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Abstract. This paper introduces the concept of the power dominator equitable coloring, which combines the monitoring
capability of power dominator coloring with the balanced partition requirement of equitable coloring. A proper coloring
is called a power dominator equitable coloring if every vertex power dominates at least one color class and the sizes of
any two color classes differ by at most one. The minimum number of colors required for such a coloring is called the
power dominator equitable chromatic number and is denoted by x4 (G). We establish several fundamental bounds
for this new parameter and characterize graphs attaining equality. Exact values are obtained for complete multipartite
graphs, disconnected graphs, forests and circulant graphs C,(1,2). In addition, relationships between the power
dominator equitable chromatic number and the equitable chromatic number are investigated, together with sufficient
conditions under which they coincide. These results provide a theoretical foundation for studying graph coloring

problems involving both monitoring capability and balanced resource allocation.

1. INTRODUCTION

Several fundamental concepts have been developed from the study of interactions among enti-
ties interconnected through a network. One of the most basic conceptions is that of domination,

wherein the objective is to find the least number of nodes such that all the other nodes in the
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network can be “reached” by these nodes. This concept, initially posed by Haynes [9], describes
a dominating set as a subset of vertices such that every vertex not in the subset is adjacent to at
least one vertex in the subset. The minimum number of vertices in a dominating set is called the
domination number, denoted by y(G).

Building on this, Haynes et al. [8] introduced the concept of power domination. This model is
especially applicable when modeling electric power systems, looking for a minimum number of
monitoring devices required, known as PMUs, or Phasor Measurement Units, needed to observe
the whole system. In this setting, the graph is used to model an electrical power system, where
each vertex corresponds to a network node and every edge represents a transmission connection

between them.

(1) Initialization: Begin by forming the set M(Z), which includes the vertices in Z together
with all vertices directly adjacent to them.

(2) Propagation: Continue the process as follows; if there exists a vertex z € M(Z) whose
neighbors are already contained in M(Z) except for one vertex Y, then this remaining
neighbor is added to M(Z).

A set Z is a power dominating set if M(Z) encompasses all vertices of the graph, and the
minimum set of this kind defines the power domination number, y,(G). Extensive studies have
been carried out in this field, as referenced in [4, 5, 8,12].

A vertex p is said to power dominate the vertices in a set M(p) when the following criteria are
fulfilled:

(1) The set M(p) is initialized by including p and all its neighbors, that is,

N(p) U {p} < M(p).

(2) Add the vertex ¢ € V(G) to M(p) whenever b € M(p) such that b has exactly one neighbor
outside M(p), namely c. Equivalently, every neighbor of b except c already belongs to M(p).
(3) The previous step is repeated until no further vertices can be included.

Further enriching graph analysis, vertex coloring assigns colors to vertices such that adjacent
vertices always have different colors. A sophisticated variant, dominator coloring, requires that
every vertex in the graph “dominates" all vertices belonging to at least one color class. The smallest
number of colors needed for such coloring is the dominator chromatic number x,;(G) [2,6,18].
Taking this a step further, power dominator coloring introduces a dynamic aspect: each vertex
must power dominate at least one color class within a proper coloring. The minimum number of
colors required for this is the power dominator chromatic number, x,;(G) [17,19]. A related notion
is equitable coloring, where the sizes of any two color classes differ by at most one, ensuring a
balanced distribution of vertices among colors. The minimum number of colors for an equitable
coloring is the equitable chromatic number, x.(G) [3,15].

This paper introduces the concept of power dominator equitable coloring, which combines the

principles of power dominator coloring with equitable distribution. In this coloring scheme, each
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vertex power dominates at least one color class, and the color classes themselves are equitable in
size. The smallest number of colors required for a power dominator equitable coloring of a graph
G is called the power dominator equitable chromatic number of G, and is denoted by x4 (G). This
work focuses on establishing bounds for this newly defined parameter, x,.(G).

