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Abstract. Our purpose in this work is to introduce a new iterative scheme for finding the set of common fixed points

of two ϕ-nonexpansive mappings in uniformly smooth and uniformly convex Banach spaces by using the concept

of sunny generalized nonexpansive retractions. Moreover, weak and strong convergence theorems of the proposed

iterative scheme are established under suitable conditions.

1. Introduction

Let E be a Banach space with norm ∥ · ∥ and E∗ be the dual space of E. Let C be a nonempty

closed subset of E and T be a mapping from C into itself. A point x ∈ C is called a fixed point of T if

Tx = x. We denote the set of all fixed points of T by F(T), that is, F(T) := {x ∈ C : Tx = x}. Several

methods have been proposed to approximate fixed points of T; see, for instance, [1,2,11,15,21,23].

A mapping T : C→ C is said to be nonexpansive if

∥Tx− Ty∥ ≤ ∥x− y∥, ∀x, y ∈ C.

The normalized duality mapping J : E→ 2E∗ is defined by

J(x) = {x∗ ∈ E∗ : ⟨x, x∗⟩ = ∥x∥2, ∥x∗∥ = ∥x∥},

where ⟨·, ·⟩ denote the duality pairing of E∗ and E.

Let E be a smooth, strictly convex and reflexive Banach spaces and C be a nonempty closed

convex subset of E. The Lyapunov functional ϕ : E× E→ R is defined by

ϕ(y, x) = ∥y∥2 − 2⟨y, Jx⟩+ ∥x∥2, ∀x, y ∈ E, (1.1)
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where J is the normalized duality mapping from E to E∗.
A mapping T : C→ C is said to be ϕ-nonexpansive [22, 33] if

ϕ(Tx, Ty) ≤ ϕ(x, y), ∀x, y ∈ C.

Let C be a nonempty closed subset of a smooth Banach space E. A mapping T : C → C is said

to be generalized nonexpansive [12] if F(T) is nonempty and

ϕ(Tx, p) ≤ ϕ(x, p), ∀x ∈ C, p ∈ F(T).

A mapping R : E→ C is said to be:

(1) a retraction [12] if R2 = R;

(2) sunny [12] if R(Rx + t(x−Rx)) = Rx for all x ∈ E and t > 0.

A nonempty closed subset C of a smooth Banach space E is called a sunny generalized nonexpansive
retract [12] of E if there exists a sunny generalized nonexpansive retraction R from E onto C.

Many researchers have studied sunny generalized nonexpansive retractions; for instance, see

the following works. Aleyner and Reich [5] analyzed an explicit scheme for constructing the

unique sunny nonexpansive retraction onto the common fixed point set of a nonlinear semigroup

of nonexpansive mappings in a Banach space. Ibaraki and Takahashi [13] introduced a new

projection in a Banach space and showed an example of the projections. Kohsaka and Takahashi

[17] studied the relation between generalized nonexpansive retractions in Banach spaces and

generalized projections in dual Banach spaces. Using their results, the authors investigated a

proximal-type algorithm in Banach spaces. Honda et al. [12], investigates the existence and

properties of nonexpansive retractions onto closed convex cones in Banach spaces. Chen et al. [7]

introduced and studied shrinking projection algorithms for finding a solution of an equilibrium

problem with a bifunction defined on the dual space of a Banach space. Cai and Bu [6] studied a

new iterative algorithm by a modified extragradient method for finding a common element of the

set of solutions of variational inequalities for two inverse strongly accretive mappings and the set of

common fixed points of an infinite family of nonexpansive mappings in a real 2-uniformly smooth

and uniformly convex Banach space. They proved some strong convergence theorems under

suitable conditions. Wang and Pan [30] studied the problem of solving a more general variational

inequality system for an asymptotically nonexpansive mapping. They introduced a new viscosity

approximation scheme to find a common element. Some strong convergence theorems of the

proposed iterative method were obtained. Khuangsatung and Kangtunyakarn [16] modified

Halpern iteration’s process to find a common element of the set of solutions to a variational

inequality problem and the set of fixed points of a strictly pseudo-contractive mapping in a q-

uniformly smooth Banach space. They also introduced a new technique to establish a strong

convergence theorem for a finite family of strictly pseudo-contractive mappings in a q-uniformly

smooth Banach space. Yambangwai et al. [32] using sunny nonexpansive retractions in Banach

spaces, they developed the CR-iteration algorithm in view of two quasi-nonexpansive nonself

mappings and also provided the convergence analysis for the proposed method in the setting
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of uniformly convex Banach spaces. Agarwalb and O’Reganc [24] presented an implicit scheme

for a representation of nonexpansive mappings on a closed convex subset of a smooth uniformly

convex Banach space. Sunthrayuth et al. [25] proposed two Halpern-type forward–backward

splitting methods with two-step inertial extrapolation for finding a zero of the sum of two accretive

operators in Banach spaces. They established two strong convergence results for the proposed

methods under different conditions on the inertial parameters by using a sunny nonexpansive

retraction.

