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Abstract. Our purpose in this work is to introduce a new iterative scheme for finding the set of common fixed points
of two ¢-nonexpansive mappings in uniformly smooth and uniformly convex Banach spaces by using the concept
of sunny generalized nonexpansive retractions. Moreover, weak and strong convergence theorems of the proposed

iterative scheme are established under suitable conditions.

1. INTRODUCTION

Let E be a Banach space with norm || - || and E* be the dual space of E. Let C be a nonempty
closed subset of E and T be a mapping from C into itself. A point x € C is called a fixed point of T if
Tx = x. We denote the set of all fixed points of T by F(T), thatis, F(T) := {x € C : Tx = x}. Several
methods have been proposed to approximate fixed points of T; see, for instance, [1,2,11,15,21,23].

A mapping T : C — C is said to be nonexpansive if
ITx—Tyll < llx-yll, Vx,yeC.
The normalized duality mapping | : E — 2F" is defined by
J(x) = {x" € E": {x,x") = [, Il = Ilxll,

where (-, ) denote the duality pairing of E* and E.
Let E be a smooth, strictly convex and reflexive Banach spaces and C be a nonempty closed
convex subset of E. The Lyapunov functional ¢ : E X E — R is defined by

Oy, x) = IylIP =2y, Jx) + %%, Vx,y €E, (1.1)
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where | is the normalized duality mapping from E to E*.

A mapping T : C — C is said to be ¢p-nonexpansive [22,33] if

O(Tx, Ty) < p(x,y), VYx,yeC.

Let C be a nonempty closed subset of a smooth Banach space E. A mapping T : C — C is said
to be generalized nonexpansive [12] if F(T) is nonempty and

O(Tx,p) < p(x,p), VYxeC, peF(T).

A mapping R : E — C is said to be:

(1) a retraction [12] if R?> = R;

(2) sunny [12] if R(Rx + t(x — Rx)) = Rx forallx € Eand t > 0.

A nonempty closed subset C of a smooth Banach space E is called a sunny generalized nonexpansive
retract [12] of E if there exists a sunny generalized nonexpansive retraction R from E onto C.

Many researchers have studied sunny generalized nonexpansive retractions; for instance, see
the following works. Aleyner and Reich [5] analyzed an explicit scheme for constructing the
unique sunny nonexpansive retraction onto the common fixed point set of a nonlinear semigroup
of nonexpansive mappings in a Banach space. Ibaraki and Takahashi [13] introduced a new
projection in a Banach space and showed an example of the projections. Kohsaka and Takahashi
[17] studied the relation between generalized nonexpansive retractions in Banach spaces and
generalized projections in dual Banach spaces. Using their results, the authors investigated a
proximal-type algorithm in Banach spaces. Honda et al. [12], investigates the existence and
properties of nonexpansive retractions onto closed convex cones in Banach spaces. Chen et al. [7]
introduced and studied shrinking projection algorithms for finding a solution of an equilibrium
problem with a bifunction defined on the dual space of a Banach space. Cai and Bu [6] studied a
new iterative algorithm by a modified extragradient method for finding a common element of the
set of solutions of variational inequalities for two inverse strongly accretive mappings and the set of
common fixed points of an infinite family of nonexpansive mappings in a real 2-uniformly smooth
and uniformly convex Banach space. They proved some strong convergence theorems under
suitable conditions. Wang and Pan [30] studied the problem of solving a more general variational
inequality system for an asymptotically nonexpansive mapping. They introduced a new viscosity
approximation scheme to find a common element. Some strong convergence theorems of the
proposed iterative method were obtained. Khuangsatung and Kangtunyakarn [16] modified
Halpern iteration’s process to find a common element of the set of solutions to a variational
inequality problem and the set of fixed points of a strictly pseudo-contractive mapping in a g-
uniformly smooth Banach space. They also introduced a new technique to establish a strong
convergence theorem for a finite family of strictly pseudo-contractive mappings in a g-uniformly
smooth Banach space. Yambangwai et al. [32] using sunny nonexpansive retractions in Banach
spaces, they developed the CR-iteration algorithm in view of two quasi-nonexpansive nonself

mappings and also provided the convergence analysis for the proposed method in the setting
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of uniformly convex Banach spaces. Agarwalb and O’Reganc [24] presented an implicit scheme
for a representation of nonexpansive mappings on a closed convex subset of a smooth uniformly
convex Banach space. Sunthrayuth et al. [25] proposed two Halpern-type forward-backward
splitting methods with two-step inertial extrapolation for finding a zero of the sum of two accretive
operators in Banach spaces. They established two strong convergence results for the proposed
methods under different conditions on the inertial parameters by using a sunny nonexpansive
retraction.

