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TITCHMARSH’S THEOREM FOR THE CHEREDNIK-OPDAM
TRANSFORM IN THE SPACE Liﬁ(R)

S. EL OUADIH* AND R. DAHER

ABSTRACT. In this paper, we prove the generalization of Titchmarshs theorem for the Cherednik-
Opdam transform for functions satisfying the (v, 2)-Cherednik-Opdam Lipschitz condition
in the space L2 5(R).

1. Introduction and Preliminaries

In [3], E. C. Titchmarsh’s characterizes the set of functions in L?(R) satisfying the Cauchy-
Lipschitz condition by means of an asymptotic estimate growth of the norm of their Fourier
transform, namely we have

Theorem 1.1 [3] Let § € (0,1) and assume that f € L?(R). Then the following are equivalents
(i) Ift+h) —fOI=0(R), as h—0,

(i) / IFO)2dA=0(r2) as 1 — oo,
i)\|27‘

where f stands for the Fourier transform of f.

In this paper, we prove the generalization of Theorem 1.1 for the Cherednik-Opdam transform
for functions satisfying the (1), 2)-Cherednik-Opdam Lipschitz condition in the space Li, 5(R).
For this purpose, we use the generalized translation operator.

In this section, we develop some results from harmonic analysis related to the differential-
difference operator T(®#). Further details can be found in [1] and [2]. In the following we fix
parameters «, 3 subject to the constraints a > 5 > f% and a > %1

Let p=a+p+1and A € C. The Opdam hypergeometric functions Gf\a’ﬂ) on R are eigenfunc-
tions T(Q’B)Gg\a’m(az) = iAGE\a’ﬁ)(x) of the differential-difference operator

flx) = f(=2)

T@H) f(z) = f'(z) + [(2a + 1) coth 2 + (28 + 1) tanh z] 5

- pf(ix)a
that are normalized such that GE\Q’B )(O) = 1. In the notation of Cherednik one would write
T(P) as

2k, n 4ko
1+e 22 1 —e 4

Tl + k) f (o) = 1) + { b7 = 52 = (b + 2k £(0),
with a = k1 + ko — % and 8 = ko — % Here k; is the multiplicity of a simply positive root and ko
the (possibly vanishing) multiplicity of a multiple of this root. By [1] or [2], the eigenfunction
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G&a’ﬁ) is given by
a, 1 9 P
GE\ ﬁ)(a:) _ @i”ﬂ(x) R 3:5(‘0)\”6( z) = Soiuﬂ(m) + m Slnh(2x)<p§+1 ,3+1( ),

where 57 () =, Fl(#; 222 + 1; —sinh® z) is the classical Jacobi function.

Lemma 1.2. [4] The following inequalities are valids for Jacobi functions gpi’ﬁ (x)

(0 1e37 (@) <1.
(i) 1—¢37 (@) <2?(A+p?).
(4491) there is a constant ¢ > 0 such that

1- ¢§7B(x) > &
for Az > 1.

Denote Li’ ﬁ(R), the space of measurable functions f on R such that

1/2
s = ( / |f<x>|2Aa,ﬂ<m>dx) < 400,
R

Ag p(z) = (sinh |z])2* T (cosh |])?AFL.
The Cherednik-Opdam transform of f € C.(R) is defined by

where

A = / F(@)C P (—2) A p(z)dz  forall AeC.
R

The inverse transform is given as
dX
—1 — by G(a’ﬁ) 1— P

here ‘
207 (o + 1) (M)

Ca,p(A) = - —.
b T(E(p+iA)C(E(a—B+1+iN)
The corresponding Plancherel formula was established in [1], to the effect that

+oo .
/|f($)|2Aa,B($)d$ = / (L +[HFN) do(N),
R 0

where f(z) := f(—x) and do is the measure given by
dA

do(\) = ———.
"N = Torfen s (VP
According to [2] there exists a family of signed measures u;(co‘f ) such that the product formula
Gg\aﬂ)( (045 /G(ayﬁ dﬂ(ab’ ( )

holds for all z,y € R and A € C, where
,Ca,[} (.’E, Y, Z)Aa,ﬂ(z)dz if Yy ;ﬁ 0

( 7/3)
Ay (2) =N as,(2) ify =0
doy(z) ifz=0
and
Kaplz,y,z) = Ma,[g\sinhx.sinhy.sinhz\_h/ g(@,y, 2, x)% A-1
o

x [l—of, +ox,  +oX, .+ cothz. coth y. coth z(sin x)?] x (sin x)*?dx

5ol



92 OUADIH AND DAHER

ifz,y, z € R\{0} satisfy the triangular inequality ||z|—y|| < |z| < |z|+]|y|, and Ko g(x,y,2) =0
otherwise. Here

cosh z+coshy—cosh zcosx -
sinh z sinh y if Y 7& 0

Ve,y,z € R, x € [07 1}7U§,y,z =
0 ifzy =20

and g(x,y,z, x) = 1 — cosh? z — cosh? y. cosh? z + 2 cosh 2. cosh y. cosh z. cos .
Lemma 1.3. [2] For all z,y € R, we have
() Ka,s(z,y, z) = Kaﬁ(y’ z,z).