Motivated by previous research, in this paper, we introduce a new iterative scheme for finding a

common fixed point of twoϕ-nonexpansive mappings in uniformly smooth and uniformly convex

Banach spaces by using sunny generalized nonexpansive retractions. We also prove strong and

weak convergence theorems for the sequence generated by the proposed iterative scheme under

suitable conditions.

2. Preliminaries and lemmas

Let E be a Banach space with norm ∥ · ∥ and B(0) = {x ∈ E : ∥x∥ = 1} be the unit sphere of E. A

Banach space E is said to be smooth if the limit

lim
t→0

∥x + ty∥ − ∥x∥
t

(2.1)

exists for any x, y ∈ B(0). A Banach space E is said to be uniformly smooth if the limit (2.1) is attained

uniformly for (x, y) in B(0) × B(0).
A Banach space E is said to be strictly convex if ∥ x+y

2 ∥ < 1 for all x, y ∈ E with ∥x∥ = ∥y∥ = 1 and

x , y ( [26]). The modulus of convexity of E is the function δ : [0, 2]→ [0, 1] defined by

δ(ε) = inf{1− ∥
x + y

2
∥ : x, y ∈ E, ∥x∥ = ∥y∥ = 1, ∥x− y∥ ≥ ε}.

A Banach space E is uniformly convex if and only if δ(ε) > 0 for all ε ∈ (0, 2]. A Banach space E is

uniformly convex if and only if the dual space E∗ is uniformly smooth [7].

Lemma 2.1. ( [31]). Let E be a uniformly convex Banach space and Br(0) = {x ∈ E : ∥x∥ ≤ r} be a
closed ball of E. Then, for any r > 0, there exists a continuous, strictly increasing and convex function
g : [0,∞)→ [0,∞) with g(0) = 0 such that

∥λx + (1− λ)y∥2 ≤ λ∥x∥2 + (1− λ)∥y∥2 − λ(1− λ)g(∥x− y∥),

for all x, y ∈ Br(0) and λ ∈ [0, 1].

Lemma 2.2. ( [8]) Let E be a uniformly convex Banach space and Br(0) a closed ball of E. Then there exists
a continuous strictly increasing convex function g : [0,∞)→ [0,∞) with g(0) = 0 such that

∥λx + µy + γz∥2 ≤ λ∥x∥2 + µ∥y∥2 + λ∥z∥2 − λµg∥x− y∥,

for all x, y, z ∈ Br(0) and λ,µ,γ ∈ [0, 1] with λ+ µ+ γ = 1.
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The normalized duality mapping J is said to be weakly sequentially continuous if the strong

convergence of a sequence {xn} to x in E implies the weak∗ convergence of {J(xn)} to J(x) in E∗.
The following properties of the normalized duality mapping J can be found in [3, 4, 7, 9, 26].

(1) J(x) is nonempty for any x ∈ E.

(2) J is a monotone and bounded operator in Banach spaces.

(3) J is a strictly monotone operator in strictly convex Banach spaces.

(4) If E is smooth, then J is single valued.

(5) If E is reflexive, then J is onto.

(6) If E is strictly convex, then J is one-to-one.

(7) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each subset of

E.

(8) If E be a reflexive, strictly convex and smooth Banach space then J−1 is also single valued,

one-to-one, surjective and it is also the duality mapping from E∗ into E.

(9) If E is uniformly convex and uniformly smooth Banach space, then J−1 is also uniformly

norm-to-norm continuous on bounded subsets of E∗.

