω)

is nonempty.

Proof. Consider the identity function

f0(z) = z.

Clearly,

f0 ∈ Σ and f−1
0 (ξ) = ξ.

Since all Taylor–Maclaurin coefficients of order at least two vanish, the definition of the q-Poisson

convolution operator gives

P r
q ( f0)(z) = z and P r

q ( f−1
0 )(ξ) = ξ.

Consequently,

ðq
⟨︂
P r

q ( f0)(z)
⟩︂
= 1, ðq

⟨︂
P r

q ( f−1
0 )(ξ)

⟩︂
= 1.

Therefore,

B
r,q
ϵ,α,γ[ f0](z) = 1 +

1
γ

[︂
(1− £) + £− 1

]︂
= 1,

and similarly,

B
r,q
ϵ,α,γ[ f−1

0 ](ξ) = 1.

Since

Ω(0; q) = 1,

the constant function 1 can be written as

1 = Ω(ω(z); q), ω(z) ≡ 0,

where ω is a Schwarz function. Hence,

1 ≺ Ω(z; q).

Both subordinations in Definition 3.1 are therefore satisfied, and thus

f0 ∈ QPLr,q
Σ (ϵ, £,γ; Ω).

This proves the assertion. □
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Coefficient problems occupy a central position in geometric function theory, since the Taylor–

Maclaurin coefficients
⃓⃓⃓
a j
⃓⃓⃓
, j ∈ N, often reflect the principal analytic and geometric features of a

function class. In the bi-univalent setting, particular attention is devoted to estimates for |a2| and

|a3|, together with the associated Fekete–Szegö functional and Hankel determinants [29,31–33,37].

Motivated by these developments, the next section derives the corresponding coefficient bounds

and Fekete–Szegö estimate for QPLr,q
Σ (ϵ, £,γ; Ω).

4. Coefficient Estimates and the Fekete–Szegö Problem

This section is devoted to the initial coefficient problem for the class

QPLr,q
Σ (ϵ, £,γ; Ω).

By combining the coefficient structure of the q-Poisson convolution operator with the Ma–Minda

subordination generated by the leaf-like dominant function Ω(z; q), we derive explicit estimates

for |a2| and |a3|. The same coefficient relations are then employed to investigate the Fekete–Szegö

functional ⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
.

For notational convenience, throughout this section we put

A1 = ϵ+ £q, A2 = ϵ+ £q[2]q, (4.1)

and

∆r,q
ϵ,£,γ := 2γEr

qA2 + γ[2]q(ϵ− 1)
(︂
ϵ+ 2£q

)︂
+ 2(3− q)A2

1. (4.2)

The quantities in (4.1) and (4.2) arise naturally from the first- and second-order coefficient

comparisons.

4.1. Bounds for the initial coefficients.

Theorem 4.1. Let 0 < q < 1, r > 0, r(1− q) < 1, and suppose that ϵ, £ ∈ C, γ ∈ C∗. Assume further that
A1 , 0, A2 , 0, ∆r,q

ϵ,£,γ , 0. If f ∈ QPLr,q
Σ (ϵ, £,γ; Ω), then

|a2| ≤ min

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩
⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2r |A1|
,

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

r
√︃⃓⃓⃓⃓

∆r,q
ϵ,£,γ

⃓⃓⃓⃓
⎫⎪⎪⎪⎪⎪⎪⎬⎪⎪⎪⎪⎪⎪⎭ . (4.3)

Moreover,

|a3| ≤ min

⎧⎪⎪⎪⎨⎪⎪⎪⎩
⃓⃓⃓
γ
⃓⃓⃓2
E

2r
q [2]q

2

4r2 |A1|
2 ,

⃓⃓⃓
γ
⃓⃓⃓2
E

2r
q [2]q

2

r2
⃓⃓⃓⃓
∆r,q
ϵ,£,γ

⃓⃓⃓⃓
⎫⎪⎪⎪⎬⎪⎪⎪⎭+

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

2r2 |A2|
. (4.4)

Proof. Let f ∈ QPLr,q
Σ (ϵ, £,γ; Ω). By Definition 3.1, there exist Schwarz functions τ1 and τ2, analytic

in U, such that

τ1(0) = τ2(0) = 0, |τ1(z)| < 1, |τ2(ξ)| < 1,
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and