The significance of Power Dominator Equitable Coloring lies in combining the monitoring
capability of power domination with the balancing requirement of equitable coloring. The
equitable condition ensures that the sizes of the color classes differ by at most one, leading to a
balanced distribution of vertices among the classes. Such a balance is desirable in many practical
situations where monitoring responsibilities, service regions, or network resources must be
distributed uniformly. Therefore, the proposed parameter provides a useful model for studying
monitoring and allocation problems in networks while maintaining the structural properties of

both power domination and equitable coloring.

Example illustration:

In Fig. 1, consider the vertex v;. Initially, the monitoring set is the closed neighborhood of v,
thatis, M(v1) = Nv1| = {v1, v2}. To continue the monitoring process, we examine the unmonitored
vertex v3. The only neighbor of v3 that belongs to M(v) is v,. However, v, has another neighbor
that is not yet monitored. Therefore, v, does not satisfy the propagation condition required to force
v3 into the monitored set. Consequently, no further vertices can be monitored, and the monitoring

process terminates. Hence,

M(v1) = {v1,v2).

Therefore, the vertex v; power dominates only the vertices v; and v,. Likewise,
M(v2) = {v1,02,03,04, 05, V),
M(v3) = {v2,03,0s},
M(vy) = {v2,04,05),

M(vs) = {v1,v2,v3,v4, 05, Vg),
and
M(ve) = {vs, vs}.

Each monitoring set should contain all the vertices of at least one color class, so that the color

classes are as follows:
Cl={va), C*=f{vs}, C®={v1,06}, C*={v304}

Vertex v; power dominates the color class Cl, v, power dominates all the color classes, v3 power
dominates the color classes C! and C2, vy power dominates the color classes C! and C?, v power

dominates all the color classes, and v power dominates the color class C2.
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Therefore, each vertex power dominates at least one color class, and the sizes of all color classes

differ by at most one. Hence,

Xpde (G) =4
€)) (2) (3)
V3 Vs Ve
®
@
Vi Vo Va
(3) (D €))

Ficure 1. Power dominator equitable coloring of G within braces and x4, (G) = 4

2. PRELIMINARIES

A graph G is basically determined by two non-empty sets, where L describes its vertices and
M its edges. A graph is connected when a path exists between any two vertices s and t. For any
vertex t, its open neighborhood N(t) contains all the vertices directly incident with ¢, whereas the
closed neighborhood N[t] adds t itself to the set, i.e., N[t] = N(t) U {t}. Among specific classes of
graphs, W, denotes a wheel graph with n + 1 vertices. A caterpillar is a special form of tree such
that, when all degree-one vertices and their incident edges are removed from it, the remaining
graph forms a simple path [7]. A color class C' is the set of vertices receiving the same color i [14].
An acyclic graph is a graph that contains no cycles. A forest is defined as an acyclic graph. The

connected components of a forest are trees [1].

3. SoME Bounbps

Theorem 3.1. For any graph G with n vertices, the power dominator equitable chromatic number satisfies
2 < Xpae(G) <.

Proof. The lower bound is attained by several graph families admitting a power dominator equi-
table 2-coloring, while the upper bound follows by assigning a distinct color to each vertex. Hence
both bounds are sharp. m]

Theorem 3.2. Consider a graph G with |V(G)| = n. If the maximum degree of G is A(G) = n— 1, then
|55 ] < Xpae(G) <.

Proof. By Theorem 3.1, it suffices to prove the lower bound. Consider a graph G of n vertices with
A(G) =n—-1,and let w € V(G) be a node of degree n — 1. Clearly, w is incident with every other

vertex in G, and each vertex of G power dominates the color class C! = {w}. In equitable coloring,
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the remaining color classes are either singleton sets or 2-element sets, since |C!| = 1. We get the
lower bound in the case when, under the corresponding power dominator equitable coloring c, all
color classes C, i > 2, possibly except for one, are 2-element sets. Therefore, the remaining 1 — 1
vertices are partitioned into [%-‘ color classes. Consequently, the total number of color classes is

el el

Hence,

n—}—l"

Xpae(G) = [ >

O

Both bounds are tight in Theorem 3.2. We get the upper bound for complete graphs K, and the
lower bound is exact for complete bipartite graphs Ky ,_1.

