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REVERSE OF THE TRIANGLE INEQUALITY IN HILBERT
C*-MODULES

NORDINE BOUNADER, ABDELLATIF CHAHBI* AND SAMIR KABBAJ

ABSTRACT. In this paper we prove the reverse of triangle inequality via Sel-
berg’s inequalities in the framework of Hilbert C*-modules.

1. INTRODUCTION

In 1966, Diaz and Matcalf [4] proved the following reverse triangle inequality in
setting of Hilbert spaces as follows .

Theorem 1.1. Let x4, ...,x, be vectors in a Hilbert space H. If e is a unit vector
of H such that 0 <r < Relzire) for somer € R and each 1 < i < n, then

IEA0]
n n
Nl < |13
j=1 i=1

A number of mathematicians have represented several refinements of the reverse
triangle inequality in Hilbert spaces and normed spaces, see[l, 2, 5, 8, 9, 12, 13]

Recently, M. Khosravi, H. Mahyar and M.S. Moslehian [12] obtained the follow-
ing reverse of the triangle inequality in the framework of Hilbert C*-modules.

Theorem 1.2. Let X be a Hilbert A-module and eq,...,e,, € X be a family of
vectors with (e;,ej) =0 (1 <i#j<m)and|lei]| =1 (1 <i<m). If the vectors
T1,...,Ty in X satisfy the conditions

Re (ex, ;) > p ||zl 5 Im (ex, z5) > e |||
forje{l,...,n}, ke {l,...,m}, where pg,ur € [0,00)k € {1,...,m}, then

O+ N2> sl <[> =
k= j=1 j=1

1

In [3] we obtained an extension of Selberg’s inequality in the framework of Hilbert
C*-modules.

The goal of this paper is to show the reverse of triangle inequality via a extension
of Selberg’s inequality in the framework of Hilbert C*-modules. Our results are ex-
tensions of theorem 2.1 and Corollary 2.3 obtained by Dragomir in [5] and theorem
9 obtained by Fujii and Nakamoto see [9] in the setting of Hilbert C*-modules.
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2. PRELIMINARIES

In this section we briefly recall the definitions and examples of Hilbert C*-
modules. For information about Hilbert C*-module, we refer to [10, 13]. Our
reference for C*-algebras as [15].

Let A be a C*-algebra (not necessarily unitary) and X’ be a complex linear space.

Definition 2.1. A pre-Hilbert A-module is a right A-module X equipped with a
sesquilinear map (.,.) : X x X — A satisfying
(1) (x,x) > 0;(x,z) =0 if and only if x = 0 for all z in X,
(2) (z,ay+ B2) = alz,y) + B({x,2)) for all z,y,z in X,a, B in C,
(3) (z,y) = (y,x)" for all x,y in X,
(4) (x,y.a) = <a:,y>a for all x,y in X, a in A.

The map (.,.) is called an A-valued inner product of X and for z € X, we define
llz|| = ||{z, x)H% as anorm on X , where the latter is a norm in the C*—algebra A.
This norm makes X" into a right normed module over A. A pre-Hilbert module X
is called a Hilbert A-module if it is complete with respect to its norm. Two typical
examples of Hilbert C'*-modules are as follows:

(I) Every Hilbert space is a Hilbert C*-module.

(II) Every C*algebra A is a Hilbert A -module via (a,b) = a*b (a,b € A).

Notice that the inner product structure of a C*-algebra is essentially more com-
plicated than complex numbers. One may define an A -valued norm [.| by |z| =

(z, J:) Clearly, ||z|| = |||z]|| for each z € X.

It is known that |.| does not satisfy the triangle inequality in general (see [[13],
p.4]). We also use the elementary C*-algebra theory, we use the following property:
if @ < b then a? < biwhere a, b are positive elements of C*-algebra A, and the
relation 1 (aa* + a*a) = Re(a)? + Im(a)? where a is an arbitrary element of A

3. MAIN RESULT
Let X be a right Hilbert A-module, which is an algebraic left A-module satisfy-

ing:
(x,ay) = a{z,y) for all z,y € X and a € A.