B
r,q
ϵ,α,γ[ f ](z) = Ω(τ1(z); q), (4.5)

whereas

B
r,q
ϵ,α,γ[ f−1](ξ) = Ω(τ2(ξ); q). (4.6)

Introduce the associated Carathéodory functions

T1(z) =
1 + τ1(z)
1− τ1(z)

= 1 +ω1z +ω2z2 + · · · (4.7)

and

T2(ξ) =
1 + τ2(ξ)

1− τ2(ξ)
= 1 + ı1ξ+ ı2ξ2 + · · · . (4.8)

Since

ℜ{T1(z)} > 0 and ℜ{T2(ξ)} > 0,

the Carathéodory lemma gives

|ω j| ≤ 2, |ı j| ≤ 2, j ∈N. (4.9)

Solving (4.7) and (4.8) for the corresponding Schwarz functions yields

τ1(z) =
ω1

2
z +

⎛⎜⎜⎜⎜⎝ω2

2
−
ω2

1

4

⎞⎟⎟⎟⎟⎠ z2 +O(z3), (4.10)

and

τ2(ξ) =
ı1
2
ξ+

⎛⎜⎜⎜⎜⎝ ı22 − ı214
⎞⎟⎟⎟⎟⎠ ξ2 +O(ξ3). (4.11)

The expansion of the leaf-like dominant function at the origin is

Ω(z; q) = 1 +
[2]q
2

z−
(1− q)[2]q

4
z2 +O(z3). (4.12)

Combining (4.12) with (4.10) and (4.11), we obtain

Ω(τ1(z); q) = 1 +
[2]q
4
ω1z +

[2]q
4

(︄
ω2 −

3− q
4
ω2

1

)︄
z2 +O(z3), (4.13)

and

Ω(τ2(ξ); q) = 1 +
[2]q
4
ı1ξ+

[2]q
4

(︄
ı2 −

3− q
4
ı21

)︄
ξ2 +O(ξ3). (4.14)

By the definition of the q-Poisson convolution operator,

P r
q ( f (z)) = z +

r
Er

q
a2z2 +

r2

[2]q!Er
q
a3z3 +O(z4). (4.15)

Using the inverse expansion f−1(ξ) given by (2.4) we similarly have

P r
q ( f−1(ξ)) = ξ−

r
Er

q
a2ξ

2 +
r2

[2]q!Er
q

(︂
2a2

2 − a3

)︂
ξ3 +O(ξ4). (4.16)
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Substitution into the functional B r,q
ϵ,α,γ gives

B
r,q
ϵ,α,γ[ f ](z) = 1 +

rA1

γEr
q

a2z +

⎡⎢⎢⎢⎢⎣ r2
A2

γ[2]q!Er
q
a3 +

r2(ϵ− 1)(ϵ+ 2£q)
2γE2r

q
a2

2

⎤⎥⎥⎥⎥⎦ z2 +O(z3), (4.17)

whereas

B
r,q
ϵ,α,γ[ f−1](ξ) = 1−

rA1

γEr
q

a2ξ+

⎡⎢⎢⎢⎢⎢⎣ r2
A2

γ[2]q!Er
q

(︂
2a2

2 − a3

)︂
+

r2(ϵ− 1)(ϵ+ 2£q)
2γE2r

q
a2

2

⎤⎥⎥⎥⎥⎥⎦ξ2 +O(ξ3). (4.18)

Comparing the coefficients in (4.5)–(4.18), we obtain

rA1

γEr
q

a2 =
[2]q
4
ω1, (4.19)

r2
A2

γ[2]q!Er
q
a3 +

r2(ϵ− 1)(ϵ+ 2£q)
2γE2r

q
a2

2 =
[2]q
4

(︄
ω2 −

3− q
4
ω2

1

)︄
, (4.20)

−
rA1

γEr
q

a2 =
[2]q
4
ı1, (4.21)

and
r2
A2

γ[2]q!Er
q

(︂
2a2

2 − a3

)︂
+

r2(ϵ− 1)(ϵ+ 2£q)
2γE2r

q
a2

2 =
[2]q
4

(︄
ı2 −

3− q
4
ı21

)︄
. (4.22)

Equations (4.19) and (4.21) give

ω1 = −ı1. (4.23)

In particular,

ω2
1 = ı21.

