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DUNKL LIPSCHITZ FUNCTIONS FOR THE GENERALIZED
FOURIER-DUNKL TRANSFORM IN THE SPACE L2

a,n
R. DAHER, S. EL. OUADIH* AND M. EL HAMMA

ABSTRACT. In this paper, using a generalized translation operator, we prove
the estimates for the generalized Fourier-Dunkl transform in the space Li,n
on certain classes of functions.

1. Introduction and Preliminaries

In [5], E. C. Titchmarsh’s characterizes the set of functions in L?(R) satisfying
the Cauchy-Lipschitz condition by means of an asymptotic estimate growth of the
norm of their Fourier transform, namely we have
Theorem 1.1 Let § € (0,1) and assume that f € L?(R). Then the following are
equivalents

(i) ft+h) —fOI=0’), as h—0,

(i) / FO)2dA=0(r2) as 1 — oo,
/l)\‘ZT‘

where f stands for the Fourier transform of f.

In this paper, we consider a first-order singular differential-difference operator A on
R which generalizes the Dunkl operator A, We prove an analog of Theorem 1.1 in
the generalized Fourier-Dunkl transform associated to A in Li,n . For this purpose,
we use a generalized translation operator. We point out that similar results have
been established in the context of non compact rank one Riemannian symetric s-
paces [4].

In this section, we develop some results from harmonic analysis related to the
differential-difference operator A. Further details can be found in [1] and [6]. In all
what follows assume where & > —1/2 and n a non-negative integer.

Consider the first-order singular differential-difference operator on R

Af(x) = f'(2) + (a + 1) f@) = J(z2) _,, (=),

2 T T

For n = 0, we regain the differential-difference operator

Aaf@) = @) + (a4 3 ) LEZTED),

2 T
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which is referred to as the Dunkl operator of index « 4 1/2 associated with the re-
flection group Zs on R. Such operators have been introduced by Dunkl (see [3], [7])
in connection with a generalization of the classical theory of spherical harmonics.
Let M be the map defined by

Mf(z) =2*"f(x), n=0,1,..

Let LF ,, 1 < p < oo, be the class of measurable functions f on R for which
Hf”p,ocm = ||M_1f||p,a+2n < o0,
where

1/p
£l = ( / If(x)f’lxza“da:) |

If p = 2, then we have Lim = L3(R,|z|?>T1).
The one-dimensional Dunkl kernel is defined by

(1) ea() = jaliz) + ﬁjﬁl(zz), 2 €eC,

o — (=D)™(z/2)*
(2) Ja(2) *F(Oerl)mZ::Om,

z € C,

is the normalized spherical Bessel function of index a. It is well-known that the
functions e, (A.), A € C, are solutions of the differential-difference equation

Aqu = du,u(0) = 1.

Lemma 1.2 For z € R the following inequalities are fulfilled
i) lja(@)] <1,
it) |1 = ja(z)| < |al,
ii1) |1 — jo(x)| > ¢ with |z| > 1, where ¢ > 0 is a certain constant which depends
only on a.
Proof. Similarly as the proof of Lemma 2.9 in [2].
For A € C, and =z € R, put
pa(x) = 2" eqtan(irT),

where e, 19, is the Dunkl kernel of index « + 2n given by (1).
Proposition 1.3
i) @y satisfies the differential equation

Apx =idpa.

it) Forall A\ e C, and z € R

‘90)\(37” < |$|2ne|1m/\||x|.

The generalized Fourier-Dunkl transform we call the integral transform

Faf(n) = / (@) or(@)z[*Fde, A e R, f € L.
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Let f € LY, such that Fo(f) € LY o, = L'(R,|z[****"*1dz). Then the inverse
generalized Fourier-Dunkl transform is given by the formula

fz) = / Faf oA @)t 2 (),

where
1

d oton ) = o n>\20(+4n+1d>\ o = )
tat2n(A) = Gaton|A| @ 220+2(T(a + 1))2

Proposition 1.4

i) For every f € L?

a,n’

Fa(AS)(N) = iAFA(F)(N)-
i) For every f € L}, ,, N L2, we have the Plancherel formula
@R e = [ 1 FO) 0 V)

i11) The generalized Fourier-Dunkl transform F, extends uniquely to an isometric
isomorphism from L2 ,, onto L*(R, to42n)-

The generalized translation operators 7%, z € R, tied to A are defined by
ol p( a2 4 g — 2ayt _
) = (zy) / f( 21’ +2y wyt) 14 T -y Alt)dt
2 1 (24 y? = 2zyt)n Va2 +y? = 2xyt
2n 1 _ 2 2 _ 9rut _
PG / 1 \2/93 ;Fy zyt) (1 -y A(t)dt,
2 -1 (224 y? - 2ayt)n Va2 +y? — 2zyt

where
MNa+2n+1)

AD = Tt/

(1 + t)(]. o t2)a+2n71/2.