For example if A is a unital C*-algebra and Z is a commutative right ideal of A,
then Z is a right Hilbert module over A and

(z,ay) = 2*(ay) = az’y  (z.y €T,a € A).
For a reverse of triangle inequality, we use the following lemma.

Lemma 3.1. Let X be a right Hilbert A- module which is an algebraic left A-module

and y1,-..,Ym be a non zero vectors in X. If x € X then
S ) 2
(3.1) =y < el
2 ST s ]
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Proof. Inequality (3.1) is proved in [[3], theorem 3.1 |].

Next we prove the inequality (3.2). Let o; € A, 7 =1,...,n. We know that

m 2 m m
0 < o= Som| = (- Somar— S om
Jj=1 j=1 j=1
m m m m
= x) — <x,2ajyj> — <Z ajyj,x> + <Z ajyj72ajyj>
j=1 j=1 j=1 j=1
m m m
= = oy () = Y yna) el + Y oy (k) of
j=1 j=1 Ji k=1
m m
= > aj(my) = Y (Y a) 0]
= =
1 m
+ 3 Z (aj (yr, yj) g + <yj7yk>a;)~
J,k=1

It follows from [[6], lemma 3.2] that

* * %2 *|2
a; (Y, yk) o + ok (Wi yi) o < || Iy vl + lag ™ 11w we) |

SO

m m m
2
m_zajyj < |'T| _Zaj <$7y] Z yj7
j=1 j=1 j=1

J
3 > (a1l ysoum) |+ Lol [, y) ),
7,k=1

Take

<yj"r>
Sy sy I

Q=
A simple calculation shows that

m

IN

_ 2 1‘ yJ -r y]
’ ;O‘ﬂ/ﬂ sz ZZk

1 1€y, k)| 1 Iys u)ll

n

R A (7731 B [, ) [y )
33 393

Jik

= (T Mgl D2 2 2= (S s w2



32 BOUNADER, CHAHBI AND KABBAJ

Since

[, ;)|
* 2k 1w el
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(Y yx) |l

=
1 & (x , 1 <= |(z,y; i
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It follows that

2
m
(z,y;)]
r— ) ayj| <|T
j;l o o ZZk syl

hence
m

2
m =
DS S Tl

The proof is then completed. O

]

Corollary 3.2. Let X be a right Hilbert A— module which is an algebraic left
A-module, then :
| () [ < lyll” [«

and
2 2
(2, 9) [2 < llyll” || .

Corollary 3.3. Let X be a right Hilbert A— module which is an algebraic left A-
module. If y1,...,yn is a sequence of unit vectors in X such that (y;,yx) = 0 for
1<j#k<mn. Then

Jj=1
and

m

> g < Jaf

Jj=1
Theorem 3.4. Let X be a right Hilbert A- module which is an algebraic left A-
module, x1,...,Ty and y1,...,Ym be a non zero vectors in X such that there exist
the non-negative real numbers p;, pj,j € {1,...,m} with
(3.3) Re (yj,zi) = pjllzall [ysll o Im(ys@a) > gl [y,

foreachie{l,...,n},je{l,...,m}. Then

Z (P +13) HyJII Z| 1<

* 3k s el

Zazz.
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Proof. By (3.3), we have
O Re(yjow)® + O Imysx))® = p3lys PO ) + pidy s 1* QO llaall)?
i=1 i=1 i=1 =1

n
(05 + )y PO lail)
i=1

V

By combining the above inequality and this equality

LUy iy y) P+ oy o ) ) = (0, Re (yjoaa))? + (X0, Im (y7,2:))?,

we deduce
(.50, )| [(Zr, @) m ()l n (2
3 51 S T T2 2t STl 2 (et s o) (i sl

Apply lemma 3.1, we get

(y) ?1951 1 [t @i i) 2
N R L) 9P

Zk Rzl ]:1 —1 Y5, k)|
Then

+
Z (03 + 1) llyslI” ) [ly;11? Z” e

* 3 1w vl

n 2
<2
i=1

And since |z| < ||a:H and |z|® < ||z|]? for all z € X, then

(412 no P
Z Zl D < D a
1=1

Zk 1 1y v
The desired result follows by taking the square roots. O

Remark 3.5. If the first condition of (3.3) is the only one available, then

Z PJ ”%” Z|mz| < sz .