From (4.19), together with |ω1| ≤ 2, we immediately obtain

|a2| ≤

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2r |A1|
. (4.24)

A second estimate follows by adding (4.20) and (4.22). After using (4.23) and eliminating ω2
1 by

means of (4.19), we arrive at

a2
2 =
γ2
E

2r
q [2]q

2 (ω2 + ı2)

4r2∆r,q
ϵ,£,γ

. (4.25)

Since

|ω2 + ı2| ≤ |ω2|+ |ı2| ≤ 4,

we obtain

|a2| ≤

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

r
√︃⃓⃓⃓⃓

∆r,q
ϵ,£,γ

⃓⃓⃓⃓ . (4.26)

Combining (4.24) and (4.26) proves (4.3).
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Next, subtracting (4.22) from (4.20) and using ω2
1 = ı21, we find

2r2
A2

γ[2]q!Er
q

(︂
a3 − a2

2

)︂
=

[2]q
4

(ω2 − ı2) . (4.27)

Since

[2]q! = [2]q,

equation (4.27) becomes

a3 = a2
2 +
γEr

q[2]q
2

8r2A2
(ω2 − ı2) . (4.28)

Therefore,

|a3| ≤ |a2|
2 +

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

8r2 |A2|
(|ω2|+ |ı2|) ,

and hence

|a3| ≤ |a2|
2 +

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

2r2 |A2|
. (4.29)

Applying the two estimates obtained for |a2| gives (4.4). □

4.2. The Fekete–Szegö functional. We now turn to the Fekete–Szegö problem for the class

QPLr,q
Σ (ϵ, £,γ; Ω).

The argument is based on expressing a3 −κa2
2 as a linear combination of the second coefficients of

two Carathéodory functions. This approach remains valid for complex values of the parameters

and leads naturally to a two-case estimate.

Theorem 4.2. Let 0 < q < 1, r > 0, r(1 − q) < 1, and suppose that ϵ, £ ∈ C, γ ∈ C∗. Let f ∈
QPLr,q

Σ (ϵ, £,γ; Ω). Assume that

ϵ+ £q[2]q , 0

and

D3(ϵ, £,γ, q; r) , 0,

where

D3(ϵ, £,γ, q; r) := 2γEr
q

(︂
ϵ+ £q[2]q

)︂
+ γ[2]q(ϵ− 1)

(︂
ϵ+ 2£q

)︂
+ 2(3− q)

(︂
ϵ+ £q

)︂2
. (4.30)

Then, for every κ ∈ C,

⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

√
2 r2

⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓ , |1−κ| ≤

⃓⃓⃓
D3(ϵ, £,γ, q; r)

⃓⃓⃓
2
⃓⃓⃓
γ
⃓⃓⃓
Er

q

⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓ ,
√

2
⃓⃓⃓
γ
⃓⃓⃓2
E

2r
q [2]q

2
|1−κ|

r2
⃓⃓⃓
D3(ϵ, £,γ, q; r)

⃓⃓⃓ , |1−κ| >

⃓⃓⃓
D3(ϵ, £,γ, q; r)

⃓⃓⃓
2
⃓⃓⃓
γ
⃓⃓⃓
Er

q

⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓ .
(4.31)



22 Int. J. Anal. Appl. (2026), 24:300

Proof. From the coefficient relations established in the proof of Theorem 4.1, we have

a2
2 =
γ2
E

2r
q [2]q

2 (ω2 + ı2)

4r2D3(ϵ, £,γ, q; r)
. (4.32)

Moreover, subtracting (4.22) from (4.20) and using

ω2
1 = ı21,

we obtain

a3 = a2
2 +

γEr
q[2]q

2

8r2
(︂
ϵ+ £q[2]q

)︂ (ω2 − ı2) . (4.33)

For brevity, define

Dϵ,£,γ(κ, r; q) :=
2(1−κ)γEr

q

D3(ϵ, £,γ, q; r)
. (4.34)