Motivated by previous research, in this paper, we introduce a new iterative scheme for finding a
common fixed point of two ¢-nonexpansive mappings in uniformly smooth and uniformly convex
Banach spaces by using sunny generalized nonexpansive retractions. We also prove strong and
weak convergence theorems for the sequence generated by the proposed iterative scheme under

suitable conditions.

2. PRELIMINARIES AND LEMMAS

Let E be a Banach space with norm || - || and B(0) = {x € E : ||x]| = 1} be the unit sphere of E. A

Banach space E is said to be smooth if the limit

x4+ tyl| —|lx
lim|| yll =[xl

2.1
t—0 t 1)

exists for any x, y € B(0). A Banach space E is said to be uniformly smooth if the limit (2.1) is attained
uniformly for (x, y) in B(0) x B(0).

A Banach space E is said to be strictly convex if ||X+Ty|| < 1forallx,y € Ewith [|x|| = [lyll| = 1 and
x # Yy ([26]). The modulus of convexity of E is the function ¢ : [0,2] — [0, 1] defined by

. X+
o(e) = inf{l - IITyII cx,y €E Ixll = llyll = 1, llx = yll > €}.

A Banach space E is uniformly convex if and only if 6(¢) > 0 for all € € (0,2]. A Banach space E is

uniformly convex if and only if the dual space E* is uniformly smooth [7].

Lemma 2.1. ( [31]). Let E be a uniformly convex Banach space and B,(0) = {x € E : ||x|]| < r} be a
closed ball of E. Then, for any r > 0, there exists a continuous, strictly increasing and convex function
g :[0,00) — [0, 00) with g(0) = 0 such that

IAx 4+ (1= A)yl> < Allxdli> + (1= AD)liyl* = A(1 = ) gl = yll),
forall x,y € B,(0) and A € [0, 1].

Lemma 2.2. ([8]) Let E be a uniformly convex Banach space and B,(0) a closed ball of E. Then there exists

a continuous strictly increasing convex function g : [0,00) — [0, 00) with g(0) = 0 such that
1A% + uy + y2IP < Al + iyl + Allzll? = Agglix = yll,

forall x,y,z€ B,(0)and A, i,y € [0, 1] with A+ u+y = 1.
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The normalized duality mapping | is said to be weakly sequentially continuous if the strong
convergence of a sequence {x,} to x in E implies the weak® convergence of {J(x,)} to J(x) in E*.
The following properties of the normalized duality mapping J can be found in [3,4,7,9,26].

(1) J(x) is nonempty for any x € E.

(2) Jis a monotone and bounded operator in Banach spaces.

(3) ] is a strictly monotone operator in strictly convex Banach spaces.

(4) If E is smooth, then ] is single valued.

(5) If E is reflexive, then | is onto.

(6) If E is strictly convex, then | is one-to-one.

(7) If E is uniformly smooth, then | is uniformly norm-to-norm continuous on each subset of
E.

(8) If E be a reflexive, strictly convex and smooth Banach space then J~! is also single valued,
one-to-one, surjective and it is also the duality mapping from E* into E.

(9) If E is uniformly convex and uniformly smooth Banach space, then ]! is also uniformly

norm-to-norm continuous on bounded subsets of E*.
From the definition of the function ¢, it follows that (see [7,18,27]
D) (Il = Il < ¢(y, x) < (llyll + |IxIl)? for all x, y € E;
2)d(x,y) =d(x,z) +d(z,y) +2(x —z,Jz—Jy) forall x, y,z € E;

(
B) p(x,y) = x, Jx = Jy) + <y —x,Jy) < lIxllllJx = Jyll + lly — xllllyll for all x, y € E;
(4) If E is a reflexive, strictly convex and smooth Banach space, then, for all x,y € E,

Pxy) =0 = x=uy.

If E is a Hilbert space, then | = I, where I is the identity mapping and (:,-) denotes an inner

product on E. In this case, the Lyapunov functional reduces to ¢(y,x) = ||x — y||> for all x, y € H.