e Iy ud o
Corollary 3.6. Let X be a right Hilbert A—module which is an algebraic left A-
module, x1,...,xy, and yY1,...,Ym be a non zero vectors in X such that there exist
the non-negative real numbers pj, pj,j € {1,...,m} with

Re(y;,zi) > pjllill lysll 5 Imyj,zi) > gl [[y; -
Then

(Z (Pj +Mj)‘yj

maxi<j<m [Y;|> + (m — 1) maxpz; | (Y5, yx)

| 2

sz.

Z‘xz‘<
=1

j=1

Proof. Tt is easy to show that

ZII yg,yk>||< ax ly; 1 + (m m — 1) max||(y;, yi) | -
Pt J#k

We thus have that
1 1

< )
maxi<;<m Hyj||2 + (m — 1) maxjz (v, yi)ll — ke (U5 vi) |
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and ) )
(5 + 13) llysll _ W)yl
maxi<j<m Hyj||2 + (m — 1) maxjz [|[(yj, ye) | Z?:l 1<y yr) |
Consequently

n (P?“’#?)”%HQ 1 n ) n (p§+u§)l\y.¢\|2 1
(ijl maxlSanHyjl‘z"!‘(m_l)IIIan#’C‘l(?/jvyk)‘l)2 2im lwil < (ijl EE:J\(yj,yk)H)z 2 il
We apply the theorem 3.4 to get the result (I

The next corollary is the theorem 2.5 in [12].

Corollary 3.7. Let X be a Hilbert A-module, x1, ..., x, be a family of vectors in
X and e; be a unitary orthogonal vectors for j € {1,...,m} in X such that there
exist the real numbers p;, p;,j € {1,...,m} with

Re(pjzi,e;) > p5 |zl o Im (ujmi, e5) > pif |||
foreachic{l,....,n}, je{l,...,m}. Then

(Z Pg +F‘] Z [l < sz
j=1

Corollary 3.8. Let X be a right Hilbert A—module which is an algebraic left A-

module, x1,...,xy, and Yy ..., Ym be a non zero vectors in X, such that there exist
the non-negative real number in [0;1] p;,q;,j € {1,...,m} with

(3.4) llzil|* = 2Re (y;, i) + |ly;|* < 7 < |ly;|I?

and

(3.5) llzil|* =2 Im y;, ) + |ly;|* < pF < ly;|I?

foreachie€{l,....,n}, je{l,... m}. Then

(2
Z ”y]H Z | <

Zk 1|| Z‘/J>yk ||

sz.

Proof. By the inequality (3.4), we get
il |2 + [y;]1* — 0 < 2Re (y;, i) -
Since |[|y;|[> = p7 > 0, then

2lally/Iysl? = pF < llal® + ly;|* — pj < 2Re (y;, 4).
This implies that

ly;ll* — p3
Re (y;j, xi) 2 ~————|[y;ll[z]].
;]
Even from (3.5), we get
ly;ll* — ¢
I'm (y;, =) > WH%‘HH%H’

\/HngQ—p d \/HyJH M=
and u; =

then by simple computatlon we get the desned result. [

and if we let p; = in theorem 3.4,
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The following lemma gives a refinement of Selberg’s inequality in a right Hilbert
A— module which is an algebraic left A-module.