From the definition of the function ϕ, it follows that (see [7, 18, 27]

(1) (∥y∥ − ∥x∥)2
≤ ϕ(y, x) ≤ (∥y∥+ ∥x∥)2 for all x, y ∈ E;

(2) ϕ(x, y) = ϕ(x, z) + ϕ(z, y) + 2⟨x− z, Jz− Jy⟩ for all x, y, z ∈ E;

(3) ϕ(x, y) = ⟨x, Jx− Jy⟩+ ⟨y− x, Jy⟩ ≤ ∥x∥∥Jx− Jy∥+ ∥y− x∥∥y∥ for all x, y ∈ E;

(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x, y ∈ E,

ϕ(x, y) = 0 ⇐⇒ x = y.

If E is a Hilbert space, then J = I, where I is the identity mapping and ⟨·, ·⟩ denotes an inner

product on E. In this case, the Lyapunov functional reduces to ϕ(y, x) = ∥x− y∥2 for all x, y ∈ H.

Lemma 2.3. [14] Let E be a smooth and uniformly convex Banach space and r > 0. Then there exists a
strictly increasing, continuous and convex function h : [0, 2r]→ R such that h(0) = 0 and

h(∥x− y∥) ≤ ϕ(x, y), ∀x, y ∈ Br(0),

where Br(0) = {x ∈ E : ∥x∥ ≤ r}.

Lemma 2.4. [14] Let E be a uniformly convex and smooth Banach space and let {xn}, {yn} be two sequences
of E. If ϕ(xn, yn)→ 0 and either {xn} or {yn} is bounded, then ∥xn − yn∥ → 0.

Lemma 2.5. [22] Let E be a strictly convex and smooth Banach space, let C be a nonempty closed convex
subset of E and let T : C→ C be a closed ϕ-nonexpansive mapping. Then F(T) is a closed convex subset of
C.

The mapping T is said to be closed if, for any sequence {xn} ⊂ C such that limn→∞ xn = x0 and

limn→∞ Txn = y0, we have Tx0 = y0.
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Lemma 2.6. [29] Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space
E and R : E→ C be a retraction. Then the following statements are equivalent:

(1) R is sunny generalized nonexpansive;
(2) ⟨x−Rx, J(y) − J(Rx)⟩ ≤ 0 for all (x, y) ∈ E×C.

Lemma 2.7. [10] Let C be a nonempty closed sunny generalized nonexpansive retract of a smooth and
strictly convex Banach space E. Then the sunny generalized nonexpansive retraction from E onto C is
uniquely determined.

Lemma 2.8. [12] Let C be a nonempty closed subset of a smooth and strictly convex Banach space E such
that there exists a sunny generalized nonexpansive retraction R from E onto C. Then, for any x ∈ E and
z ∈ C, the following statements hold:

(1) z = Rx if and only if ⟨x− z, Jy− Jz⟩ ≤ 0 for all y ∈ C;

(2) ϕ(x, Rx) + ϕ(Rx, z) ≤ ϕ(x, z).

Lemma 2.9. [12] Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space
E. Then the following statements are equivalent:

(1) C is a sunny generalized nonexpansive retract of E;
(2) J(C) is closed and convex.

Lemma 2.10. [12] Let C be a nonempty closed sunny generalized nonexpansive retract subset of a smooth,
strictly convex and reflexive Banach space E. Let R be the sunny generalized nonexpansive retraction from
E onto C. Then, for any x ∈ E and z ∈ C,

z = Rx ⇐⇒ ϕ(x, z) = min
y∈C
ϕ(x, y).

Lemma 2.11. [28] Let {an} and {bn} be two sequences of nonnegative real numbers satisfying the inequality

an+1 ≤ an + bn, ∀n ≥ 1.

If Σ∞n=0bn < ∞, then limn→∞ an exists.

3. Main results

In this section, we introduce the new iterative scheme for approximating a common element

of fixed points of two ϕ-nonexpansive mappings in a Banach space by using a sunny generalized

nonexpansive retraction.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed and convex subset of E. Assume that S and T are closed and ϕ-nonexpansive mappings on C and
F = F(S)∪ F(T) is nonempty and bounded. For an initial point x1 ∈ C, generate a sequence {xn} by⎧⎪⎪⎪⎨⎪⎪⎪⎩ yn = anxn + bnTxn + cnSxn,

xn+1 = αnx1 + (1− αn)(βnxn + (1− βn)yn), ∀n ≥ 1,
(3.1)

where {αn}, {βn}, {an}, {bn} and {cn} are real sequences in [0, 1]. If the following conditions are satisfied:
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(1) an + bn + cn = 1;
(2) Σ∞n=0αn < ∞.