Lemma 2.3. [14] Let E be a smooth and uniformly convex Banach space and r > 0. Then there exists a

strictly increasing, continuous and convex function h : [0,2r] — R such that h(0) = 0 and
h(llx = yll) < ¢(x,y),  Vx,y € B (0),
where B,(0) = {x € E : ||lx|| < r}.

Lemma 2.4. [14] Let E be a uniformly convex and smooth Banach space and let {x,}, {y,} be two sequences
of E. If p(xu, yn) — 0 and either {x,} or {y,} is bounded, then ||x, — yu|l — O.

Lemma 2.5. [22] Let E be a strictly convex and smooth Banach space, let C be a nonempty closed convex
subset of E and let T : C — C be a closed ¢p-nonexpansive mapping. Then F(T) is a closed convex subset of
C.

The mapping T is said to be closed if, for any sequence {x,} C C such that lim, . x, = x9 and

limy, 00 Tx, = yo, we have Txg = yo.
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Lemma 2.6. [29] Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space
Eand R : E — C be a retraction. Then the following statements are equivalent:

(1) R is sunny generalized nonexpansive;

(2) (x=Rx, J(y) = J(Rx)) < 0 forall (x,y) € ExC.

Lemma 2.7. [10] Let C be a nonempty closed sunny generalized nonexpansive retract of a smooth and
strictly convex Banach space E. Then the sunny generalized nonexpansive retraction from E onto C is

uniquely determined.

Lemma 2.8. [12] Let C be a nonempty closed subset of a smooth and strictly convex Banach space E such
that there exists a sunny generalized nonexpansive retraction R from E onto C. Then, for any x € E and
z € C, the following statements hold:

(1) z=Rxifand only if (x —z,Jy — Jz) < 0 forall y € C;

(2) (x, Rx) + ¢ (Rx, 2) < p(x,2).
Lemma 2.9. [12] Let C be a nonempty closed subset of a smooth, strictly convex and reflexive Banach space
E. Then the following statements are equivalent:

(1) C is a sunny generalized nonexpansive retract of E;
(2) J(C) is closed and convex.

Lemma 2.10. [12] Let C be a nonempty closed sunny generalized nonexpansive retract subset of a smooth,
strictly convex and reflexive Banach space E. Let R be the sunny generalized nonexpansive retraction from
E onto C. Then, for any x € Eand z € C,

z=Rx cp(x,z):r;leig(p(x,y).

Lemma 2.11. [28] Let {a,,} and {b,,} be two sequences of nonnegative real numbers satisfying the inequality
ayi1 <ay+b, VYnz=1.

If Z;;.o:obn < oo, then lim,,_, a, exists.
3. MAIN RESULTS

In this section, we introduce the new iterative scheme for approximating a common element
of fixed points of two ¢-nonexpansive mappings in a Banach space by using a sunny generalized

nonexpansive retraction.

Theorem 3.1. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed and convex subset of E. Assume that S and T are closed and ¢-nonexpansive mappings on C and
F = F(S) UF(T) is nonempty and bounded. For an initial point x, € C, generate a sequence {x,} by

Yn = anXy + by Txy + c,Sxy,

X1 = X1+ (L= an) Buxn + (1= Bu)yn), Vn =1,

where {ay}, {Bn}, {an}, {bn} and {c,} are real sequences in [0, 1]. If the following conditions are satisfied:

3.1)
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1) an+by+cu=1;
(2) Z,oqozoan < 00,

Then the sequence {Rrx,} converges strongly to a point q € F, where R is the sunny generalized nonexpan-

sive retraction of E onto F.

Proof. Since S and T are ¢-nonexpansive mappings, from Lemma 2.5 that F(S) and F(T) are closed

convex subset of C. It follows that F is closed convex subset of E. From the assumption that F is

nonempty, we obtain that g € F. Since vy, = a,x, + b, Tx,, + ¢,5x,, we have

¢(yn, q) =

IA

¢(anxy + by Txy + ¢4Sxn, q)

18 + b Ty + caSxll*

—2(anxn + by Tx + cnSxn, Jq) + ligII*
anllxal? + bull Txul* + callSxull* = 2a,(xs, Jq)
~2, (T, Jq) — 2¢4(Sxn, J9) + llgI>
an(xn, 9) + bup(Txn, q) + cnp(Sxn, q)

an (X, ) + bup(Xn, 4) + cap(xn, )

O (xn,4)-

Let uy, = Bnxn + (1 = Bn)yn, we have

P(un,q) =

IA

¢(Buxn + (1= Bu)yn, q)

1Bnxn + (1= Bu)Yull® = 2(Bun + (1= Bu) Y, J0)
+lgl?

