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ON WEAK AND STRONG CONVERGENCE THEOREMS OF MODIFIED
SP-ITERATION SCHEME FOR TOTAL ASYMPTOTICALLY NONEXPANSIVE
MAPPINGS

G. S. SALUJA*

ABSTRACT. In this paper, we study modified SP-iteration scheme for three total asymptotically
nonexpansive mappings and also establish some weak and strong convergence theorems for mentioned
mappings and scheme to converge to common fixed points in the framework of Banach spaces. Our
results extend and generalize the previous works from the current existing literature.

1. Introduction

Let C' be a nonempty subset of a Banach space E and T': C' — C' a nonlinear mapping. We denote
the set of all fixed points of 7' by F(T'). The set of common fixed points of three mappings 77, T5 and
T3 will be denoted by F = N?_, F(T;).

Definition 1.1. Let T: C — C be a mapping. Then
(1) T is said to be nonexpansive if

(L.1) [Tz =Ty < lz—yl

for all x, y € C.

(2) T is said to be asymptotically nonexpansive if there exists a positive sequence h,, € [1,00) with
lim,, o hy, = 1 such that

(1.2) [T =Tyl < hnllz =yl

for all z, y € C' and n > 1.

The class of asymptotically nonexpansive mappings was introduced by Goebel and Kirk [6] as a
generalization of the class of nonexpansive mappings. They proved that if C' is a nonempty closed con-
vex subset of a real uniformly convex Banach space and T is an asymptotically nonexpansive mapping
on C, then has a fixed point.

T is said to be asymptotically noneexpansive in the intermediate sense if it is continuous and the
following inequality holds:
(1.3) limsup sup (||[7"z —T"y|| — ||z —y||) < 0.

n—oo x,yceC
Observe that if we define

cn = limsup sup ([|[T"z —T"y|| — ||z — y||) and v, = max{0, ¢, },

n—oo xz,yeC
then v, — 0 as n — oo. It follows that (1.3) is reduced to
(1.4) [Tz =Tyl < |z =yl +vn,
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forall z, y € C and n > 1.

The class of mappings which are asymptotically nonexpansive in the intermediate sense was intro-
duced by Bruck, Kuczumow and Reich [3]. It is known [10] that if C is a nonempty closed convex
bounded subset of a uniformly convex Banach space E and T is asymptotically nonexpansive in the in-
termediate sense mapping, then 7" has a fixed point. It is worth mentioning that the class of mappings
which are asymptotically nonexpansive in the intermediate contains properly the class of asymptoti-
cally nonexpansive mappings.

In 2006, Albert et al. [2] introduced the notion of total asymptotically nonexpansive mappings.
Definition 1.2. ([2]) The mapping T is said to be total asymptotically nonexpansive if
(1.5) [Tz =Tyl < llz—yll+ peto(llz = yl) + va,

for all z, y € C and n > 1, where {u,} and {v,} are nonnegative real sequences such that p, — 0
and v, — 0 as n — oo and a strictly increasing continuous function 1 : [0, 00) — [0, 00) with 1(0) = 0.
From the definition, we see that the class of total asymptotically nonexpansive mappings include the
class of asymptotically nonexpansive mappings as a special case; see also [4] for more details.

Remark 1.3. From the above definition, it is clear that each asymptotically nonexpansive mapping is
a total asymptotically nonexpansive mapping with v,, =0, u, =k, — 1 for alln > 1, ¢(t) = ¢, t > 0.

(1) Mann iteration [12]: Chose 21 € C and define
(1.6) Tnt1 = (L —ap)zy, +aTe,, n>1,

where {ay,} is a sequence in (0,1).

(2) Ishikawa iteration [9]: Chose z1 € C' and define

Yn = (1 - /Bn)zn + BnTzy
(1.7) Tny1 = (A —ap)ey +anTyn, n>1,

where {a,,} and {5, } are sequences in (0,1).

(3) S-iteration [1]: Chose z; € C and define

(1.8) Tnt1 = (1 —an)Tey+ anTyn, n>1,

where {«, } and {3, } are sequences in (0,1). Note that (1.8) is independent of (1.7) (and hence (1.6)).
Agarwal, O’'Regan and Sahu [1] showed that their process independent of those of Mann and Ishikawa
and converges faster than both of these (see [[1], Proposition 3.1]).

(4) Modified S-iteration [1]: Chose 21 € C and define

1.9 Tny1 = (1 —apn)T "z, +a,T"y,, n>1,
( + Y

where {ay,} and {5,} are sequences in (0,1).

