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HARMONIC ANALYSIS ASSOCIATED WITH THE GENERALIZED ¢-BESSEL
OPERATOR

AHMED ABOUELAZ, RADOUAN DAHER, EL MEHDI LOUALID*

ABsTrRACT. In this article, we give a new harmonic analysis associated with the generalized g-Bessel
operator. We introduce the generalized g-Bessel transform, the generalized g-Bessel translation and
the generalized ¢-Bessel convolution product.

1. INTRODUCTION

In this paper we consider a generalized g-Bessel operator A, ., defined by

1) Bgen (@) = o5 [ Fa™0) — (L @F) @) + 20 f )]
where n =0, 1,... . For n = 0, we regain the g-Bessel operator
@) Byaf () = =5 [Fla™'0) = (1+ ) () + ¢ f(g2)]

Through this paper, we provide a new harmonic analysis corresponding to the generalized g-Bessel
operator Ag o n-

The structure of the paper is as follows: In section 2, we set some notations and collect some basic
results about g-harmonnic analysis. In section 3, we give some facts about harmonic analysis related
to the generalized g-Bessel operator Ay o n, we define the generalized ¢-Bessel transform and we give
some proprieties. In section 4, we define the generalized g-Bessel translation 7,', ,, and the generalized
g-Bessel convolution product related to 7', ,,.

2. ELEMENT OF ¢-HARMONNIC ANALYSIS

In this section, we recapitulate some facts about harmonic analysis related to the Bessel operator
Ag an- We cite here, as briefly as possible, some properties. For more details we refer to [5, 6, 1, 2.
Throught this paper, we assume that 0 < ¢ <1 and o > —1.
let a € C, the g-shifted factorial are defined by

(@=L (@)= [[(0-at"), (@@= [[(1-ac")
k=0 k=0

The g-derivative of a function f is given by

f(x) — fgz)

D f(g) = 2 — S\
(If( ) (1 _ q)x

The ¢-Jackson integrals from 0 to a and from 0 to oo are defined by [3, 4]

if x#0

/Oa f@)dgz = (1= q)a>_ flag")q",
0
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/wa( M= (1—qa S S

n=—oo

We have
D, / H(t)dyt = —H(z).
x

The g-analogue of the integration theorem by a change of variable can be stated as follows

b

b
A G
/ H(;)Am“qu = p2o+2 / H(t)t** dgt, vr e RF
The g-integration by parts formula is given by

b b
/ 9(x) Dy f (x)dgz = [f(b)g(b) — f(a)g(a)] */ f(qx)Dog(x)dy

The third Jackson ¢-Bessel function J, (also called Hahn-Exton ¢-Bessel functions) is defined by the
power series [7]

(@ @)oo o ¢
Jo(z;q) = L g -1 z?m,
(#:9) (45 0)oc ;f ) (@t @)n(a: @)n

and has the normalized form
0o n(n+1)

Ja(w59) = Z(_l)n#x%.

= T Q) (¢ On

It satisfies the following estimate [5]

|~ ( n 2)| < (7q2;q2)oo(7q2a+2;q2)oo 1 if n>0
Ja\q 4 — (q2a+2;q2)oo qn2_(2a+1)n lf n< 0

If 2 € C* \ R then we have the following asymptotic expansion as |z| — oo

. (2%¢% ¢*)oo
Jal@;q7) ~ [

Also the normalized ¢-Bessel functions satisfies an orthogonality relation

o0
/ Gt ) ja(yt, P dgt = 6,(x, )
0

where
0, if y#
) = .
a(@,9) { W%, if z=y.
1 200+2.
(3) Cq7a — (q 7q )

1—q (¢*¢*)w
The function = — j,(Ax, ¢?) is a solution of the following g-differential equation
(4) Ajaf(r) = _>‘2f(x)7

where A, is the ¢g-Bessel operator given by (2).
For 1 < p < 0o we denote by £? , the set of all real functions on R} for which

Ifllq,p,a</0 |f(sc)|px2“+1dq$> < oo

Proposition 2.1. Let f,g € L such that Ag o f,Ngag € £2 then

e

(5) /0 Ao f(2)g(2)a?H dye = / F(@)Agag(@)aHdy.
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The g-Bessel Fourier transform F, ., was introduced and studies in [5, 6]

(© Fyad(a) = o [ F@)ialat )24yt
0
The ¢-Bessel translation operator is defined as follows [5, 6]
(7 T3 0) = o | Faa0) (0ot )it )
0

Proposition 2.2. We have for all x,y € R;’
Ty f(y) =15, f(x)
The g-translation operator is positive if
Ty, f>0, Vf>0, VeeR].
The domaine of positivity of the g-translation operator is
Qo ={q €]0,1], T, is positive for all x € R;L}
In [1] it was proved that if —1 < @ < o’ then @, C Q. As a consequence:
e if 0 < o then Q, =]0, 1].
e if =1 < a <0 then ]0,q[C Q-1 CQa CJ0,1[, qo ~ 0.43.
o if —-1<ax< —% then @, CQfé.