It follows from (4.32) and (4.33) that

a3 −κa2
2 = (1−κ)a2

2 +
γEr

q[2]q
2

8r2
(︂
ϵ+ £q[2]q

)︂ (ω2 − ı2)

=
γEr

q[2]q
2

8r2

⎡⎢⎢⎢⎢⎢⎣
⎛⎜⎜⎜⎜⎝Dϵ,£,γ(κ, r; q) +

1
ϵ+ £q[2]q

⎞⎟⎟⎟⎟⎠ω2 +

⎛⎜⎜⎜⎜⎝Dϵ,£,γ(κ, r; q) −
1

ϵ+ £q[2]q

⎞⎟⎟⎟⎟⎠ ı2
⎤⎥⎥⎥⎥⎥⎦.

(4.35)

Since the functions T1 and T2 belong to the Carathéodory class, the classical coefficient estimate

gives

|ω2| ≤ 2, |ı2| ≤ 2.

Therefore, taking absolute values in (4.35) and applying the triangle inequality, we obtain⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

4r2

⎡⎢⎢⎢⎢⎢⎣
⃓⃓⃓⃓⃓
⃓Dϵ,£,γ(κ, r; q) +

1
ϵ+ £q[2]q

⃓⃓⃓⃓⃓
⃓+

⃓⃓⃓⃓⃓
⃓Dϵ,£,γ(κ, r; q) −

1
ϵ+ £q[2]q

⃓⃓⃓⃓⃓
⃓
⎤⎥⎥⎥⎥⎥⎦. (4.36)

For arbitrary u, v ∈ C, the parallelogram identity and the Cauchy–Schwarz inequality yield(︂
|u + v|+ |u− v|

)︂2
≤ 2

(︂
|u + v|2 + |u− v|2

)︂
= 4

(︂
|u|2 + |v|2

)︂
≤ 8 max{|u|, |v|}2.

Consequently,

|u + v|+ |u− v| ≤ 2
√

2 max{|u|, |v|}. (4.37)

Applying (4.37) to (4.36), with

u = Dϵ,£,γ(κ, r; q) and v =
1

ϵ+ £q[2]q
,

gives ⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

√
2 r2

max

⎧⎪⎪⎪⎨⎪⎪⎪⎩⃓⃓⃓Dϵ,£,γ(κ, r; q)
⃓⃓⃓
,

1⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓
⎫⎪⎪⎪⎬⎪⎪⎪⎭ . (4.38)
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By (4.34), the inequality ⃓⃓⃓
Dϵ,£,γ(κ, r; q)

⃓⃓⃓
≤

1⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓
is equivalent to

|1−κ| ≤

⃓⃓⃓
D3(ϵ, £,γ, q; r)

⃓⃓⃓
2
⃓⃓⃓
γ
⃓⃓⃓
Er

q

⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓ . (4.39)

In this case, the second quantity in the maximum appearing in (4.38) dominates, and hence⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⃓⃓⃓
γ
⃓⃓⃓
E

r
q[2]q

2

√
2 r2

⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓ .
On the other hand, ⃓⃓⃓

Dϵ,£,γ(κ, r; q)
⃓⃓⃓
>

1⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓
is equivalent to

|1−κ| >

⃓⃓⃓
D3(ϵ, £,γ, q; r)

⃓⃓⃓
2
⃓⃓⃓
γ
⃓⃓⃓
Er

q

⃓⃓⃓⃓
ϵ+ £q[2]q

⃓⃓⃓⃓ . (4.40)

Thus, the first quantity in the maximum dominates, and

⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

√
2

⃓⃓⃓
γ
⃓⃓⃓2
E

2r
q [2]q

2
|1−κ|

r2
⃓⃓⃓
D3(ϵ, £,γ, q; r)

⃓⃓⃓ .