(5) Noor iteration [13]: Chose x; € C and define

(1.10) Tnr1 = (1 —ap)xn +anTy,, n>1,

where {ay,}, {Bn} and {v,} are sequences in [0,1].
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(6) Modified Noor iteration [21]: Chose 1 € C' and define

Zn = (1 - ’Yn)xn + 'YnTnxn
Yn = (1 - Bn)xn + ﬁnT"Zn
(1.11) Tnr1 = (1 —ap)zy +anT yn, n > 1,

where {ay}, {Bn} and {7,} are sequences in [0,1].
Recently, Phuengrattana and Suantai [16] introduced the following iteration scheme.

(7) SP-iteration [16]: Chose x; € C and define

zn = (1—=9m)xn +vTxn
(112) Tpt1 = (1 - an)yn + anTyn, n > 1,

where {ay,}, {Br} and {v,} are sequences in [0,1].

Inspired and motivated by [16], we modify iteration scheme (1.12) for three total asymptotically
nonexpansive self mappings of C' as follows:

(8) Modified SP-iteration: Chose z1 € C and define

(113) xn+1 - (1 - an)y7l + anT{Lyn7 n 2 17

where {ay,}, {Br} and {v,} are sequences in [0,1].

Remark 1.4. If we take T7* = T3 = T = T for all n > 1, then (1.13) reduces to the SP-iteration
scheme (1.12).

The three-step iterative approximation problems were studied extensively by Noor [13, 14], Glowin-
sky and Le Tallec [7], and Haubruge et al [8]. It has been shown [7] that three-step iterative scheme
gives better numerical results than the two step and one step approximate iterations. Thus we conclude
that three step scheme plays an important and significant role in solving various problems, which arise
in pure and applied sciences.

The purpose of this paper is to study modified S P-iteration scheme (1.13) and establish some strong
and weak convergence theorems for total asymptotically nonexpansive mappings in the setting of Ba-
nach spaces. Our results extend and generalize the previous works from the current existing literature.

2. Preliminaries

For the sake of convenience, we restate the following definitions and lemmas.
Let E be a Banach space with its dimension greater than or equal to 2. The modulus of convexity
of E is the function dg(e): (0,2] — [0,1] defined by

. 1
6p(e) =inf {1 = 5@+ )l : 2] =1, llyll = 1, & = [l — Il }.

A Banach space E is uniformly convex if and only if dg(¢) > 0 for all € € (0, 2].

We recall the following;:
Let S={z € E: ||z|]| = 1} and let E* be the dual of E, that is, the space of all continuous linear
functionals f on E.

Definition 2.1. (i) Opial condition: The space E has Opial condition [15] if for any sequence {z,} in
E, x,, converges to x weakly it follows that limsup,,_, ||zn — x| < limsup,,_, ||z, —y| forally € E
with y # . Examples of Banach spaces satisfying Opial condition are Hilbert spaces and all spaces
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(1 < p < 00). On the other hand, L?[0, 27| with 1 < p # 2 fail to satisfy Opial condition.

(ii) A mapping T: C — C is said to be demiclosed at zero, if for any sequence {z,} in K, the
condition x,, converges weakly to x € C' and T'z,, converges strongly to 0 imply Tx = 0.

(iii) A Banach space F has the Kadec-Klee property [19] if for every sequence {z,} in E, z, — «
weakly and ||z,| — ||z| it follows that ||z, —z| — 0.

Definition 2.2. Condition (A): The mapping T: C — E with F(T) # 0 is said to satisfy condition
(A) [18] if there is a nondecreasing function f: [0, 00) — [0, 00) with f(0) =0, f(t) > 0 for all t € (0, c0)
such that || — Tx| > f(d(z, F(T))) for all z € C, where d(z, F(T)) = inf{||z — p|| : p € F(T)}.

Now, we modify Condition (A) for three mappings.

Definition 2.3. Condition (B): Three mappings T, To, T3: C — C are said to satisfy condition (B)
if there is a nondecreasing function f: [0,00) — [0,00) with f(0) =0, f(¢) > 0 for all ¢ € (0,00) such
that a1 ||z — Thz|| + a2 ||z — Taz|| + as Tsz > f(d(z, F)) for all z € C, where d(z, F) = inf{||z — p|| :
p € F=n3_,F(T;)}, where a;, ay and a3 are nonnegative real numbers such that a; + az + a3 = 1.

Note that condition (B) reduces to condition (A) when Ty = T» = T3 = T and hence is more general
than the demicompactness of Ty, To and T3 [18]. A mapping T: C — C is called: (1) demicompact
if any bounded sequence {z,} in C such that {z,, — Tx,} converges has a convergent subsequence;
(2) semicompact (or hemicompact) if any bounded sequence {z,} in C such that {z, — Tz,} — 0 as
n — oo has a convergent subsequence. Every demicompact mapping is semicompact but the converse
is not true in general.