In the rest of this section we always assume that the g-translation operator is positive.

The g-convolution product of two functions is given by [5, 6]

oo
(®) [0 9(@) = Cq,a/ Tof()g(y)y**+dgy.
0
The following Theorem summarize some result about ¢g-Bessel Fourier transform [6]

Theorem 2.3. The q-Bessel Fourier transform satisfies
(1) For all functions f € L} ,,

Foof(@)=f(z), VoeR}.
(2) For all functions f € L2

q,a?

9) I g ot loa2=l f lgaz -

(3) For all functions f € L? ,, where p > 1 then Fyof € LF .
If1 <p<2 then

21
(10) ||-7:q,af q,0,p < qua ||f||q,0<,p-
where
1 _2.200_2a+2.200
(11) By — ( q,q)Q( a ')
l1—gq (9% ¢%) oo
(4) Let f e Lh , and g€ Ly, the fx,9 € L; , and
(12) Foalf *q,0 9)(2) = Faf(x) X Foaf(z), Vze R;
where 1 < p,r, s such that
1 1 1
S —1=-.
p T s

Proposition 2.4. [2] For all z,y € R}, we have
(13) Ty wia(My, ¢%) = ja(Az, 6*)ja(Ny, ¢°).

2
q,a

(14) fq,a(qufxf)(A) - ja()‘xaqz)fq,a(f)(A), VA, z € R;r

Proposition 2.5. [2] For any function f € L2, we have
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3. GENERALIZED Q-BESSEL TRANSFORM
Let
e M the map defined by

(15) Mf(z) = ™" f(2).
e [P, the class of measurable functions f on R} for which

q
1Fllg.cpm = [IM7LS

g,a+2n,p < OO

Vo € RF, put
(16) Van(A,¢%) = 2°" jar2a (A2, ¢°).
Proposition 3.1. (i): The map M is a topological isomorphism from Ly, onto LD
(ii): We have
(17) AganoM=MoAyaion.

(iii): U, (X, ¢?) satisfies the differential equation
(18) Aq,a,n\pa,n()\-a q2) = _/\2\1’01,71()‘-’ q2)

Proof. Assertion (i) is easily checked.
(ii) easy combination of (1), (2) and (16).
Using (4) and (18), we have

AganVan(d®) = MoAgarano M o, (N q?),
= Mo Aq’a+2nja+2n()"7 q2>7
= 2N Mjaron(N, ¢2),
= N0, (\, )

which prove (iii). m

Definition 3.2. The generalized q-Bessel transform of a function f € LL . is defined by

q,a,n

(19) FronlDe) = cyasnn | 10T (gt

where ¢q ayon 15 given by (3).

Proposition 3.3. (i): For all f € L] we have

q,a,n

(20) Faan(f)(A) = Fgatan 0 Milf(A)'
(ii): Forall fe L},

(21) ]:q,oz,n(Aqm,nf)()‘) = _)‘2]:q7a,n(f)()‘>-
Proof. Let f € L] . From (6), (17) and (20), we have
FaanlDO) = comian [ HOVanMa)dt,
0
= cq,a+2n/ f(t)wznja+2n(/\t’q2)t2a+1dqt7
0

oo
= cq,a+2n/ M_lf(t)ja+2n()‘t>q2)t2a+4n+1dqt7
0

= Fyatzm o MTF(N).
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which prove (i).
Let f € L) , .- From (5), (19) and (20), we have

‘Fq,a,n(Aq,cx,nf)(A) =  Cq,a+2n /0 Aq le' nf a n()‘ta q2)t2a+1dqta

oo
= Cq,a+2n/ f q,an an(/\t q )t2a+1d t,
0

- cq,a+2n/ Won(At, ¢*)t2* T d,t,
0
= _/\ ]:q,a n(f)(
[
Theorem 3.4. (1) For feLh,,, we have
(22) H]: ,a’nf| gan,00 < Bq,a+2n|‘f||q,a,n,1'
where By qyon s given by (11)
(2) Let f e L) .., then
(23) ||]:q,oc7nf |q,a7n72 = ||f||q,a7n72'
Proof. Let f € L], ,, from (10), (11) and (21) we have
[Fgamnfllaanse = [1Fgatzn oM™ fllgatzn,oo
§ Bq,a+2nHM71f |q,o¢+2n,la
S Bq,a+2n‘|f||q,a,n,1-
which prove 1).
Let f € L], .. Using (9) and (21), we have
||]: ,a,nf”q,a,n,? = ”]:q,oz+2n o M_1f||q,a+2n’2v
= ”Milf”q,oz—&-Qn,Q,
= [Ifllgan.2-
[

4. GENERALIZED CONVOLUTION PRODUCT ASSOCIATED WITH A,

Definition 4.1. The generalized q-Bessel translation operators Tg', ., associated with Ag q.n are
defined by

(24) T n = =z"Mo quf;rzn oM™t
where T2 is given by (7).
The generalized g-Bessel translation operator is positive if
f>0, Vf>0, VzeR}.
The domaine of positivity of the generalized ¢-Bessel translation operator is

. o . . . +
n=1q€J0,1[, T, , ispositive forall z € RS }.

q:rn

In the rest of this paper we always assume that the generalized g-Bessel translation operator is positive.