Then the sequence {RFxn} converges strongly to a point q ∈ F, where RF is the sunny generalized nonexpan-
sive retraction of E onto F.

Proof. Since S and T are ϕ-nonexpansive mappings, from Lemma 2.5 that F(S) and F(T) are closed

convex subset of C. It follows that F is closed convex subset of E. From the assumption that F is

nonempty, we obtain that q ∈ F. Since yn = anxn + bnTxn + cnSxn, we have

ϕ(yn, q) = ϕ(anxn + bnTxn + cnSxn, q) (3.2)

= ∥anxn + bnTxn + cnSxn∥
2

−2⟨anxn + bnTxn + cnSxn, Jq⟩+ ∥q∥2

≤ an∥xn∥
2 + bn∥Txn∥

2 + cn∥Sxn∥
2
− 2an⟨xn, Jq⟩

−2bn⟨Txn, Jq⟩ − 2cn⟨Sxn, Jq⟩+ ∥q∥2

= anϕ(xn, q) + bnϕ(Txn, q) + cnϕ(Sxn, q)

≤ anϕ(xn, q) + bnϕ(xn, q) + cnϕ(xn, q)

= ϕ(xn, q).

Let un = βnxn + (1− βn)yn, we have

ϕ(un, q) = ϕ(βnxn + (1− βn)yn, q) (3.3)

= ∥βnxn + (1− βn)yn∥
2
− 2⟨βnxn + (1− βn)yn, Jq⟩

+∥q∥2

≤ βn∥xn∥
2 + (1− βn)∥yn∥

2
− 2βn⟨xn, Jq⟩

−2(1− βn)⟨yn, Jq⟩+ ∥q∥2

= βnϕ(xn, q) + (1− βn)ϕ(yn, q)

≤ βnϕ(xn, q) + (1− βn)ϕ(xn, q)

= ϕ(xn, q).

From the definition of xn+1, it follows that

ϕ(xn+1, q) = ϕ(αnx1 + (1− αn)un, q) (3.4)

= ∥αnx1 + (1− αn)un∥
2
− 2⟨αnx1 + (1− αn)un, Jq⟩

+∥q∥2

≤ αn∥x1∥
2 + (1− αn)∥un∥

2
− 2αn⟨x1, Jq⟩

−2(1− αn)⟨un, Jq⟩+ ∥q∥2

= αnϕ(x1, q) + (1− αn)ϕ(un, q)



Int. J. Anal. Appl. (2026), 24:310 7

≤ αnϕ(x1, q) + (1− αn)ϕ(xn, q)

≤ αnϕ(x1, q) + ϕ(xn, q).

Since {ϕ(x1, q)} is constant and hence bounded, and from Σ∞n=1αn < ∞, it follows that

Σ∞n=1αnϕ(x1, q) < ∞. Hence, by Lemma 2.11, the limit of {ϕ(xn, q)} exists. This implies that

{ϕ(xn, q)} is bounded and so are {xn} and {yn}. Letting wn = RFxn, it follows from Lemma 2.8 that

ϕ(xn, wn) = ϕ(xn, RFxn)

≤ ϕ(xn, q) −ϕ(RFxn, q)

≤ ϕ(xn, q).

Since limit of {ϕ(xn, q)} exists, it follows that {wn} is bounded and also ϕ(x1, wn) is bounded. By

apply (3.4), we have

ϕ(xn+1, wn) ≤ αnϕ(x1, wn) + ϕ(xn, wn). (3.5)

From Lemma 2.8 and (3.5), we have

ϕ(xn+1, wn+1) = ϕ(xn+1, RFxn+1)

≤ ϕ(xn+1, wn) −ϕ(RFxn+1, wn)

≤ ϕ(xn+1, wn)

≤ αnϕ(x1, wn) + ϕ(xn, wn).

Again, from Σ∞n=0αn < ∞ and the boundedness of {ϕ(x1, wn)}, we have Σ∞n=0αnϕ(x1, wn) < ∞. From

Lemma 2.11, it follows that limn→∞{ϕ(xn, wn)} exists. For any m ≥ 1, apply from (3.4) that

ϕ(xn+m, q) ≤ ϕ(xn, q) +
m−1∑︂
j=0

αn+ jϕ(x1, q) (3.6)

and for wn = RFxn, we have

ϕ(xn+m, wn) ≤ ϕ(xn, wn) +
m−1∑︂
j=0

αn+ jϕ(x1, wn).