Bullxall®> + (1 = Bu)llyul® = 2Bun, Jq)

~2(1 = Bu)yn, J3) + lgII°

Bup(xn,q) + (1= Bn)P(yn, q)

Bup(xn,q) + (1 = Bu)p(xn,q)

P (xn, )

From the definition of x,,, 1, it follows that

¢(xnt1,9) =

IA

Planxs + (1 —ay)un,q)

llanxt + (1= ) unl* = 2(cnx1 + (1 = @) un, Jq)
+iqlP?

aullxl? + (1 = )l = 2a(x1, Jq)

~2(1 = o)y, Jq) + llgI

and(x1,q) + (1= an)(un, q)

(3.2)

(3.3)

(3.4)



Int. . Anal. Appl. (2026), 24:310 7

an(x1,q) + (1= an)P(xn,q)
anp(x1,q) + P(xn,4)-

IA

IA

Since {¢(x1,9)} is constant and hence bounded, and from Z,?:ﬂﬂ < oo, it follows that
Z;":lanqb(xl,q) < oo. Hence, by Lemma 2.11, the limit of {¢(x,, q)} exists. This implies that
{¢p(x4,q)} is bounded and so are {x,} and {y,}. Letting w, = Rrxy, it follows from Lemma 2.8 that

O(xn,wn) = ¢O(xn, Rexy)
¢ (xn,q) = P(Rpxn, q)
< ¢(xnq)-

IA

Since limit of {¢(x,,q)} exists, it follows that {w,} is bounded and also ¢(x1,w,) is bounded. By
apply (3.4), we have

O(Xpt1, Wn) < and(x1,wn) + G (xn, wy). (3.5)

From Lemma 2.8 and (3.5), we have

¢(xn+1,wn+1) = Qb(xnﬂrRFanrl)
< P(Xny1,Wn) = P(REXn11, W)
< ¢<xn+1/wn)
< and(x1,wy) + O(xn, wy).

Again, from ©° @, < oo and the boundedness of {p(x1,wy,)}, we have Z;":Oan(j)(xh wy,) < co. From

Lemma 2.11, it follows that lim,—«{¢ (x4, wy )} exists. For any m > 1, apply from (3.4) that

m—1
(onim ) < (0, 7) + Y @nr j(x1,9) (3.6)
j=0

and for w,, = Rrx,,, we have

m—1

O (Xt Wn) < (X, W) + Z s jO (X1, W).

j=0

From wy, 1, = Rpxp4m and Lemma 2.8, it follows that

¢(xﬂ+mr wn+m) + ¢(wn+mr wn) < qb(anrm/ wn)

m—1

< O(xn, wy) + Z Ay jP(x1, Wy).

j=0

As a result,

m—1

qb(wn+m/ wy) < ¢(xﬂ/ wy) — ¢(Xﬁ+MI Whim) + Z an+]¢(x1/ Wy). (3.7)
=0
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Since {¢(x1,wy,)} is bounded and ), @, < oo, we have Z;":_Ol Ay j@(x1,wy,) < co. It follows that

limy,—00{p(x1, wy)} = 0. Since {¢(x,, wy)} is a convergent sequence and we have

lim {(P (wn+mr wn)} =0.

n—o0
Letr = sup{|lwyl| : n € Z"}. Then, from Lemma 2.3, it follows that there exists a strictly increasing,
continuous and convex function # : [0,2r] — R such that #(0) = 0 and
hllwy, = Wpimll < @(Wpgm, Wy).
Since limy,—,00{ (x4, wy )} exists, from the property of h, letting n — co, we have
im0, = -l = 0.

This implies that {w,} is a Cauchy sequence. Since F is closed, there exists q € F such that w, — g.