Senter and Dotson [18] have approximated fixed points of a nonexpansive mapping 7" by Mann
iterates whereas Maiti and Ghosh [11] and Tan and Xu [20] have approximated the fixed points using
Ishikawa iterates under the condition (A) of [18]. Tan and Xu [20] pointed out that condition (A) is
weaker than the compactness of C. We shall use condition (B) instead of compactness of C' to study
the strong convergence of {z,,} defined by iteration scheme (1.13).

Lemma 2.4. (See [20]) Let {an}5%y, {Bn}o2, and {r,}52, be sequences of nonnegative numbers
satisfying the inequality

ant1 < (14 Br)ay + 1, V> 1.

If >0 Bn <00 and Yo7 Ty < 00, then

(i) limy, o0y exists;

(ii) In particular, if {an 152 has a subsequence which converges strongly to zero, then lim, o ay, =
0.

Lemma 2.5. (See [17]) Let E be a uniformly convex Banach space and 0 < a < t, < < 1 for
all n € N. Suppose further that {z,} and {y,} are sequences of E such that limsup,,_, . ||zn] < a,
limsup,,_, . [|ynll < a and lim, o0 ||tn2n+(1—t,)yn|| = a hold for some a > 0. Thenlim, o0 ||Zn—ynl|
=0.

Lemma 2.6. (See [19]) Let E be a real reflexive Banach space with its dual E* has the Kadec-Klee
property. Let {x,} be a bounded sequence in E and p, q € wy,(x,) (where wy,(xy,) denotes the set of
all weak subsequential limits of {x,}). Suppose limy, o0 ||ty + (1 — €)p — q|| exists for all t € [0, 1].
Then p = q.

Lemma 2.7. (See [19]) Let K be a nonempty convex subset of a uniformly convex Banach space E.
Then there exists a strictly increasing continuous convex function ¢: [0,00) — [0,00) with $(0) = 0
such that for each Lipschitzian mapping T: C' — C with the Lipschitz constant L,

4T + (1~ Ty — Tt + (1~ )l < L6~ e~y — 71T~ Tyl

forallz,y € K and all t € [0,1].
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Proposition 2.8. Let C be a nonempty subset of a Banach space E and Ty, Ty, T5: C — C' be three
total asymptotically nonexpansive mappings. Then there exist nonnegative real sequences {u,} and

{vn} in [0,00) with p, — 0 and v, — 0 as n — oo and a strictly increasing continuous function
P RT — RY with ¢(0) = 0 such that

(2.1) [T7z =Tyl < o=yl + (|2 = yll) + vn,

(2.2) T3z = T3yl < llz =yl + patp(lz —yl) + va,
and

(2.3) 175z = T3yl <z =yl + pato(lz — yll) + vn,

forallx, y € C and n > 1.

Proof. Since Ty, Ty, T3: C — C are three total asymptotically nonexpansive mappings, there exist
nonnegative real sequences {fin, }, {ins }> {tins}> {¥n1 ts {Vny} a0d {Vn, } in [0, 00) With fin,, fny s fing —
0 and vy, Vny, Vny — 0 as n — oo and strictly increasing continuous functions 1, s, ¥3: RT — R
with 1;(0) =0 for ¢ = 1,2, 3 such that

(24) 1Tz = TPyl < o — ol + pntha(le = yl) + v,
(255) 1732 = T3yl < [lo =yl + oo 2l = yl) + Vi,
and
(2.6) T3z = T3yl < o =yl + pns sl = yll) + Vi,
for all x, y € C' and n > 1.
Setting

Hn = max{um, Hngs .uns}7 Vn = maX{Vﬂu Vngy, Vns}

and

(r) = max{y;(r), for i = 1,2,3 and for r > 0},
then we get that there exist nonnegative real sequences {u,} and {v,} with p, — 0 and v,, — 0 as
n — oo and strictly increasing continuous function : R™ — R™ with 1(0) = 0 such that

ITe =Tyl <z =yl + sy o1 (2 = yll) + v,

< lz =yl + gl = yl) + vn,
T3z = T3yl < llz =yl + poo2(llz — yl) + v,
< e =yl + wab(l|z = yll) + vn,
and
175z = T3yl <z =yl + pns sz — yll) + vn,
< e =yl + wab |z = yll) + va,
for all z, y € C' and n > 1. O

3. Strong Convergence Theorems

In this section, we prove some strong convergence theorems for three total asymptotically nonex-
pansive mappings in the framework of real Banach spaces. First, we shall need the following lemmas.