From wn+m = RFxn+m and Lemma 2.8, it follows that

ϕ(xn+m, wn+m) + ϕ(wn+m, wn) ≤ ϕ(xn+m, wn)

≤ ϕ(xn, wn) +
m−1∑︂
j=0

αn+ jϕ(x1, wn).

As a result,

ϕ(wn+m, wn) ≤ ϕ(xn, wn) −ϕ(xn+m, wn+m) +
m−1∑︂
j=0

αn+ jϕ(x1, wn). (3.7)
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Since {ϕ(x1, wn)} is bounded and
∑︁
∞

n=0 αn < ∞, we have
∑︁m−1

j=0 αn+ jϕ(x1, wn) < ∞. It follows that

limn→∞{ϕ(x1, wn)} = 0. Since {ϕ(xn, wn)} is a convergent sequence and we have

lim
n→∞
{ϕ(wn+m, wn)} = 0.

Let r = sup{∥wn∥ : n ∈ Z+
}. Then, from Lemma 2.3, it follows that there exists a strictly increasing,

continuous and convex function h : [0, 2r]→ R such that h(0) = 0 and

h∥wn −wn+m∥ ≤ ϕ(wn+m, wn).

Since limn→∞{ϕ(xn, wn)} exists, from the property of h, letting n→∞, we have

lim
n→∞
∥wn −wn+m∥ = 0.

This implies that {wn} is a Cauchy sequence. Since F is closed, there exists q ∈ F such that wn → q.

Therefore, the sequence {RFxn} converges strongly to a point q ∈ F. The proof is complete. □

Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Assume that S and T are closed and ϕ-nonexpansive mappings on C and
F = F(S)∪ F(T) is nonempty and bounded. For an initial point x1 ∈ C, generate a sequence {xn} by⎧⎪⎪⎪⎨⎪⎪⎪⎩ yn = anxn + bnTxn + cnSxn,

xn+1 = αnx1 + (1− αn)(βnxn + (1− βn)yn), ∀n ≥ 1,
(3.8)

where {αn}, {βn}, {an}, {bn} and {cn} are real sequences in [0, 1] satisfying the following conditions:

(1) an + bn + cn = 1;
(2) lim infn→∞ anbn > 0;
(3) lim infn→∞ ancn > 0;
(4) lim infn→∞(1− βn) > 0;
(5) Σ∞n=0αn < ∞.

If J is weakly sequentially continuous, then the sequence {xn} converges weakly to a point q ∈ F, where
q = limn→∞ RFxn is the sunny generalized nonexpansive retraction from E onto F.

Proof. Let yn = anxn + bnTxn + cnSxn for all n ≥ 1. Since S and T are closed and ϕ-nonexpansive

mappings on C, it follows from (3.3) and from Lemma 2.2 that, for r = supn≥1{∥xn∥, ∥Txn∥, ∥Sxn∥},

there exists a strictly increasing, continuous and convex function g : [0,∞) → [0,∞) such that

g(0) = 0. For any q ∈ F, we obtain that

ϕ(yn, q) = ϕ(anxn + bnTxn + cnSxn, q) (3.9)

= ∥anxn + bnTxn + cnSxn∥
2

−2⟨anxn + bnTxn + cnSxn, Jq⟩+ ∥q∥2

≤ an∥xn∥
2 + bn∥Txn∥

2 + cn∥Sxn∥
2
− 2an⟨xn, Jq⟩

−2bn⟨Txn, Jq⟩

−2cn⟨Sxn, Jq⟩+ ∥q∥2 − anbng∥xn − Txn∥
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= anϕ(xn, q) + bnϕ(Txn, q) + cnϕ(Sxn, q)

−anbng∥xn − Txn∥

≤ anϕ(xn, q) + bnϕ(xn, q) + cnϕ(xn, q)

−anbng∥xn − Txn∥

= ϕ(xn, q) − anbng∥xn − Txn∥.

Let un = βnxn + (1− βn)yn, we have

ϕ(un, q) = ϕ(βnxn + (1− βn)yn, q) (3.10)

≤ βn∥xn∥
2 + (1− βn)∥yn∥

2
− 2βn⟨xn, Jq⟩

−2βn⟨yn, Jq⟩+ ∥q∥2

= βnϕ(xn, q) + (1− βn)ϕ(yn, q)

≤ βnϕ(xn, q) + (1− βn)[ϕ(xn, q)

−anbng∥xn − Txn∥]

≤ βnϕ(xn, q) + (1− βn)ϕ(xn, q)

−(1− βn)anbng∥xn − Txn∥

= ϕ(xn, q) − (1− βn)anbng∥xn − Txn∥.