The two alternatives yield (4.31), completing the proof. □

4.3. Numerical inspection of the nonvanishing condition. The coefficient estimates and the

Fekete–Szegö inequality involve the quantity

D3(ε, £,γ, q; r) := 2γEr
q

(︂
ε+ £q[2]q

)︂
+ γ[2]q(ε− 1)

(︂
ε+ 2£q

)︂
+ 2(3− q)

(︂
ε+ £q

)︂2
. (4.41)

To illustrate the nonvanishing requirement appearing in Theorem 4.2, we examine the modulus⃓⃓⃓
D3(ε, £,γ, q; r)

⃓⃓⃓
over two representative real parameter regimes. In each experiment, the surface is evaluated on a

uniform 250× 250 grid within the corresponding admissible region.

First parameter regime. We first take

r = 1, £ = 1, γ = 1.

In this case, the admissibility condition r(1− q) < 1 is satisfied for every 0 < q < 1.
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Figure 2. Numerical surface of
⃓⃓⃓
D3(ε, 1, 1, q; 1)

⃓⃓⃓
over 0.05 ≤ ε ≤ 4 and 0.05 ≤ q ≤

0.99. At every sampled point, the surface remains above the plane |D3| = 0.

The numerical search associated with Figure 2 gives

min
⃓⃓⃓
D3(ε, 1, 1, q; 1)

⃓⃓⃓
≈ 3.321062117516, (4.42)

with the smallest sampled value occurring near

(q, ε) ≈ (0.14060241, 0.05).

Thus, no zero is detected within the displayed region, and the modulus of D3 remains numerically

separated from zero throughout the selected grid.

Second parameter regime. For a second illustration, we choose

r = 2, £ =
1
2

, γ =
3
2

.

The admissibility condition now becomes

2(1− q) < 1,

and hence the deformation parameter must satisfy

q >
1
2

.
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Figure 3. Numerical surface of
⃓⃓⃓⃓
D3

(︂
ε, 1

2 , 3
2 , q; 2

)︂⃓⃓⃓⃓
over the admissible region 0.05 ≤

ε ≤ 4 and 0.51 ≤ q ≤ 0.99. The sampled surface remains well above the zero plane.

For this parameter configuration, the numerical computation yields

min
⃓⃓⃓⃓⃓
D3

(︃
ε,

1
2

,
3
2

, q; 2
)︃⃓⃓⃓⃓⃓
≈ 20.99680939631, (4.43)

attained on the selected grid near

(q, ε) ≈ (0.87819277, 0.05).

The substantially positive minimum displayed in (4.43) indicates that the denominator occurring

in the coefficient estimates remains numerically far from zero over the prescribed parameter region.

Comparison of the two experiments. The principal numerical outcomes of the two parameter

regimes are collected in Table 5.

Table 5. Comparison of the sampled minima of
⃓⃓⃓
D3(ε, £,γ, q; r)

⃓⃓⃓
.

No. (r, £, γ) Sampled region
Minimum

modulus
Approximate minimizer

1 (1, 1, 1)
0.05 ≤ ε ≤ 4,

0.05 ≤ q ≤ 0.99
3.321062117516 (q, ε) ≈ (0.14060241, 0.05)

2
(︂
2, 1

2 , 3
2

)︂ 0.05 ≤ ε ≤ 4,

0.51 ≤ q ≤ 0.99
20.99680939631 (q, ε) ≈ (0.87819277, 0.05)
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For a more detailed view of the second regime, Table 6 lists the cross-sectional minima obtained

for several representative values of q.

Table 6. Cross-sectional minima of
⃓⃓⃓⃓
D3

(︂
ε, 1

2 , 3
2 , q; 2

)︂⃓⃓⃓⃓
for selected values of q.

No. q ε at the minimum min
0.05≤ε≤4

|D3|

1 0.51000000 0.05000000 230.386822

2 0.60000000 0.05000000 33.045940

3 0.70000000 0.05000000 23.498483

4 0.80000000 0.05000000 21.321910

5 0.87819277 0.05000000 20.996809

6 0.90000000 0.05000000 21.016749

7 0.99000000 0.05000000 21.422850

The values in Table 6 show that the modulus initially decreases as q moves away from the

admissibility boundary, reaches its smallest sampled value near q = 0.87819277, and then begins

to increase slightly as q approaches 1. For every listed value of q, the cross-sectional minimum

occurs at the lower boundary ε = 0.05.

