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HARMONIC ANALYSIS ASSOCIATED WITH THE GENERALIZED
WEINSTEIN OPERATOR

AHMED ABOUELAZ, AZZ-EDINE ACHAK , RADOUAN DAHER AND EL MEHDI LOUALID*

ABSTRACT. In this paper we consider a generalized Weinstein operator Ay . , on Rd’lx]o,oo[,
which generalizes the Weinstein operator Ag ., we define the generalized Weinstein intertwining
operator Ra,» which turn out to be transmutation operator between A, . , and the Laplacian
operator Ay. We build the dual of the generalized Weinstein intertwining operator ‘Rq,n, another
hand we prove the formula related Rq,n and tRayn . We exploit these transmutation operators to
develop a new harmonic analysis corresponding to Ay o p-

1. INTRODUCTION

In this paper we consider a generalized Weinstein operator Ay , , on R¥~1x]0, 0o, defined by

92 2a+1 0 dn(a+n)

1 Agan= — — -, —=
(1) he, P ox? rq Oxgq zz 2
where n =0,1,... . For n = 0, we regain the Weinstein operator

9% 2a+1 0 1

2 Apo=S 2 atl 0 1

(2) & pt Ox? rq Oxy @ 2

Through this paper, we provide a new harmonic analysis on R9~1x]0, co[ corresponding to the
generalized Weinstein operator Ay o p.
The outline of the content of this paper is as follows.
Section 2 is dedicated to some properties and results concerning the Weinstein transform.
In section 3, we construct a pair of transmutation operators R, and ‘R, afterwards we exploit
these transmutation operators to build a new harmonic analysis on R4~!x]0, co[ corresponding to
operator Ag g n-

2. PRELIMINARIES

Throughout this paper, we denote by
° Ri = R41x]0, oo].

= (

= (

o x=(T1,...,2q) x,,xd) € R1x]0, oo].

e A=A, ha) = (M, \g) € CL

e E(R?) (resp. D(R?)) the space of C> functions on R?, even with respect to the last variable
(resp. with compact support).
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e S(R?) the Schwartz space of rapidly decreasing functions on R? which are even with respect
to the last variable.

In this section, we recapitulate some facts about harmonic analysis related to the Weinstein operator
Ay o. We cite here, as briefly as possible, some properties. For more details we refer to [2, 3, 4].
The Weinstein operator A, , defined on Ri by

d
0> 2a+1 0 1
3 Ao =32 .|
(3) 4 — ax?+ xq Oxg @ 2
Then
Ad,a:Ad+Ba

where Ay is the Laplacian operator in R*~! and B, the Bessel operator with respect to the variable
x4 defined by

02 20+1 0 1
4 By = =—5 — —=.
@) ¢ 0a? xq Oxg’ @ 2
The Weinstein kernel is given by
(5) Uy olz) =e "< AN>5 (zghg), for all (z,)) € R? x C%.
Here ' = (z1,.....®q-1), N = (A1,....; Aq—1) and j, is the normalized Bessel function of index «

defined by

. B — (=D"(3)™"
(6) Ja(Z)—F(Oé-i-l)T;)m

(z €C).

Proposition 1. U, , satisfies the differential equation
Ad,a\:[l)\,a - _H)\Hz\:[/)\,ow
Definition 1. The Weinstein intertwining operator is the operator R, defined on C(R?) by

Tq 1

(7) Raf (@) = aar®® [ (@}~ )7 41 0t 20> 0
0

where

- B ACES)

Val(a+3)
Proposition 2. R, is a topological isomorphism from E(R?) onto itself satisfying the following
transmutation relation

) Aga(Raf) = Ra(Aaf), for all f € E(RY),
where Ay is the Laplacian on RY.

Proposition 3. Ay, is self-adjoint, i.e
[, Bvat@a@dna(@) = [ | He)Asag(@)dna(o)
R RY

for all f € E(R?) and g € D(RY).

Definition 2. The dual of the Weinstein intertwining operator R is the operator 'R, defined on
D(RY) by

(10) Ral)w) = a0 | TP ) (), s)sds.