Lemma 3.9. Let X be a right Hilbert A— module which is an algebraic left A-
module and y1,...,Ym be a non zero vectors in X. If v € X then

2
yj7 2 2 2
(3.6) ) 2 + —||y|| <z [yll*
sz 1 w55 ue) |

(2, y5)] 2 2 2
(3.7) (z,y) > + —|Iy|| <Iz*[[ylI%,
sz 1|| Yiy Ur) ||
2
yj7 2 2 2
(3.8) (z,y) > + —Ilyll <zl [lyl?,
sz 1 w5, vl
and
2
z,Y 2
(3.9) ) [? +Z—] yll? < =] [lyl[>.
<> et s un) |

Proof. Inequality ( 3.6) is proved in [ [3],theorem 3.3].
Now we prove the inequality (3.7), let

m
—z—) oy
j=1

where
<yj1x> )
> oh=1 Ky, yw) |l

According to the proof of lemma 3.1, we have
m
2
|u |z — Z a;y;[°

2 | {yj, @ 2
|| Z S
k=

1| yj,yk>|

Oéj:

IN

Hence it follows that

ﬂfyg 2 12
lyll* | ) =m0 | = Il
ZZk 1 Iy vl

Applying Cauchy Schwartz inequality, we get

2, 12 2
IylI™ [ul™ = [(u, y)[”
and since (y,y;) =0, so
2

)l = <x— Zajyj,y> = Iz o).
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It follows that

m

(z yj 2
ly]* | > <= | 2yl
Z Zk 1 w5, i) |l
which completes the proof of the inequality (3.7).

Similarly, we can get inequalities (3.8) and (3.9) . O
Lemma 3.10. Let X be a Hilbert A - module, y1, -+ , Ym,y be non zero vectors in
X and 1, -+, ®, € X such that such that there exist the real numbers p;, 5,5 €
{1,---,m} with
(3.10) 0 < pj llzill lly;|l < Re (yj,zi), 0 <y llzil [yl < Im(y;, z4)

and (y,y;) =0, for eachi € {1,...,n}, je{1,...,m}. Then

n m 2 2
pi 1
(3.11) WYz + O 7%‘ ]Hy?)(Z\le )(lyl]? < IZmzl lyll?,
i=1 k=1 J i=1
and

(3.12) Z%wF Z +%MMXZMAMW<Q)AMF

i=1
where ¢j =370 (1K, ve)ll-
Proof. Let x =Y., x;, from (3.10), we get
pI1s
Il = 3250, =5 (00 [l

Re(x +Im({x
> ||yl[2{|x|? — S, Belown) Hmlea)?y

j=1 cj
Since
Re(z,y, Im(z,y; _ Z,Yj 2 5,% 2
R e S e R P R R DIVEL T S e
Then, from (3.6) and (3.9), we get
2 m
2 2 | (z,y;) 1 (y;, =
lyll” {l=]" = Z e 52 ’ > | (y,z) %,
it follows that
2 i+ 1 2
[lyl*{|| Z B Ll + - + lzal)®} > Ky, @)
=1
By using (3.7) and (3.8) and by similar argument, we get (3.12). O
Theorem 3.11. Let X be a Hilbert A - module, y1, -+ , Yym be non zero vec-
tors in X and x1, --- , T, € X such that such that there exist the real numbers
a7b7pj7/1/j7j € {13 7m} with
(3.13) 0 < pj llwall lly;|] < Re(yjs @), 0 < gy llwall y; || < Im (y;, @)

(3.14) 0 <alzlllyll < Re{y,zi), 0 <bllzl lly;|| < Im (y,z:)
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and (y,y;) =0, for each i € {1,...,n}, j€{1,...,m}. Then

m p2+M2 n
i i 1
(@ +07 4+ 3 D (a4 ) < 1Yl
i=1 J i=1
where ¢; = 221:1 <y yi) || -

Proof. From (3.11) and (3.12), we get
3 i i y) P+ 1y, iy ) )
T, Ly 2 (S )2l 2
< I wPllyll?,
sice

sCim zo ) P+ [y, iy ) [2) = (Re (y,2))? + (Im (y, 7))
applying (3.13) and (3.14) and taking the square root, the desired result follows. O

Remark 3.12. If in Theorem 3.11 y1,..., 4, is a sequence orthonormal vectors,
then

@6+ > (0 +u)) O lail) < | Dl
=1 1=1

j=1
This inequality is an extension of Diaz-Metcalf [4] inequality in C*-module.
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