A classical result by Hajnal and Szemerédi [11] states that any graph G whose largest vertex
degree is A(G) can be colored so that the color classes differ in size by at most one, using no more
than A(G) + 1 colors; in other words,

Xe(G) < A(G) + 1.
Motivated by this result, Meyer [15] introduced the associated conjecture presented below.

Conjecture 3.1. [15] For any graph G which is not an odd cycle and not a complete graph, and whose
largest vertex degree is A(G), Meyer’s claim states that x.(G) < A(G).

Theorem 3.3. For every tree T with n vertices, 2 < Xpge(T) < @ + [”‘T“’] , Where w = |{N(q) | gisa
pendant vertex and deg(N(q)) > 2”

Proof. To justify the lower bound, take the tree T formed by a single edge, which is the graph P;.
According to Corollary 3.1, it follows immediately that Xpde(Pz) = 2. Therefore,

2< Xpde(T)'

For the upper bound, let g be an arbitrary pendant vertex of T and let u = N(g). If deg(u) > 2,
then g power dominates its closed neighborhood N[g] = {g, u}. Since u has at least two neighbors
other than g, the propagation rule cannot be applied at . Hence, the monitoring process initiated
at g stops at N[g].

Let S = {N(g) | qis a pendant vertex and deg(N(gq)) > 2}, and let |S| = w. Assign a unique
color to each vertex in S so that the adjacent pendant vertex 4 power dominates the color class
containing N(g). Thus, each such color class satisfies the power dominator coloring requirement.

The remaining (n — w) vertices of T receive [”‘T‘”-I colors equitably, so that ||Ci| —|C/ || <1,Yij.

Then

5

Xpae(T) = @ + [ 5

Hence,

e

XpaelT) < @+ |5
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Combining the lower and upper bounds,

n—w
2 < Xpae(T) Sw—% -‘

2

The upper bound is sharp for a caterpillar. Therefore, the bound is sharp. m]

Theorem 3.4. If every vertex of a graph G can power dominate the entire vertex set V(G), then xpq.(G) =
Xe(G).

Proof. Letvy,v,...,v, be the vertices of G. By assumption, each v; can initiate a power domination
process that reaches all vertices of the graph. Consequently, every color class C!,C?,...,Ck is also

power dominated by every vertex of G. Since the coloring already satisfies the equitable condition
IC -1C/l| <1, Vi, j,

the additional requirement for power domination imposes no further restriction. Thus, a power

dominator equitable coloring coincides with an equitable coloring, establishing that

Xpde(G) = Xe(G).
O

Using the graph classes characterized in Reference [16] and Theorem 3.4, we obtain the following
corollaries. Since each vertex of P,,, C;;, K;;, and W, power dominates all vertices of P,, C,,, K;;, and

W,,, the conclusions follow immediately.
Corollary 3.1. For a path P, with n > 2, Xpge(Pn) = 2.
Corollary 3.2. Fora cycle C, withn > 3,

2, ifniseven,
Xpde (Cn) =
3, ifnisodd.

Corollary 3.3. For a complete graph Ky, with n > 1, Xpa.(Ky) = n.

Corollary 3.4. For a wheel W,, on n + 1 vertices with n > 4,
n

Xpde(Wn) = [2

1

Observation 3.1. The converse of Theorem 3.4 is false. That is, xp4.(G) = X.(G) does not imply that each
vertex of G power dominates all the vertices of the graph G.

Proof. As a counterexample, consider the star graph K , with central vertex # and pendant vertices
v1,02,...,0,. The vertex u power dominates all the vertices of Kj ,,, but each pendant vertex power
dominates only its closed neighborhood. Thus, not every vertex of K; , power dominates all the
vertices of the graph.
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Assign color 1 to the central vertex and assign [g‘ additional color classes to the pendant vertices

equitably. Hence,

n
Xpde(Kl,n) =1+ ’VE-‘ .