Yd
20



Proposition 4. 'R, is a topological isomorphism from S(R?) onto itself satisfying the following
transmutation relation

(11) "RalDgof) = Da('Raf), forall f € S(RY),

where Ag is the Laplacian on R?.
It satisfies for f € D(R?) and g € E(R?) the following relation

(12) /

Definition 3. The Weinstein transform Fw,qo is defined on L, (R%) by

"Ra(f) () g(y)dy = » FW)Ra(9)(y)dpa(y).

d
+

(13) Fwa(HX) = | f(@)¥xa(@)dpiaa), for all X € R",
IR+
Proposition 5. (i) For all f € LY(RY), the function Fw,a(f) is continuous on R? and we have
(14) [Fw.a(Fllaco < [ fllar-
(ii) For all f € S(R?) we have
(15) FwalF)) = Foo' Ra(f)y), Yy RS,
where Fo is the transformation defined by, for all y € Ri
(16) FoHy) = | flo)e™ <> cos(waya)dz, Vf € D(RY).
Ry
(iii) For all f € S(R?) and m € N, we have
(17) Fwa(Baaf) V) = =l Fw.a(H) (V).
Theorem 1. (i) Plancherel formula: For all f € S(RY) we have
(13) [ 1@ o) = €(@) [ 1Fwal7ON)Pdna)
RY RY
where
1
(19) Cla) =

(2m)d—1220(T (a4 1))2°
(ii) For all f € LL(RY), if Fw.a(f) € LL(RY), then

(20) f(y) = C(Oé) » fW,a(f)(m)\IjA,a(_x)dua(‘T)

where C(a) is given by (19).

Definition 4. The translation operators 7%, x € Ri, associated with the operator Ag o are defined
by

(21) Tt (y) =
where f € C(RL).

Proposition 6. For all f € Lgm(Rd), p € [1,00], and for all x € ]Ri

Tg,n(@k,a,n(y)) = ék,a,n(x)q))\ya,n(y)
21
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Proposition 7. The translation operator 7%, x € Ri satisfies the following properties:

(i) Vz € RY, we have
(22) AgaoTy =750Ag4.

(ii) For all f in E(R?) and g in S(R?) we have
(23) / T fW9W)dpa(y) = | fFW)739(y)dualy).

RY R

(iii) For all f in Lg(R‘i), p € [l,00], and z € R‘i we have
(24) I7allp. < [ fllp.a-

(iv) For f € S(RY) and y € R we have
(25) Fw.a (T8f) (x) = Uy o(2) Fw.a(f)(2)-
Definition 5. The generalized convolution product f *w,o g of functions f,g € L}l(Ri) is defined by

(26) fowagta) = [ 7 F(=al m)ot)dia )
+

Proposition 8. For all f,g € LL(R%), f*w.q g belongs to LL(R%) and

(27) ]:W,a (f *W,a g) = }-W,a(f)]:W,oc(g)'

3. HARMONIC ANALYSIS ASSOCIATED WITH THE GENERALIZED WEINSTEIN OPERATOR

Transmutation operators.
e M, the map defined by M, f(z',zq4) = 22" f (2, 24).
e L7, (R%) the class of measurable functions f on R for which
1 fllanp = IMZ Fllatznp < oo

e E,(RY) (resp. D, (R%) and S,,(R?%)) stand for the subspace of E(R?) (resp. D(R?) and S(R%))
consisting of functions f such that

’ k ’
flz,0)= (%) (x,0)=0, Vk € {1,..2n — 1}.
Lemma 1. (i) The map
(28) Mo (f) (@) = 23" f(2)

is an isomorphism
— from E(RY) onto E,(R%).
— from S(RY) onto S, (RY).
(ii) For all f € E(R?) we have
(29) Ba,n o Mn(f) = Mn o Ba+2n(f)a

where By, is the generalized Bessel operator given by (4).
(iii) For all f € E(R?)

(30) Ad7a,n o Mn(f)(m) = Mn o Ad,oz-‘,-Qn

where Ag qy2n is the Weinstein operator of order a4+ 2n given by (3).
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(iv) Aga,n is self-adjoint, i.e
(3]—) / Ad,a,nf(x)g(z)dua(x) = / f(x)Ad,a,ng(z)dﬂa(w)
RY RY

for all f € E(R?) and g € D, (R?).
Proof. Assertion (i) and (ii) (see [1]).
For assertion (iii) using (1) and (29) we obtain
Asano Ma(f)(70) = (BatBan)o Mu(f)(@',2a),

= Ag(Mnf)(@',24) + Ban(Mnf) (@, 24),
= Mn(Adf)(x/a za) + M7L(Ba+2nf)(x’7 Ta),
= M, oAgasonf(@,aa).

which give (iii).