Therefore, the sequence {Rrx,} converges strongly to a point q € F. The proof is complete. O

Theorem 3.2. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Assume that S and T are closed and ¢-nonexpansive mappings on C and
F = F(S) UF(T) is nonempty and bounded. For an initial point x; € C, generate a sequence {x,} by
Yn = nXy + by Txy + cuSxy, (3.8)
Xp1 = anX1 + (1= an) (Buxn + (1= Bu)yn), Yn21,
where {ay}, {Bn), {an), {bn} and {c,} are real sequences in [0, 1] satisfying the following conditions:

D) an+bptcen=1

(2) liminf,—c ayb, > 0;

(3) liminf,—c ayc, > 0;

(4) liminf, (1 —pBy) > 0;

(5) T jan < 0.
If ] is weakly sequentially continuous, then the sequence {x,} converges weakly to a point q € F, where
g = im0 Rrxy, is the sunny generalized nonexpansive retraction from E onto F.

Proof. Let y, = anxy, + b, Tx, + c,Sx,, for all n > 1. Since S and T are closed and ¢-nonexpansive
mappings on C, it follows from (3.3) and from Lemma 2.2 that, for r = sup,,.,{llxull, [[Txxll, [|Sx.ll},
there exists a strictly increasing, continuous and convex function g : [0,00) — [0, c0) such that

¢(0) = 0. For any g € F, we obtain that
¢(Yn,q) = @(anxn + byTxy + cuSxn,q) (3.9)
= lanxn + buTx + cuSxyl®
~2(anxy + by Txy + cuSxu, J7) + gl
anllxXall® + bull Txul* + cullSxall® = 28 xn, J)
=20y (Txn, Jq)
~2,(Sxu, J9) + 191* = anbuglitn — Tx, |

IA
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Let uy = Buxn + (1= Bu)Yn,

= anP(xn,q) + bup(Txn, q) + cnP(Sxn, q)
_anbngllxn - Txn”

an®(Xn, q) + bud(xn,q) + cnP(xu,q)
_anbng”xn = Txyl|

IA

= ¢(xn,q) — anbngllxn — Txyll.

we have

P(un,q) = O(Buxn+ (1= Bu)yn q)

< Ballxal?® + (1= B)lyall® = 2B¢xn, J)
~2B(Yn, J) + llgl?

= Bu@(xn,q) + (1= Bn)P(yn,q)

< Bup(xn,9) + (1= Bn)[P(xn, q)

~aubygllcy = Txall]

B (xn,9) + (1= Bn)p(xn,q)

—(1 = Bu)anbugliy — Tyl

= ¢(xn,q) = (1= Bu)anbuglixn — Txll.

IA

Let x,,11 = ayx1 + (1 — ay)uy, it follows that

P (xn+1,9)

Consequently,

= ¢lanxs + (1—an)un,q)

= lawxy + (1= an)unl* = 2anxs + (1 — )y, Jq)
+liql?

anllxall® + (1= ) llunll* = 200¢x1, J)

~2(1 = an){uy, Jg) + gl

and(x1,9) + (1 = an)P(un, q)

an(x1,9) + ¢ (un, q)

IA

IA

(1= Brn)anbngllxn — Txull < and(x1,q) + G(xn,9) = P(Xnt1,9)-

From lim,,—, ¢(xy,, q) exists and lim,,—,0o @, = 0, letting n — oo, we get

From (3.18), it follows that

im [ (21, q) + P (xn, q) = P(¥n11,9)] = 0.

lim (1 - ,Bn)ﬂnbng(”xn - Txn”) =0.

a”(f)(xl/ q) + (P(xﬂr q) - (1 _ﬁn)anbng”xn = Txyl.

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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Since lim infy, 0 a,by, > 0 liminf, oo (1 — B,) > 0, we have

7}1_1;?0 g(”xn — Txyll) = 0. (3.15)
From the property of g that
im ||x,, — Tx,|| = 0. (3.16)
n—oo

Since {x,} is bounded, there exists a subsequence {x;,} of {x,} such that x,, converges weakly to
€ Cwherex =] ‘1q* for some g* € J(C). Since T is closed and Tx,, — x, as n — oo, it follows that
% e F(T).
Agian since vy, = a,x, + b,Tx, + ¢,Sx,, we have
O(Ynq) = O@nxn +buTxn + cuSxn, q)
= lanxn + ba Tty + 2 Sxall” = 2@nn + ba Tt + €4S, Jq) + 141
< allal? + ball Txall + callSxall® = 22,¢xn, Jq) = 2b,(Tx, )
~2¢,(S%, Jq) + 1917 = ancuglin = Sxull

= 3y®(Xn,q) + bud(Txn, q) + cnP(Sxn,q) — ancugllx, — Sxull

< 3y (x4, q) + b (X, q) + cnd(Xn, q) — ancngllx, — Sxyl

= ¢(xn,q) — ancnglixn — Sxnll.