(“) Ku,ﬁ(x7y7 Z) = K:Oz,B(_x; Zay)
(ZZZ) Ka,ﬁ(x7y7 Z) = K:(X,,B(fzaya 71‘)'

The product formula is used to obtain explicit estimates for the generalized translation op-
erators

D) = [ FE )
It is known from [2] that
(1.1) Hri®DF) = G @M,
for f € C.(R).
2. Main Result

In this section we give the main result of this paper. We need first to define (¢, 2)-Cherednik-
Opdam Lipschitz class.
Denote Np, by

Nh = ’T}(La’ﬂ) + TE(Zﬁ) - 2],

where I is the unit operator in the space L2 45(R).

Definition 2.1. A function f € Li,B(R) is said to be in the (1, 2)-Cherednik-Opdam Lip-
schitz class, denoted by Lip(v, 2), if

INWf(@)[l2.0.86 = O(¥(h)) as h—0,

where ¢ is a continuous increasing function on [0,00),1%(0) = 0, ¥(ts) = ¥(t)1(s) for all
t,s € [0,00) and this function verify

1/h
/0 su(s~2)ds = O(h=2u(h?)), h— 0.

Lemma 2.2. If f € C.(R), then
(2.1) HFOD F(A) = G (—2)HF ().

Proof. For f € C.(R), we have
HAD ) = [ 2P )G (o) An sy

- / 7608) ()G (y) Ane s (9) dy

/R[/Rf(z)lca,ﬁ(xvy,Z)Aa,g(z)dz} G (y) A 5 (y)dy

/Rf(z) {/RGE\“’/?)(y)]Caﬁ(z,y,z)AmB(y)dy} Aq p(2)dz.
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Since Ko g(2,y, 2) = Ka,g(—2, 2,y), it follows from the product formula that

HESOFO) = GO (- / FGOD (2) A (2)dz
= G(aﬁ /f O‘ﬁ) (—2)Aq 5(2)dz
= ¢z

Lemma 2.3. For f € L7, 4(R), then
+o00 .
[N ()20 = 4 / G2 () — 1 (HFO + HFO)2) do(V).

Proof. From formulas (1) and (2), we have

HNL)A) = (G (h) + G (—h) — 2)H(f) (),
and

H(NLHA) = (G (—h) + G5 (h) = 2)H(F)(N).
Since

G\ (h) = o3 (h) + sinh(2h)5 P (h)

)

p
4(a+1)
and cpi’ﬁ is even, then

H(NLS) (V) = 20057 () = DH()(N)

and

HNLS)A) = 2057 () = DH(FN).

Now by Plancherel Theorem, we have the result.

Theorem 2.4. Let f € Li 5(R). Then the following are equivalents

(a) ] € Lip(y,2),
(b) / (IHFO)? + [HFO)P) do(A) = O(w(r~2), as r— oco.
Proof. (a) = (b) Let f € Lip(1,2). Then we have

[N f(z)|2,0,86 = O(¥(R)) as h—0.

From Lemma 2.2, we have
INwf ()13 0,5 = 4/O+Oo L= @37 ()7 (ILFOP + [HFN)IP) dox.
If A € [, 2], then Ah > 1 and (iii) of Lemma 1.2 implies that
1< Sl e )P
Then

2

/1 " (HFOOP + HFVP) do(y) <

h

5 [ = @R (AP + HFO?) do ()

+oo

11— 3P (W) (HFONP + [HFN)I?) do(N)

IN

2 Jo
1

N f@)B s

= 0W(A).

IN
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We obtain .
/ (HFO? + [HEOV?) do(A) < Co(r2), 1+ oo,

where C' is a positive constant. Now,

+o00 o 21y
[ R i) do) = Y / C(HEO + ) do ()
T i=0 2ty
< Cutr e
< CCs¢(r~ )
where Cs = (1 —(272)) 7! since (272) < 1.
Consequently

+o0o
[ (O + HEOP) doh) = 0w 2), as = .
(b) = (a). Suppose now that

—+oo
/ (HFOE + HFO ) do(A) = O@(r2)), as - oo,

and write
N f@l3as = 40+ o)
where
. / 1= W2 (HFN? + [HFN ) doh
and

L= [ 11— o3P ()2 (IHFN P+ [HF(N)?) doA.

h

Firstly, we use the formula |<p§’ﬂ ()| <1 and

+oo
<4 / (HFOP + HFOP) do(X) = 0@ (), as 0.
To estimate I;, we use the inequalities (i) and (ii) of Lemma 1.2

1

Bo= [T R (MO + M) dox

2 / "1 G2 (HFOE + HFO) ) do

IN

1

< 282 [T+ ) (IO + HFOVP) dod = T+ T,

where )

B=202 [T (IO + [HFOF) dox
and 10

I, = 2h? /E A (RO + [HFV]?) do.
Note that ’

I3

IN

+oo .
2h2p2/0 (IHLV)? + [HFN)?) doA
2h%p%|| f113.0.5 = O((h?)), as h— 0.
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For a while, we put

+oo
o) = [ (HIP + M) do()
Using integration by parts, we find that

1/h 3 1/h
h2/ N (HF)P + HFN)) dox h2/ —5%¢/(s)ds
0 0

11 1/h
h —ﬁqﬁ(ﬁ)—l-Z/o s¢(s)ds

1 1/h
—¢(-) + 2h* ds.
o)+ 20 [ sols)is

Since ¢(s) = O((s72)), we have sp(s) = O(sp(s72)) and

1/h 1/h
/ s¢>(s)ds=o/ s(s™2)ds | = O(h™2¢(h?)).
0 0
Then "
B[N (IO + [HFOVP) dod < 2000225 (h2),
0

where C1 is a positive constant.
Finally

14 = O(w(hQ))7
which completes the proof of the theorem. [J
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