Let xn+1 = αnx1 + (1− αn)un, it follows that

ϕ(xn+1, q) = ϕ(αnx1 + (1− αn)un, q) (3.11)

= ∥αnx1 + (1− αn)un∥
2
− 2⟨αnx1 + (1− αn)un, Jq⟩

+∥q∥2

≤ αn∥x1∥
2 + (1− αn)∥un∥

2
− 2αn⟨x1, Jq⟩

−2(1− αn)⟨un, Jq⟩+ ∥q∥2

= αnϕ(x1, q) + (1− αn)ϕ(un, q)

≤ αnϕ(x1, q) + ϕ(un, q)

≤ αnϕ(x1, q) + ϕ(xn, q) − (1− βn)anbng∥xn − Txn∥.

Consequently,

(1− βn)anbng∥xn − Txn∥ ≤ αnϕ(x1, q) + ϕ(xn, q) −ϕ(xn+1, q). (3.12)

From limn→∞ ϕ(xn, q) exists and limn→∞ αn = 0, letting n→∞, we get

lim
n→∞

[αnϕ(x1, q) + ϕ(xn, q) −ϕ(xn+1, q)] = 0. (3.13)

From (3.18), it follows that

lim
n→∞

(1− βn)anbng(∥xn − Txn∥) = 0. (3.14)
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Since lim infn→∞ anbn > 0 lim infn→∞(1− βn) > 0, we have

lim
n→∞

g(∥xn − Txn∥) = 0. (3.15)

From the property of g that

lim
n→∞
∥xn − Txn∥ = 0. (3.16)

Since {xn} is bounded, there exists a subsequence {xnk} of {xn} such that xnk converges weakly to

x̂ ∈ C where x̂ = J−1q∗ for some q∗ ∈ J(C). Since T is closed and Txn → xn as n→∞, it follows that

x̂ ∈ F(T).
Agian since yn = anxn + bnTxn + cnSxn, we have

ϕ(yn, q) = ϕ(anxn + bnTxn + cnSxn, q)

= ∥anxn + bnTxn + cnSxn∥
2
− 2⟨anxn + bnTxn + cnSxn, Jq⟩+ ∥q∥2

≤ an∥xn∥
2 + bn∥Txn∥

2 + cn∥Sxn∥
2
− 2an⟨xn, Jq⟩ − 2bn⟨Txn, Jq⟩

−2cn⟨Sxn, Jq⟩+ ∥q∥2 − ancng∥xn − Sxn∥

= anϕ(xn, q) + bnϕ(Txn, q) + cnϕ(Sxn, q) − ancng∥xn − Sxn∥

≤ anϕ(xn, q) + bnϕ(xn, q) + cnϕ(xn, q) − ancng∥xn − Sxn∥

= ϕ(xn, q) − ancng∥xn − Sxn∥.

It follows that

ϕ(un, q) = ϕ(βnxn + (1− βn)yn, q)

≤ βn∥xn∥
2 + (1− βn)∥yn∥

2
− 2βn⟨xn, Jq⟩ − 2βn⟨yn, Jq⟩+ ∥q∥2

= βnϕ(xn, q) + (1− βn)ϕ(yn, q)

≤ βnϕ(xn, q) + (1− βn)[ϕ(xn, q) − anbng∥xn − Sxn∥]

≤ βnϕ(xn, q) + (1− βn)ϕ(xn, q) − (1− βn)ancng∥xn − Sxn∥

= ϕ(xn, q) − (1− βn)ancng∥xn − Sxn∥.

Let xn+1 = αnx1 + (1− αn)un, we have

ϕ(xn+1, q) = ϕ(αnx1 + (1− αn)un, q) (3.17)

≤ αnϕ(x1, q) + (1− αn)ϕ(un, q)

≤ αnϕ(x1, q) + ϕ(un, q)

≤ αnϕ(x1, q) + ϕ(xn, q) − (1− βn)ancng∥xn − Sxn∥.