If f € E(R?Y) and g € D,,(R?), then by Proposition 3 we get

/JR+ <Ad’af(x) N Wf(x)) 9(@)dpa (),

/ Ao f (2)9(x)dpta(2)
Rd

4 d Ty
dn(a+n
= [ Buat@e@auate) — [ D g ),
R R Tq
dn(a +n)
= f@)Adag(@)dpa(z) — | ———f(x)g(x)dpa(z),
RY R T
dn(a+n
= [ 70 (Baaste) - 0 g0)) o)
R S
= f(x)Ad,a,ng(l‘)dﬂa (.’E)
Rd
4
|
Definition 6. The generalized Weirstein intertwining operator is the operator Ry, defined on E(R4+1)
by
x4
(32) Reamf (@) = aaronz, " / (22 — t2)2T27 =3 £ (2! t)dt, w4 >0
0

where ag4on 15 given by 8.
Remark 1. by (7) and (32) we have
(33) Ra,n = Mn o) Roc+2n-

Proposition 9. R, , is a topological isomorphism from E(R) onto E,(R) satisfying the following
transmutation relation

(34) Agan(Ranf)=Ran(Aaf), forallf € B(RH)
where Ay is the Laplacian on RY.
Proof. Using (9), (30) and (33) we obtain

Ad,a,n(Ra,nf) = Ad,a,n (Mp o Raqan) (f),
M, 0 Agaton(Ratanf)
= M, (Ra+2n © Ad) (f)

= Ra,n(Adf)'
23



Definition 7. The dual of the generalized Weinstein intertwining operator Ra.», is the operator 'Ry
defined on D, (R?) by

(33) Ren()0) = taran [ (52 =41 )5t 20,

Yd

Remark 2. From (10) and (35) we have
(36) Ream =" Rasaon o ML

Proposition 10. ‘R, , is a topological isomorphism from S,(R4TY) onto S(RUTY) satisfying the
following transmutation relation

(37) tRa,n(Ad,a,nf) = Ad(tRa,nf)a forall f € Sn(RdJrl)

where Aq is the Laplacian on RY.

Proof. An easily combination of (11), (30) and (37) shows that

"Ran(Baanf) = "Ratono Myt (My o Agaton o M) (f),

= tRa+2n (Ad,a+2n o M’I’_Ll) (f))
= Ay (Ra+2n o MT_Ll) (f)s
= Au("Ranf).

[

Proposition 11. For all f € D,,(RY) and g € E(R?)

(39) [, Ranf) dy—/ F )R (0) W) ().
md

Proof. Using (12), (33) and (37)

/ "Ran(f)(@)g(z)de = / "Raton o Mt f(z)g(x)dx
R4 Ri

+

M, ! f(x)tRa-i-% (9) (x)dﬂa-ﬂn (37)

d
RY

a f(@)Mn(Rat2n(9))(x)dpia(z)

y FW)Ran(9)(y)dpa(y)-

+

Generalized Weinstein transform.
Throughout this section assume o > —% and n a non-negative integer.
For all A = (A1, ...., \q) € C? and = = (21, ....,74) € R, put

(39) (I)/\,oc’n(m) = x?in‘I’A,a+2n($)
where Wy o42n(2) is the Weinstein kernel of index a + 2n is given by (5).
Proposition 12. ®,  , satisfies the differential equation
(40) Agan®ran =—|AI*®xan-
24



Proof. From Proposition 1 and (39) we obtain
Ad,a,n(b)\,a,n = Mo Ad,a+2nM;1¢/\,a,n>
- Mn o Ad,a+2n\Il>\,a+2na
_||>‘||2Mn\11)\,a+2na
= —IIP®xan-

Definition 8. The generalized Weinstein transform is defined on L}Ln(Ri) by, for all A € R?

(41) Fwan(f)(X) = y f(@)®xan(@)dpa(z).
+
Remark 3. By (5), (13) and (41), we have
(42) Fw,am = Fw,aszn © ML
Theorem 2. (i) Inverse formula: Let f € LY, (RL), if Fw,an € LL(RY) then
(43) f(z) = Cla+2n) y Fw,anf (N)Pxa.n(T)dptaran(N)-
T

(ii) Plancherel formula:

(44) /R )

+

@) Pitn(w) = Clat20) [P0 fO)Pltsan ()
+
where C(a + 2n) 1is given by (19).
Proof. By (20), (39) and (42) we obtain

C(O‘ + 2”) /d ]:W,a,nf(/\)q))\,a,n(z)d,uoz+2n(/\) = C(O‘ + 2”) /d }—W,a,nf(/\)x?lnlp)\,a—iﬂn(gj)dﬂa—&-Zn()\)a
RY R

= Clat2n) [ P (M7 1) 0B s 20,
+

= 2" M, f (@),

= /)

which proves (i).
For (ii) an easily combination of (18), (39) and (42) shows that

/ (@) Pdual) = / MG (@) Pdptasan (@),
R4 R

+

= C(Ot + 277,) / ‘]:W,OH_Qn (M;lf(/\)) |2 dﬂa+2n(/\)a
Ry
— Cla+2n) / N Fwenf ) Pdp 20 ().
R+
[
Proposition 13. (i) For all f € L}, ,(R%), we have