Proposition 4.2. (i): Let f € L) o

(25) I3 enf(y) =13y nf(2)
and

we have

T3 nf(0) = f(2).
(ii): Va,y € RS, we have

% 2\ __ 2 2
(26) T ¥Yan(AY, ¢7) = Yo n (A2, ¢7)Va n(\y, ¢7)
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(iil): For any function f € L2 , ., we have
(27) FoanTganf)N) = Van(A2,6*) Fpan(f) ().
Proof. Let f € L;O“n, from Porosition 2.2 and (25), we have

Toaf) = @ MoTE™ o M7 f(y),
= TN o M (a),
= y"MoT " o M~ f(x),
= T, f(2)
which prove (i).
Let 2,y € RS, From (13) and (25), we have
Ty nVan(My, @°) = 2" MoTH" o MMy jaran(Ny, ¢%)),
= YT favan (M, 4%)),
= 2 jar2n (A2, 6%)Y*" forran Ny, 6%)),
= \IJa,n(ALqQ)\I’a,n()‘%qQ)‘

which prove (ii).
Let f € L2, .. From (14), (17), (21) and (25), we have
fq’a,n(qufac,nﬁ()‘) = ]:q,oc,n(mmM o chf;% © M_lf)()‘)a
= 27" Fpatan(ToF o M7V,
= 2 jar2n(Az, ¢*) Faron (M),
= Van(Az, QQ)Fq’a,n(f)()‘)

which prove (iii). m

Definition 4.3. The generalized g-convolution product of both function f,g € E}La is defined by

,n

(28) f *q,a,n g(x) = Cq¢a+2n/ T;f:v,nf(y)g(y)yza—i_ldqy'
0

where ¢q ayon 15 given by (3).

Proposition 4.4. For f,g € L}

q,a,n
(29) [ *qam g =M [(Mflf) *q,0+2n (Mflf)] .
Proof. Let f,g € L] ,,,- From (8), (25) and (29), we have

f*q,a,n g(x) = Cq,a+2n/0 T;fz,nf(y)g(y)yQQJrldqy’

oo
= Ccgat2nr” / To 2 M f(y)g(y)y** 2" dgy,
0

= Cq,a+2n$2n/ Tg;%M71f(y)/\/lflg(y)ym*‘l”“dqy,
0
= 2 [(MTf) g at2n (M7 1g)] (@),
= MM ) *gat2n (M g)] (2).
[
Proposition 4.5. For f,g € L} then f *q.amn g € L} and

q,a,m? sQ, T

(30) Faan(f *gn 9)(A) = Foamn(F)(A) Fgan(g)(A)-
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Proof. Let f,g € L} we have

don
gam1 = [IMT(f *gn 9)lgat2n1,
||M_1f||q,a+2n,1 |M_19||q,a+2n,17
1£llg.cm,119llq,c0m,1-

On the other hand, from (12), (21) and (30), we have

Foan(f *q,0m 9)N) = Foan (M[MTS) xgar20 (MTIH]) (V)

Foatzn 0 MTH(MMTH) *gasza (MTH)]) (N,
]:q,oc+2n (Milf) (>‘) X ]:q,a+2n (Milg) ()\),

= Faanlf)ANFqan(g)(A).

I f *q.n gl

IN

Proposition 4.6. Let f € L} we have

q,,n’

(31) T30 d @)= | F&)Danle, ) d,z

0
where Do (2, Y, 2) = 03,a+2n fooo Vo n(at, q2)\ya,n(yt7 qg)\lla’n(zt’ q2)t2a+4n+1dqt
Proof. Let f € L} from (7), (19) and (24) we have

q,a,m?

Tyonfy) = 2™ (MoT o M7Y) (f)(y),
_ x2ny2nT$;r2n OMilf(y),

0
o
= Cq,a+2n/ ]:ﬂm(f)(t)\l/a’n(mt?q2>‘11a,7l(ytvq2)t2a+4n+1dqtv
0
oo

oo
= / f(2) {6370&2”/ \I/am(a:t,qQ)\I/a,n(yt,q2)\I/a7n(zt,q2)t2a+4”+1dqt zZaquz,
0 0

= /o f(2) Dy n(z,y,2)2%* d, 2.
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o
= xQnancqa-i-?n/ Fy.a+an © M_lf(t)ja-ﬂn(xtv qz)ja+2n(yt7 q2)t2a+4n+1dqta
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