The result is

(1− βn)ancng∥xn − Sxn∥ ≤ αnϕ(x1, q) + ϕ(xn, q) −ϕ(xn+1, q). (3.18)

From limn→∞ ϕ(xn, q) exists and limn→∞ αn = 0, letting n→∞, we get

lim
n→∞

[αnϕ(x1, q) + ϕ(xn, q) −ϕ(xn+1, q)] = 0. (3.19)
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From (3.18), it follows that

lim
n→∞

(1− βn)ancng(∥xn − Sxn∥) = 0. (3.20)

Since lim infn→∞ ancn > 0 lim infn→∞(1− βn) > 0, we have

lim
n→∞

g(∥xn − Sxn∥) = 0. (3.21)

From the property of g that

lim
n→∞
∥xn − Sxn∥ = 0. (3.22)

Since {xn} is bounded, it has a subsequence {xnk} that converges weakly to x̂ ∈ C, where x̂ = J−1q∗

for some q∗ ∈ J(C). Furthermore, since S is closed and Sxn → xn as n → ∞, we conclude that

x̂ ∈ F(S).
Let wn = RFxn for all n ≥ 1, from Lemma 2.8 that

⟨xn −wn, q∗ − Jwn⟩ ≤ 0.

It follows from Theorem 3.1 that wn → q, we obtain

⟨xnk −wnk , q∗ − Jwnk⟩ ≤ 0.

Since J is weakly sequentially continuous, it follows that

⟨J−1(q∗) − J−1(Jq), Jq− q∗⟩ ≤ 0. (3.23)

From the monotonicity of J−1, we have

⟨J−1(q∗) − J−1(Jq), Jq− q∗⟩ ≥ 0. (3.24)

Hence, by (3.24) and (3.23), it follows that

⟨J−1(q∗) − J−1(Jq), J(q) − J(J−1(q∗))⟩ = 0.

Hence, J−1(q∗) = q. Consequently, the sequence {xn} converges weakly to the point q ∈ F. The

proof is complete. □

An example of computing xn+1 by the proposed algorithm for two ϕ-nonexpansive mappings

under the assumptions of the theorem is given as follows.

Example 3.1. Let E = R, C = [−100, 100]. Define a mapping T : C→ C by Sx =
x
3

and Tx =
x
2

for all
x ∈ C. Then we have

ϕ(Sx, Sy) = ϕ
(︃x
3

,
y
3

)︃
=
⃓⃓⃓⃓x
3

⃓⃓⃓⃓2
− 2
⟨︃x

3
, J

y
3

⟩︃
+
⃓⃓⃓⃓ y
3

⃓⃓⃓⃓2
=
⃓⃓⃓⃓x
3

⃓⃓⃓⃓2
− 2
⟨︃x

3
,

y
3

⟩︃
+
⃓⃓⃓⃓ y
3

⃓⃓⃓⃓2
=
⃓⃓⃓⃓x
3

⃓⃓⃓⃓2
− 2
(︃x
3

y
3

)︃
+
⃓⃓⃓⃓ y
3

⃓⃓⃓⃓2
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=
1
9

(︃
|x|2 − 2xy + |y|2

)︃
≤ |x|2 − 2(xy) + |y|2

= |x|2 − 2⟨x, y⟩+ |y|2

= ∥x∥2 − 2⟨x, Jy⟩+ ∥y∥2

= ϕ(x, y).

This shows that S is ϕ-nonexpansive mapping. Similarly, we can show that T is ϕ-nonexpansive mapping,
that is,

ϕ(Tx, Ty) = ϕ
(︃x
2

,
y
2

)︃
≤ ϕ(x, y).

Since F(S) = {0} and F(T) = {0} so, F(S) ∩ F(T) = {0} , ∅. Therefore, all the assumptions in Theorems
3.1 and 3.2 are satisfied. We obtain the following algorithms:

Algorithm. Let αn =
1

2n2 , βn =
1
n2 , an =

1
3
+

1
n

, bn =
1
3

and cn =
1
3
−

1
n

. For the initial values
x1 = 1, x1 = 0.1, and x1 = −0.5, the sequence {xn} generated by the proposed algorithm is as follows:

xn+1 =
1

2n2 x1 +
22n5 + 24n4 + 3n3

− 36n2
− 7n + 12

36n5 xn, ∀n ≥ 1.

Corollary 3.1. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Assume that T is a closed and ϕ-nonexpansive mapping on C and F(T) is
nonempty and bounded. For an initial point x1 ∈ C, generate a sequence {xn} by⎧⎪⎪⎪⎨⎪⎪⎪⎩ yn = anxn + (1− an)Txn,

xn+1 = αnx1 + (1− αn)(βnxn + (1− βn)yn), ∀n ≥ 1,
(3.25)

where {αn}, {βn} and {an} are real sequences in [0, 1]. If Σ∞n=0αn < ∞, then the sequence {RFxn} converges
strongly to a point q ∈ F, where RF is the sunny generalized nonexpansive retraction of E onto F(T).