For the star graph Kj ,, it is known that

Xe(Kip) =1+ Ew
Therefore,
Xpde(Kin) = Xe(Kin),
even though not every vertex of K, power dominates all the vertices of the graph. Hence, the
converse of Theorem 3.4 does not hold. m]

4. CoMPLETE MULTIPARTITE GRAPHS

Consider K, j, . 1, as a complete multipartite graph with t independent sets of sizes I, o, ..., ;.
lam, Shiu, Tong, and Zhang [13] proved an explicit formula for the equitable chromatic number of

a complete t-partite graph Kj, ;, ;, . Namely, if M is the largest integer such that
I, (modM) < F—ﬂ, (r=12,...,1t).

then

Theorem 4.1. Let Ky, , . 1, be a complete t-partite graph with partite sets of sizes I, 1, ..., 1;. Let M be the

largest positive integer satisfying I, (mod M) < H—j[-l ,r=1,2,...,t. Then Xy (Kll,lz,...,lf) =y, [Ml—yi-l-l )

Proof. Since the inequality x.(G) < )(pde(G) holds for all graphs G, it follows that XE(Kll,lz,m,lt) serves

as a lower bound for XPdG(Kllllzlm;lt) . Therefore,

Xe(Kll,lz,...,lt) < Xpde(Kll,lz,...,lt)'
Now we prove that
Xe(Kll,lz,...,lt) > Xpde(Kll,lz,...,lt)-

Consider an equitable coloring c of Kj, ;, ;. Since c is a proper coloring, every color class must

Lo
be contained entirely within a single partite set. Indeed, vertices belonging to the same partite
set are pairwise nonadjacent, whereas every vertex in one partite set is adjacent to every vertex
in every other partite set. Therefore, no color class can contain vertices from two different partite
sets.

Let v be any vertex belonging to the partite set V;. By the definition of a complete multipartite
graph, v is adjacent to every vertex in each partite set V;, where j # i. Consequently, every color
class contained in a partite set different from V; lies entirely in the closed neighborhood N{v].

Hence, each such color class is power dominated by v during the initialization step itself.
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Therefore, every vertex of a partite set power dominates all color classes contained in the

remaining partite sets. Thus, every equitable coloring of Kj, 5, . ; is also a power dominator

t

equitable coloring. Hence,
Xe(Kll,lz,.‘.,lt) 2 Xpde(Kll,lz,...,lt)-

Since every power dominator equitable coloring is, by definition, an equitable coloring, we also

have
Xpde(Kll b, ) )(e(K11 b, z)
Therefore,

Xpde(Kll,lz ,,,,, It) = Xe(Kll,lz,.,.,lt)'

5. DiscoNNECTED GRAPHS

Let G be an n-vertex graph whose smallest vertex degree equals zero. Suppose w € V(G) is a

vertex with degree 0.

Theorem 5.1. Let G be an n-vertex graph which is not connected. Then xpae(G) =
vp(G) ifandonlyif G =K,.

Proof. If G = K,, then every vertex is isolated. Hence, every vertex must belong to a power

dominating set and must form its own color class. Therefore,

yP(G> =n= Xpde(G)'

Conversely, if G # K, then G contains at least one edge. Thus, some vertex observes more than

one vertex, implying y,(G) < n. Therefore, x,4.(G) # y,(G). Hence,
Xpae(G) = yp(G) ifandonlyif G=K,.
O

Theorem 5.2. Let F be a forest with m components, where each component of F is a path Py, Py,, ..., Py,
satisfying [n, —ns| <3, V1 <r,s <m. Then

L]

=1
Xpde =m + 11/1]
2]+

Proof. Let F = J,_, Py,. By Corollary 3.1, each vertex of the path P,,, 1 < r < m, power dominates
every vertex of its component, and [ ] vertices of each component P, receive distinct colors.

Thus, m colors are sufficient to power dominate the entire forest F.
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To obtain an equitable coloring of the remaining vertices, let P, be the component having the

least number of vertices among all components of F. Then |C/| = [%-‘ . The remaining ). ; [%J
m

Lz
~i 12
vertices are distributed equitably among rn]— additional color classes.