Proposition 1.5 Let z € R and f € L2 ,,. Then 7 f € L2 ,, and

177 fll2.ain < 22" [ fll2,00m-

Furthermore,

(3) FA(TTF)A) = 2" earan(iA2) FA(f)(N)-

2. Main Results

In this section we give the main result of this paper. We need first to define
(v, 4, B)-generalized Dunkl Lipschitz class.
Definition 2.1. Let 6 > 1 and 8 > 0. A function f € L2  is said to be in the

a,N

(v, 4, B)-generalized Dunkl Lipschitz class, denoted by DLip(v, 4, ), if
I7" f () + 77" f (@) = 207" f(@)[|2,000 = O(R°T*"(RF)) as b — 0,

where
(a) 9 is a continuous increasing function on [0, c0),
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Eb)) ¥(0) =0, (ts) = Y (t)Y(s) for all ¢, s € [0, 00),
c¢) and

1/h
/ s (572 ds = O(WP~2(h2%)), h — 0.
0

Theorem 2.2. Let f € Livn. Then the following are equivalents

(a) f € DLip(s, 6, B)
(b) / \Faf V) Pdpasan(N) = O~ 29(r=2%)), as r— oo.
Al =7
Proof. (a) = (b). Let f € DLip(¢,6, ). Then we have
17" f(2) + 77" f(2) = 20" f(2) | 2,00 = O(ROT2"p(RP)) as h— 0.

From formulas (1), (2) and (3), we have the generalized Fourier-Dunkl transform
of 7" f(x) + 77" f(x) — 21" f () is 20" (jason(Ah) — DFAF(N).
By Plancherel equality, we obtain

+oo
I7" f (@) +7 7" f (2) = 20" f (@) 13 00 = 4h4”/ [Gar2n (M) =17 Faf (V)P dptat2n(A)-

— 00

If [A] € [+, 2], then |Ah| > 1 and (4ii) of Lemma 1.2 implies that

1.
1 < C*2|.7Q+2n()‘h) - 1|2'

Then
1 ,
/ Faf NP dpasand) < 5 azn (M) = 1P Fa F ) Pdptasan (M)
F<IA<? e IR
1 +oo ‘ ) )
) |Jaon (M) = 17| Fa f (M) dpas2n(N)
h—4n _ .
S e 17" f () + 77" f(2) — 207" f(2)I13 0.
= O(*y(h*")).

We obtain
/ Faf O Pdptasan(N) < Cr29(r2) o oo,
r<|Al<2r

where C' is a positive constant. Now,

2 = 2
/M>T [Faf NP dparon(d) = ;/WMQMT \Faf ) Pdpiasan (V)

o0

< OrPy(r) Yy (2727

i=0
< CCspr29(r=27),
where Cs 5 = (1 —27294(2728))) 7L since 2720 (272F) < 1.
Consequently

/ |FAf ) Pdpason(N) = O(r~P9p(r=25)), as r — oc.
[A[Zr
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(b) = (a). Suppose now that

/ |FAf )P dpiasan(N) = O(r=2p(r=2P)), as r — occ.
[A[=>r

and write
7" f(x) + 77" f(x) = 20" f(2) 3.0y = 4R"(I1 + L),
where
L= / oszn ) — 1P| P fON) Pty 2n (V).
IA<%
and

12 - /|>\> 1 ‘ja+2n(/\h) - 1|2|‘FAf(>‘)|2dp’0¢+2”()\)'
—h

Firstly, we use the formulas |j,12,(Ah)| < 1 and
B<t [ IFA O diasan) = O w(#), a5 h 0.
(M=%

Set .
6@ = [ IFAS O Pdpasan (N,
Integrating by parts we obtain

/ CN2EF O Plptson (N = / T A2 (0)dA = —a26(z) + 2 / " A6V
0 0 0

S T )}
0
where C1 is a positive constant.

We use the formula (7) of Lemma 1.2

+o0
/ [Goctn (M) = 1| FAf (NP dptacs2n(R) = O<h2 /IA 1A2|fAf<A)|2dua+zn<A)>
<%

+ O(h?y(h*))
= O(R*h~*224(h*)) + O(h** ¢ (h*"))
= O(W*p(h*")),

and this ends the proof..d
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