Corollary 3.2. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Assume that T is a closed and ϕ-nonexpansive mapping on C and F(T) is
nonempty and bounded. For an initial point x1 ∈ C, generate a sequence {xn} by⎧⎪⎪⎪⎨⎪⎪⎪⎩ yn = anxn + (1− an)Txn,

xn+1 = αnx1 + (1− αn)(βnxn + (1− βn)yn), ∀n ≥ 1,
(3.26)

where {αn}, {βn} and {an} are real sequences in [0, 1] satisfying the following conditions:

(1) lim infn→∞(1− an) > 0;
(2) lim infn→∞(1− βn) > 0;
(3) Σ∞n=0αn < ∞.

If J is weakly sequentially continuous, then the sequence {xn} converges weakly to the point q ∈ F(T), where
q = limn→∞ RFxn is the sunny generalized nonexpansive retraction from E onto F(T).
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n
xn

x1 = 1 x1 = 0.1 x1 = −0.5

1 1.000000 0.100000 -0.500000

2 1.000000 0.100000 -0.500000

3 0.963542 0.096354 -0.481771

4 0.830728 0.083073 -0.415364

5 0.668242 0.066824 -0.334121

6 0.514174 0.051417 -0.257087

. . . .

. . . .

. . . .

32 0.000047 0.000005 -0.000024

33 0.000027 0.000003 -0.000014

34 0.000014 0.000001 -0.000007

35 0.000006 0.000001 -0.000003

36 0.000001 0.000000 -0.000001

37 0.000000 0.000000 0.000000

38 0.000000 0.000000 0.000000

Table 1. The numerical results for initial x1

Nonlinear parabolic partial differential equation
Consider the nonlinear parabolic partial differential equation presented in [19] as follows:

∂z(t, y)
∂t

=
∂2z(t, y)
∂y2 + f (t, z(t, y)), 0 < y < π, t > 0,

z(t, 0) = z(t,π) = 0, z′y(t, 0) = z′y(t,π), z(0, y) = z0(y), 0 ≤ y ≤ π.
(3.27)

Problem (3.27) can be rewritten as a Cauchy problem by setting, x(·) = z(·, y), E = L2(0,π).

For a given b > 0, let J = [0, b] and define the set

C = {x ∈ E : ∥x(t)∥ ≤ b, ∀t ∈ J}.

Then, C is a bounded, closed, and convex subset of E. Let us denote the operator A =
∂2

∂y2 with

D(A) =

{︄
z ∈ E with

∂2z
∂y2 ∈ E and z(0) = z(π) = 0

}︄
,

see [19, 20] for more details. Problem (3.27) can be written as:

Dx(t) = Ax(t) + f (t, x(t)), t ∈ J, x(0) = x0, (3.28)
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where f : J × E → E is a nonlinear continuous mapping satisfying the Lipschitz condition with

Lipschitz constant M. That is,

∥ f (t, x1(t)) − f (t, x2(t))∥ ≤M∥x1(t) − x2(t)∥,

for all x1, x2 ∈ C. The solution of (3.28) is

x(t) = S(t)x0 +

∫︂ t

0
S(t− s) f (s, x(s))ds, for t ∈ J,

where S(t) is the semigroup generated by the infinitesimal operator A on E. We assume that S(t)
is a compact operator for t > 0, and its norm satisfies ∥S(t)∥ ≤M for some constant 0 <M ≤ 1.

Let the norm on E be defined as ∥x∥ = sup{|x(t)| < ∞ : t ∈ [0, b]}. Define the operator T : C→ E
by:

(Tx)(t) = S(t)x0 +

∫︂ t

0
S(t− s) f (s, x(s))ds on t ∈ J, x ∈ C. (3.29)

Based on the results in Narayanan and Marudai [19], setting J = I implies that T isϕ-nonexpansive

mapping. The fixed point solution of (3.29) is also a solution to (3.28). Consequently, it is also a

solution to the differential equation (3.27).

Let T be defined by (3.27) as in Corollary 3.1 and let J = I Then, the sequence {xn} converge to

F(T), which is a solution to (3.27).
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publication of this paper.
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