Remark 4.1. The computations displayed in Figures 2 and 3 provide numerical evidence for the nonvan-
ishing of D3 only over the specified real parameter regions. They do not establish global nonvanishing for
arbitrary complex values of ε, £, and γ. Consequently, the assumption

D3(ε, £,γ, q; r) , 0

must remain among the hypotheses of Theorem 4.2.

Remark 4.2. At the transition point

|1−κ| =

⃓⃓⃓
D3(ε, £,γ, q; r)

⃓⃓⃓
2|γ|Er

q

⃓⃓⃓⃓
ε+ £q[2]q

⃓⃓⃓⃓ ,
the two expressions on the right-hand side of (4.31) agree. Therefore, assigning the equality case to the first
branch and using a strict inequality in the second branch produces a nonoverlapping piecewise formulation
while preserving continuity at the threshold.
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5. Coefficient Consequences for the Principal Reductions

The unified class QPLr,q
Σ (ϵ, £,γ; Ω) contains several geometrically meaningful families as partic-

ular configurations of the parameters ϵ, £, and γ. The purpose of this section is to translate the

general estimates obtained in Theorems 4.1 and 4.2 into explicit coefficient bounds for the four

principal reductions listed in Table 4.

The resulting formulas reveal that each reduction possesses a distinct denominator structure,

reflecting the way in which the power term, the q-derivative term, and the q-Poisson convolution

interact.

5.1. The generalized q-Poisson bi-starlike-type reduction. We begin with the choice ϵ = 0. In

this case, the defining functional reduces to

1 +
£
γ

⎡⎢⎢⎢⎢⎢⎢⎣z ðq
⟨︂
P r

q ( f (z))
⟩︂

P r
q ( f (z))

− 1

⎤⎥⎥⎥⎥⎥⎥⎦ .

For later use, define

∆0(£,γ, q; r) := 2£q
[︂
γ[2]q

(︂
E

r
q − 1

)︂
+ (3− q)£q

]︂
. (5.1)

Corollary 5.1. Let 0 < q < 1, r > 0, r(1− q) < 1, and suppose that £ ∈ C∗, γ ∈ C∗, ∆0(£,γ, q; r) , 0. If
f ∈ QPLr,q

Σ (0, £,γ; Ω), then

|a2| ≤ min

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|γ|Er

q[2]q
2rq|£|

,
|γ|Er

q[2]q

r
√︂⃓⃓⃓

∆0(£,γ, q; r)
⃓⃓⃓
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (5.2)

Moreover,

|a3| ≤ min

⎧⎪⎪⎨⎪⎪⎩ |γ|2E2r
q [2]q

2

4r2q2|£|2
,
|γ|2E2r

q [2]q
2

r2
⃓⃓⃓
∆0(£,γ, q; r)

⃓⃓⃓ ⎫⎪⎪⎬⎪⎪⎭+
|γ|Er

q[2]q
2r2q|£|

. (5.3)

For every κ ∈ C,

⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|γ|Er
q[2]q

√
2 r2q|£|

, |1−κ| ≤

⃓⃓⃓
∆0(£,γ, q; r)

⃓⃓⃓
2|γ|Er

qq[2]q|£|
,

√
2 |γ|2E2r

q [2]q
2
|1−κ|

r2
⃓⃓⃓
∆0(£,γ, q; r)

⃓⃓⃓ , |1−κ| >

⃓⃓⃓
∆0(£,γ, q; r)

⃓⃓⃓
2|γ|Er

qq[2]q|£|
.

(5.4)

Proof. Setting ϵ = 0 gives

ϵ+ £q = £q, ϵ+ £q[2]q = £q[2]q,

while

D3(0, £,γ, q; r) = ∆0(£,γ, q; r).

The conclusions follow directly from Theorems 4.1 and 4.2. □
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5.2. The normalized q-Poisson bi-starlike reduction. We next impose ϵ = 0, £ = γ , 0. The

defining functional then becomes

z ðq
⟨︂
P r

q ( f (z))
⟩︂

P r
q ( f (z))

.

Introduce the positive quantity

Λr
q := [2]q

(︂
E

r
q − 1

)︂
+ (3− q)q. (5.5)

Since r > 0, one has Er
q > 1, and therefore Λr

q > 0.