It follows that

¢ (n,q) = P(Buxn + (1= Pn)Yn 4)
< Bullxall® + (1 = Bu)llyall® = 2B4¢xn, ) = 2By, J7) + ligI>
= B (xn,q9) + (1= Pu)p(Yn, 9)
< Bup(xn, ) + (1= Bu) [P (xn, 9) — aubnglixn — Sxall]
< Bud(xu,q) + (1= Bn)P(xu,q) = (1 = Bu)ancugllxn — Sxll
= P (xn,9) — (1= Bu)ancnglixn — Sxall-

Let x, 11 = ayx1 + (1 — ay)uy,, we have

O(xnt1,9) = ¢lanxs + (1—an)uy,q) (3.17)
< an(x1,q) + (1 - an)(un, q)
< and(x1,q) + P(un, q)
< and(x1,9) + P (xn,q) = (1= Bu)ancngllxn — Sxull.

The result is

(1= Bu)ancugllxn — Sxull < and(x1,9) + G (xn,q) — P(Xn11,9). (3.18)

From lim,,, ¢(xy,, q) exists and lim,,_,. @, = 0, letting n — oo, we get

V}E&[“nﬁb(xlrw + ¢ (xn,q) = P(xns+1,9)] = 0. (3.19)
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From (3.18), it follows that
lim (1 — Bn)ancng(llxn — Sxull) = 0. (3.20)

n—oo

Since lim infy, 0 a4,y > 0 liminf, o0 (1 — B) > 0, we have

7}1_1;1;10 g(”xn - an”) =0. (3.21)
From the property of g that
lim [|x,, — Sx,|| = 0. (3.22)
n—oo

Since {x,} is bounded, it has a subsequence {x;, } that converges weakly to £ € C, where £ = |~'¢"
for some g* € J(C). Furthermore, since S is closed and Sx, — x, as n — oo, we conclude that
£ e F(S).

Let w, = Rrx,, for all n > 1, from Lemma 2.8 that

Xy — Wy, q" = Jwy,) <0.
It follows from Theorem 3.1 that w, — ¢q, we obtain
(X, — Wy, g = Jwy,) < 0.

Since | is weakly sequentially continuous, it follows that

J M) =T UJa), Ja-q7) <0. (3.23)
From the monotonicity of | -1 we have
JYg)=-1"Jq), Ja—-q) = 0. (3.24)

Hence, by (3.24) and (3.23), it follows that
JHa) =109, 1@ =107 Hg)) = 0.

Hence, J7!(g*) = g. Consequently, the sequence {x,} converges weakly to the point g € F. The
proof is complete. m]

An example of computing x,,1 by the proposed algorithm for two ¢-nonexpansive mappings
under the assumptions of the theorem is given as follows.

Example 3.1. Let E = R, C = [-100, 100]. Define a mapping T : C — C by Sx = ;—C and Tx = gfor all
x € C. Then we have

osesn) = of%Y)
- B-fpg)e

2 2

- -2l

- -
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= (- 2xy + 1)
< P =2(xy) + Iyl
= P =20, y) + |yl
= P -2, Jy) + llylP
= oY)

This shows that S is ¢-nonexpansive mapping. Similarly, we can show that T is ¢p-nonexpansive mapping,
that is,

y
¢(Tx, Ty) = ¢(2 2) ¢(x y)-
Since F(S) = {0} and F(T) = {0} so, F(S) NF(T) = {0} # 0. Therefore, all the assumptions in Theorems
3.1 and 3.2 are satisfied. We obtain the following algorithms:
1

1 1 1 11
Algorithm. Let a,, = 2, Bn = —, an = 3 + p b, = 3 and ¢, = 3 . For the initial values
x1=1x1=01and x; = —0 5, the sequence {xn} generated by the proposed algorzthm is as follows:
N —Lx 22n° + 24n* + 3n® — 361> —7n+12x Vi > 1
n+1 — 2}’12 1 361’15 nrs = 1.