”]'—W,a,n(f)”a,oo < ||f|
25
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(ii) For all f € S,(R?) we have

]:W,a,n(f)(y) = Fo of Ra,n(f)(y)a Yy € Ri,

where Fy is the transformation defined by ().
(iii) For all f € S,(RY) and m € N, we have

Fwan(Baaf)N) = =[P Fw.an(f)N)-
Proof. From (14) and (42) we have

”-FW,a,n(f)”a,n,oo = ”-FW,(X-&-QTL © Mﬁl(f)|
HM;lfHoHan,l
”f”anl

a,n,00

IAIA

which proves assertion (i).
By (15), (36) and (42) we obtain

fW,oz,n(f) = ]:W,aJr2n o M;I(f)
= Foo tRa-&-ZnOM;l(f)
= JFoo tRa,n(f)>

which proves assertion (ii).
Due to (16), (33) and (42) we have

Fvom(Ddanf)N) = Faaton o My (Aganf)(N)
= Fwa+zn o M (Adanf) ()
= Fw.aton(DdaronM; )N
= —[IAPFw.aren o M (N
= —[IMPFw.an(FN).

Generalized convolution product.

Definition 9. The generalized translation operators 1, ,,, T € R? associated with Ag.an are defined
on R by
+

(45) ng,n = l‘annTeran;lf
where T3 5, are the Weinstein translation operators of order a4 2n given by (21).

Definition 10. The generalized convolution product of two functions f € E(R?) and g € D(R?) is
defined by:

(46) frwang(x) = /Rd Tand W)9(W)dualy); Vo eRE.
+

Proposition 14. Let f and g in D, (R?), we have

(47) f *W,a,n 9 = Mn (Mglf *W,a+2n Mﬁlg) .
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Proof. Using (23) and (45) we get

Frvang@) = [ 75 @owiiat)

]R+
B /Rd 2T Mot 0 MG F()9(y)dpa(y)
:

= [ M M )20 1)

+

= M, (M;lf W, a+2n Mﬁlg) ().
m

Proposition 15. (i) Forall f € L¥, ,(RY), p € [1,00], and for all x € R

(48) 178 fllpsain < @3 Fllp,an-
(i)
(49) Tg,n(q)/\,a,n(y)) =Py 0,0 (T)Px a0 (Y)-
Proof. From (24) and (45) we have
HTzf,anp,a,n = x<2i|‘MnT§+2nMr_Llf”p,a,n

xc21|‘T§+2nM;1f”p,a+2n

< x?lHTaanM;lpra-s-zn
< xiHM;1f||p7a+2n
= 23" flpan-
which give (i).
From (39), (45) and Proposition 6 we get
Tan®ram(y) = 23" Mn o5 s, 0 My ®xan(y)

x?inMn o 7_54.2”\1’)\,0‘,11 (y)
xflnyganf-i-Qn\p)\,a,n(y)
xinyénq’&am (T)¥x 0, (Y)

= (b)\,a,n(x)q))\,a,n(y)'

which prove (ii). m

Theorem 3. (i) For f € S(R?) and y € R

(50) Fwam (T20F) V) = ©xan(@) Fiwan(f(V), AeRL
(i) For all f € E(RY) and g € S(R?)

(51) / T 00900 = [ S0 s 0ol

(iii) For all f,g € Ly(RL), f*wamng € Lo(RY), and

(52) fW,a,n (f *W,a,n g) = fW,a,n(f)fW,a,n(g)~
27



Proof. An easily combination of (25), (39), (42) and (45) shows that
Fw,an (T(fznf) ) = x?ln]:W,a+2n (T§+2nM;1f) (),
= xgn\pk,a+2n(m)]:w,a+2nM;1(f)()\)v
= q))\7a,n(x)~FW7a,n(f()‘)>‘
which prove (i).
For assertion (ii) using (23) and (45) we obtain

/ i FeW)dnaly) = 23 / 72 o (M F(0)) (M3 9(1)) bty (9),
Rd ]Rd

s

+ +

- a3 / (M () 72 2 (M 9(9)) dptonson (9),

R
= /R L T8 n9(W)dua(y)-

which prove (ii).
For the last assertion using (47) we get

f *Wand = M, [(M;Llf) *W,a+2n (Mﬁlg)]

using (27) and (42) we get
Fwam(f*wam 9) = Fwiamo My [(My'f) *wat2n (M g)]
= FW,a+2n © M;Ll oM, [(M:Llf) *W,a+2n (Mglg)}
= JFwat2n [(Mglf) *W,a+2n (Mglg)]
Fwaron(My ' ) Fwavon(M;, ' g)
= Fwanlf)Fwan(9)
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