Corollary 5.2. Let 0 < q < 1, r > 0, r(1− q) < 1. If f ∈ QPLr,q
Σ (0,γ,γ; Ω), γ ∈ C∗, then

|a2| ≤ min

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
E

r
q[2]q
2rq

,
E

r
q[2]q

r
√︂

2qΛr
q

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (5.6)

Furthermore,

|a3| ≤ min

⎧⎪⎪⎨⎪⎪⎩E2r
q [2]q

2

4r2q2 ,
E

2r
q [2]q

2

2r2qΛr
q

⎫⎪⎪⎬⎪⎪⎭+
E

r
q[2]q

2r2q
. (5.7)

Moreover, for every κ ∈ C,

⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
r
q[2]q
√

2 r2q
, |1−κ| ≤

Λr
q

Er
q[2]q

,

E
2r
q [2]q

2
|1−κ|

√
2 r2qΛr

q

, |1−κ| >
Λr

q

Er
q[2]q

.

(5.8)

Proof. For ϵ = 0 and £ = γ, we have

ϵ+ £q = γq, ϵ+ £q[2]q = γq[2]q,

and
D3(0,γ,γ, q; r) = 2γ2q

[︂
[2]q

(︂
E

r
q − 1

)︂
+ (3− q)q

]︂
= 2γ2qΛr

q.
(5.9)

The positivity of Λr
q, together with γ , 0, guarantees that the denominator in (5.9) does not vanish.

Substitution into Theorems 4.1 and 4.2 yields the stated estimates. □

5.3. The weighted quotient–derivative reduction. We now take ϵ = 1. The defining functional

assumes the form

1 +
1
γ

⎡⎢⎢⎢⎢⎣(1− £)
P r

q ( f (z))

z
+ £ ðq

⟨︂
P r

q ( f (z))
⟩︂
− 1

⎤⎥⎥⎥⎥⎦ .

Set

∆1(£,γ, q; r) := 2γEr
q

(︂
1 + £q[2]q

)︂
+ 2(3− q)

(︂
1 + £q

)︂2
. (5.10)
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Corollary 5.3. Let 0 < q < 1, r > 0, r(1− q) < 1, and suppose that £ ∈ C, γ ∈ C∗. Assume further that

1 + £q , 0, 1 + £q[2]q , 0, ∆1(£,γ, q; r) , 0.

If f ∈ QPLr,q
Σ (1, £,γ; Ω), then

|a2| ≤ min

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
|γ|Er

q[2]q
2r|1 + £q|

,
|γ|Er

q[2]q

r
√︂⃓⃓⃓

∆1(£,γ, q; r)
⃓⃓⃓
⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (5.11)

Moreover,

|a3| ≤ min

⎧⎪⎪⎨⎪⎪⎩ |γ|2E2r
q [2]q

2

4r2|1 + £q|2
,
|γ|2E2r

q [2]q
2

r2
⃓⃓⃓
∆1(£,γ, q; r)

⃓⃓⃓ ⎫⎪⎪⎬⎪⎪⎭+
|γ|Er

q[2]q
2

2r2|1 + £q[2]q|
. (5.12)

For every κ ∈ C,

⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

|γ|Er
q[2]q

2

√
2 r2|1 + £q[2]q|

, |1−κ| ≤

⃓⃓⃓
∆1(£,γ, q; r)

⃓⃓⃓
2|γ|Er

q|1 + £q[2]q|
,

√
2 |γ|2E2r

q [2]q
2
|1−κ|

r2
⃓⃓⃓
∆1(£,γ, q; r)

⃓⃓⃓ , |1−κ| >

⃓⃓⃓
∆1(£,γ, q; r)

⃓⃓⃓
2|γ|Er

q|1 + £q[2]q|
.

(5.13)

Proof. For ϵ = 1,

ϵ+ £q = 1 + £q, ϵ+ £q[2]q = 1 + £q[2]q.

Furthermore, the factor ϵ− 1 vanishes, and therefore

D3(1, £,γ, q; r) = ∆1(£,γ, q; r).