—|+1
3|

Since the smallest color class has cardinality [%-I , the largest color class has size at most [%-I +1.
ICil - C|| <1, Vi, j. Therefore,

Hence,

6. Circurant GrarH Cy(1,2)

Let C,(1,2) be the specific class of 4-regular circulant graphs on n vertices, where each vertex v; is
adjacent to the vertices v;1 and v;.,, with indices taken modulo n. Let V(C,(1,2)) = {v1, 02, ..., 0n}
be the vertex set. The edge setis E(C,(1,2)) = {(vi, v;) | min ([i—jl, n—1li—-j|) € {1,2}}.

Theorem 6.1. [10] Let G = C,(1,2) be a connected circulant graph. Then
5 n=35,
x(G) =143, n=0 (mod3), n>6,
4, n£0 (mod 3), n=>6.

Theorem 6.2. Let C,(1,2) be a circulant graph. Then every vertex of C,(1,2) power dominates
V(Cu(1,2)). Consequently,
Xpi(Cn(1,2)) = X(Ca(1,2)).
Therefore,
5 n=35,

Xpd(Cn(1,2)) =43, n=0 (mod 3), n>6,
4, n#£0 (mod 3), n>6.

Proof. Consider an arbitrary vertex v; of C,(1,2). Its closed neighborhood is N[vi] =
{Up-1,0n,v1,02,03}. Let M(v1) = N[v1] be the initial monitored set.

Observe that N(vp) = {v,,v1,03,0v4}. Since v,, v1, and v3 already belong to M(v;), the only
unmonitored neighbor of v, is v4. By the power domination propagation rule, v, forces v4, and

hence v4 € M(v7).
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Similarly, after v4 is monitored, the vertex v3 has exactly one unmonitored neighbor, namely vs.
Therefore, v3 forces vs, and thus vs € M(v).

Continuing inductively, once vy, vs, ..., v are monitored, the vertex vx_; has a unique unmoni-
tored neighbor vy 1, which is then forced.

Hence, the monitoring process propagates successively around the cycle and eventually moni-

tors every vertex of C,(1,2). Therefore,
M(v1) = V(Cn(1,2)).
Since v1 was chosen arbitrarily, the same argument holds for every vertex v;, 1 < i < n. Thus,
M(v;) = V(Cy(1,2)), 1<i<n.
Hence, every vertex of Cy,(1,2) power dominates V(C,(1,2)). Therefore,

Xpd(cn(lr 2)) = x(Cu(1,2)).

The result now follows from Theorem 6.1.

Figure 2 demonstrates the power dominator coloring of Cy3(1,2) m]

(2) 1

(1) Vio

(2) Via

(3) V12

Vi,

(4) (1)

FIGURE 2. ),4(C13(1,2)) = 4

Theorem 6.3. Let C,,(1,2) be the circulant graph. Then, for n > 5,
3, n=0 (mod 3),
Xpae(Cu(1,2)) =44, n=0,2,3 (mod4), n£0 (mod 3),

5, n=1 (mod4), n#0 (mod 3).
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Proof. The structure of C,(1,2) follows from Theorem 6.2. Each vertex of C,(1,2) power dominates

all the vertices of C,(1,2).

By Theorem 3.4,
Xpde(Cn(1,2)) = xe(Cn(1,2)).

Therefore, it remains to determine the equitable chromatic number of C, (1, 2).

Case (i): n =0 (mod 3)
Define the color classes by

and
CP={us; 1<i< i)

Each color class has exactly % vertices. Thus, the coloring is proper and equitable. Therefore,

Xe(Cn(].,z)) — 3.
Hence,
)(pde(Cn(l,Z)) = 3.

Figure 3 demonstrates the power dominator equitable coloring of C1»(1,2).