Corollary 3.1. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Assume that T is a closed and ¢-nonexpansive mapping on C and F(T) is

nonempty and bounded. For an initial point x1 € C, generate a sequence {x,} by

Yn = AnXy + (1 - an)Txn/
Xni1 = anX1 + (1= an) (Buxn + (1= Bu)yn), Yn=1,

(3.25)

where {a,}, {Bn} and {a,} are real sequences in [0,1]. If T® jan < 0, then the sequence {Rrx,} converges

strongly to a point q € F, where Ry is the sunny generalized nonexpansive retraction of E onto F(T).

Corollary 3.2. Let E be a uniformly smooth and uniformly convex Banach space and let C be a nonempty
closed convex subset of E. Assume that T is a closed and ¢-nonexpansive mapping on C and F(T) is

nonempty and bounded. For an initial point x; € C, generate a sequence {x,} by

Yn = AnXy + (1 - an)Txn/
Xpr1 = anX1 + (1= an) (Buxn + (1= Bu)yn), Yn2=1,

(3.26)

where {a,}, {Bn} and {a,,} are real sequences in [0, 1] satisfying the following conditions:
(1) liminf,—e(1—a,) > 0;
(2) liminf, e (1 —=Bn) > 0;
() T jan < 0.
If ] is weakly sequentially continuous, then the sequence {x,} converges weakly to the point q € F(T), where

q = limy,_,e Rpxy, is the sunny generalized nonexpansive retraction from E onto F(T).
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Xn

x1:1

X1 = 0.1

X1 = -0.5

A G0 xR W N

32
33
34
35
36
37
38

1.000000
1.000000
0.963542
0.830728
0.668242
0.514174

0.000047
0.000027
0.000014
0.000006
0.000001
0.000000
0.000000

0.100000
0.100000
0.096354
0.083073
0.066824
0.051417

0.000005
0.000003
0.000001
0.000001
0.000000
0.000000
0.000000

-0.500000
-0.500000
-0.481771
-0.415364
-0.334121
-0.257087

-0.000024
-0.000014
-0.000007
-0.000003
-0.000001
0.000000
0.000000

TasLE 1. The numerical results for initial x;

Nonlinear parabolic partial differential equation

Consider the nonlinear parabolic partial differential equation presented in [19] as follows:

aZ(t, y) azz(t’ 3/)
= + f(t,z(t,y)), 0<y<mt>0,
= 22 f(tz(t,y)) y 3.27)

z(t,0) = z(t, 1) = 0,z (t,0) = 2, (t,m),z(0,y) =z20(y), 0<y<m.

Problem (3.27) can be rewritten as a Cauchy problem by setting, x(-) = z(+,y), E = L,(0, 7).
For a given b > 0, let ] = [0, 1] and define the set

C={xeE:|x(t)l<b Vte]}.

2
Then, C is a bounded, closed, and convex subset of E. Let us denote the operator A = 8_y2 with
9%z
D(A) =4z eEw1thﬁ € Eand z(0) = z(n) =0y,
Y
see [19,20] for more details. Problem (3.27) can be written as:

Dx(t) = Ax(t) + f(t,x(t)),t € ], x(0) = xo, (3.28)
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where f : | X E — E is a nonlinear continuous mapping satisfying the Lipschitz condition with

Lipschitz constant M. That is,

If(t, x1(t)) = f(t,x2()ll < Mllx1 (t) = x2(t)ll,

for all x1,x, € C. The solution of (3.28) is

x(t) = S(t)xo +f(; S(t—s)f(s,x(s))ds, forte],

where S(t) is the semigroup generated by the infinitesimal operator A on E. We assume that S(t)
is a compact operator for t > 0, and its norm satisfies ||S(¢)|| < M for some constant 0 < M < 1.
Let the norm on E be defined as ||x|| = sup{|x(¢)| < oo : t € [0,D]}. Define the operator T : C — E

by:
(Tx)(t) = S(t)xo + jo‘ S(t—s)f(s,x(s))dsonte], xeC. (3.29)

Based on the results in Narayanan and Marudai [19], setting | = I implies that T is ¢-nonexpansive
mapping. The fixed point solution of (3.29) is also a solution to (3.28). Consequently, it is also a
solution to the differential equation (3.27).

Let T be defined by (3.27) as in Corollary 3.1 and let | = I Then, the sequence {x,} converge to
F(T), which is a solution to (3.27).
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