The assertions now follow by applying Theorems 4.1 and 4.2. □

5.4. The normalized q-Poisson derivative reduction. Finally, consider ϵ = 1, £ = γ = 1 The

defining functional reduces simply to

ðq
⟨︂
P r

q ( f (z))
⟩︂

.

Define

Ωr
q := Er

q[3]q + (3− q)[2]q
2. (5.14)

Because 0 < q < 1, r > 0, we have Ωr
q > 0.

Corollary 5.4. Let 0 < q < 1, r > 0, r(1− q) < 1. If f ∈ QPLr,q
Σ (1, 1, 1; Ω), then

|a2| ≤ min

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
E

r
q

2r
,
E

r
q[2]q

r
√︂

2Ωr
q

⎫⎪⎪⎪⎪⎬⎪⎪⎪⎪⎭ . (5.15)

Moreover,

|a3| ≤ min

⎧⎪⎪⎨⎪⎪⎩E2r
q

4r2 ,
E

2r
q [2]q

2

2r2Ωr
q

⎫⎪⎪⎬⎪⎪⎭+
E

r
q[2]q

2

2r2[3]q
. (5.16)
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For every κ ∈ C,

⃓⃓⃓
a3 −κa2

2

⃓⃓⃓
≤

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

E
r
q[2]q

2

√
2 r2[3]q

, |1−κ| ≤
Ωr

q

Er
q[3]q

,

E
2r
q [2]q

2
|1−κ|

√
2 r2Ωr

q

, |1−κ| >
Ωr

q

Er
q[3]q

.

(5.17)

Proof. Under the choice

ϵ = £ = γ = 1,

we have

ϵ+ £q = 1 + q = [2]q,

and

ϵ+ £q[2]q = 1 + q + q2 = [3]q.

Moreover,
D3(1, 1, 1, q; r) = 2Er

q[3]q + 2(3− q)[2]q
2

= 2Ωr
q.

(5.18)

Since Ωr
q > 0, the nonvanishing condition is automatically satisfied. The conclusions follow by

substituting these relations into Theorems 4.1 and 4.2. □

5.5. Concluding observation. The preceding corollaries demonstrate that the general coefficient

inequalities specialize coherently to the principal subclasses generated by the choices ϵ = 0 and

ϵ = 1. In particular, the normalized reductions

(ϵ, £,γ) = (0,γ,γ) and (ϵ, £,γ) = (1, 1, 1)

lead to estimates independent of the complex scaling parameter γ. This cancellation is consistent

with the fact that the corresponding defining functionals no longer contain an external scaling

factor.

The quantities

Λr
q and Ωr

q

are strictly positive throughout the admissible parameter region. Consequently, the normalized

starlike and derivative reductions do not require an additional nonvanishing hypothesis for their

denominator expressions.

6. Conclusion

In this paper, we introduced and investigated the new family

QPLr,q
Σ (ϵ, £,γ; Ω)

of bi-univalent functions associated with a q-Poisson convolution operator and a Ma–Minda-type

subordination. The proposed formulation provides a unified framework that incorporates several
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parameters and consequently contains a number of previously studied subclasses as particular

cases.

By comparing the coefficients arising from the defining subordinations for a function (f) and its

inverse f−1, we obtained explicit estimates for the initial Taylor–Maclaurin coefficients |a2| and |a3|.

We also established a Fekete–Szegö-type inequality for the functional⃓⃓⃓
a3 − ηa2

2

⃓⃓⃓
,

where η ∈ R. The positivity of the quantities generated by the q-Poisson operator, together with

the assumption γ , 0, ensures that the denominators appearing in the derived bounds are well

defined.

Several consequences of the principal theorems were obtained by assigning suitable values to

the the complex parameters ϵ, £, γ, r, and q. These reductions demonstrate that the results of the

present work extend and unify a variety of known coefficient estimates for bi-starlike, bi-convex,

and related Ma–Minda-type bi-univalent function classes. The developed approach may also be

applied to other convolution operators and image domains, providing a useful basis for further

investigations of higher-order coefficients, Hankel determinants, and related extremal problems in

geometric function theory. To explore other future studies, these concepts can be combined with

other concepts. See [35–37].
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