(1) Vio

FIGURE 3. Xpg(C12(1,2)) =3

Case (ii): =0 (mod 4), n #0 (mod 3)
The color classes are as follows:
C' = {vaip1; 0<i < 2,

C*={vyn; 1<i< 1},
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12
CP=loy1;1<i< Y,

and
C*=f{oy; 1<i< by

Each color class has exactly  vertices. Thus, the coloring is proper and equitable. Therefore,

Xe(cn(llz)) =4

Hence,
Xpae(Ca(1,2)) = 4.

Case (iii): n =2 (mod 4), n 0 (mod 3)
The color classes are as follows:

C' = {o4iy1; 0<i< g8,

C22{04i_2; 1SiSnT_2

CP = {ogi1; 1<i< "2 Uo),

and
C*=foy; 1<i <12,

The color classes differ in size by at most one. Hence, the coloring is equitable. Therefore,

Xe(cn(lf 2)) =4

Hence,
)(pde(Cn(l, 2)) =4,

Case (iv): =3 (mod 4), n #0 (mod 3)

The color classes are as follows:

Cl = {vgis1; 0<i <23,

C?={oyp; 1<i<
1

C’ =fvg1; 1<i< 2,

and
. n-3

The color classes differ in size by at most one. Hence, the coloring is equitable. Therefore,

Xe(Cn(1,2)) = 4.

Hence,
)(pde(Cn(l,Z)) =4,

Case (v): n=1 (mod 4), n #0 (mod 3)
We construct an equitable 5-coloring according to the residue class of 7 modulo 5.

Subcase (i): n =1 (mod 5)
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N

Cl = {vsipq1; 0<i < =2,
C* = {vsisn; 0 <i <258,
C’ = {vsiys; 0<i< 28U o),
C* = {osipa; 0 <@ < 258,
and

C> = {usiys; 0 <i < 28},

Subcase (ii): 7 =2 (mod 5)

Cl = {vsis1; 0 <i < 27),
C* = {usiyo; 0 <i < 7}
C® ={vsi13; 0<i < L} U oy},
C* = {osi44; 0 <0 < 27,
and

C° = {vsiy5; 0 <i< 7).

Subcase (iii): 7 =3 (mod 5)

C' = {vsiy1; 0<i< 23,
C* = {vsia; 0<i <233,
C? = {usips; 0<i < 253,
C* = (usipsa; 0<i < 258},
and
C® = {usiys; 0 <i < 28},
Figure 4 demonstrates the power dominator equitable coloring of Ci3(1,2).

Subcase (iv): n =4 (mod 5)

C' = {osiy1; 0<i <2,
C* = {usip2; 0<i < 2,
C? = {vsisa; 0<i <24,
C* = {vsia; 0 <i < 254,

and

C° = {vsiys; 0 <i< 2]
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Vs (5)
(5) V1o

vy (4)

(1) Vi1

(2) Viz

Vi

G (1)

FIGURE 4. Xpge(C13(1,2)) =5

In each subcase, all vertices with the same color are pairwise nonadjacent; therefore, the coloring
is proper. In addition, since the sizes of the color classes differ by at most 1, the coloring is equitable.
Hence,

Xe(Cn(1,2)) = 5.

Each vertex of C, (1, 2) power dominates all the color classes, since every vertex of C,(1,2) power
dominates all the vertices. Hence, the above equitable coloring is a power dominator equitable
coloring. Therefore,

Xpe(Cn(1,2)) = 5.

Combining all the cases,
3, n=0 (mod 3),
Xpde(Cn(1,2)) =44, n=0,2,3 (mod4), n#0 (mod 3),

5, n=1 (mod4), n£0 (mod 3).

7. CONCLUSION

This paper has presented bounds and characterization theorems for power dominator equitable
coloring, offering valuable insights into this area of graph theory. Future research may focus on
determining the power dominator equitable chromatic number for other graph families, such as
graph products, interval graphs, chordal graphs, and planar graphs. Another promising direction
is the development of efficient algorithms and complexity analyses for computing x,.(G), particu-

larly for rooted trees and large-scale network structures. These avenues of future research promise
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to deepen our understanding and advance practical applications of power dominator equitable

coloring.
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