Lemma 3.1. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
Ty, Ty, T3: C — C be three total asymptotically nonexpansive mappings with sequences {u,} and {v,}
as defined in proposition 2.8 and F = M3_,F(T;) # 0. Let {x,} be the iteration scheme defined by
(1.18), where {an}, {Bn} and {yn} are sequences in [6,1 — 8] for all n € N and for some § € (0,1)
and the following conditions are satisfied:

(i) 220:1 Hn, < 00, 220:1 Up < 005

(i) there exists a constant M > 0 such that ¥ (t) < Mt, t > 0.
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Then lim, o ||z — p|| and lim,, o d(x,, F) both exist for all p € F.
Proof. Let p € F. Then from (1.13), we have

(1 = vn)zpn + T3 20 — pl|

(L =y)llzn = pll + 15 2n — pl|
(I =v)llzn = pll +valllzn — pll
+untp(lzn — pll) + vn]

(L= )llzn = pll + Ynlllzn — Pl
Fpn M |2y — pl| + v

20 = pll + pn M||zn, — p| + v
3.1) = (L+ M)z — p|| + V.

Again from (1.13) and (3.1), we have

[lzn =

IN INIA

IN

lyn =Pl = (1= Ba)zn + BaT3 20 — pll
< (1 =Bn)llzn = pll + Bull T3 20 — pll
< (1= B8n)llzn = pll + Bulllzn — pl|
Fhnth(llzn = pll) + vnl
< (1 =Bu)llzn = pll + Bulllzn — pll
+nM|[2n — pll + i)
< lzn = ol + M| 2n — pl| + vn
(L4 pnM)||zn = pll + vn
< A+ pn M)A+ ppM)||an = pll + va] + vn
(3.2) < 1+ .“nM)QHSCn —pll+ 2+ pnM)vy.
Finally, using (1.13) and (3.2), we have
e =l = 0= @)y + auTio ~
< (T=a)lyn —pll + anlTi'yn — pl
< (= 0wl I+ e~

+n(|lyn — pIl) + vn)

(1= an)llyn — pll + anllly, — pll

i M|Jyn — p|| + vn]

< lyn = pll + nM||yn — pll + vy,

= (14 paM)lyn —pll +vn

< (14 pn M)[(1 + pn M)? ||z, — |
+(2+ pn M)vp] + v

IA

< (4 pnM)?||zn —pll + (14 pn M) x
(2 + pnM)vy + vy,
(3.3) < (14 pn@)llzn — pll + vnQ2

for some @1, Q2 > 0.
For any p € F, from (3.3), we obtain the following inequality

Since 0% | pi, < 00 and Y., v, < 00, therefore applying Lemma 2.4(i) in (3.3) and (3.4), we have
limy, o0 ||Zn — p|| and lim, o d(zy, F') both exist. This completes the proof. O

Lemma 3.2. Let E be a uniformly conver Banach space and C be a nonempty closed convex subset
of E. Let Ty, Ts, Ts: C — C be three uniformly continuous and total asymptotically nonerpansive
mappings with sequences {pn} and {v,} as defined in proposition 2.8 and F = N?_F(T;) # 0. Let
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{zn} be the iteration scheme defined by (1.13), where {an}, {Bn} and {yn} are sequences in [9,1 — J]
for all n € N and for some 6 € (0,1) and the following conditions are satisfied:

(1) 3o b < 00, D0y v < 00;

(ii) there exists a constant M > 0 such that ¥(t) < Mt, t > 0.

Then limy, o0 ||Tn — Tixn|| =0 fori=1,2,3.

Proof. By Lemma 3.1, lim,,_, ||z, —p|| exists for all p € F, so we can assume that lim, . ||2,—p|| = c.
Then ¢ > 0 otherwise there is nothing to prove.

Now (3.1) and (3.2) implies that

(35) limsup ||z, —p|| < ¢
n— o0
and
(3.6) limsup ||y, —p|| < e
n—oo
Also
1Ty =2l < Ny =2l + 10 (lyn — pI) + vn
< Nlyn = pll + #nMllyn — pll +vn
= (14 pnM)|lyn — pll + v,
and so
(3.7) limsup |77y, —pl| < e
n— oo
Since
c=zptr—pl = (1= an)(yn —p) + an(T"yn — p)|-
It follows from Lemma 2.5 that
(3:8) Jim [Ty — yn|| = 0.
Again note that
175z, —pll < [z —pll + poto(lzn — pll) + 12
< lwn = pll + pn M|lzn — pl| + vy
= 1+ paM)l|zn —pll + vs,
17520 —pll < lzn = pll + #nto(llzn — pll) + vn
< lzn =2l + g M|l zn = pll + vn

(14 pn M)z = pl| + vn.

Hence, from above inequalities, we obtain

(3.9) limsup ||T5'z, — p|| < e,
n—oQ

and

(3.10) limsup ||T5'2, —p|| < ec.
n—oo

Further, note that

< Ny = T7ynll + 117 yn — |

< Nyn = TV Ynll + lyn — 2l + pntd([lyn — pll) + v
< Nlyn =TTyl + llyn = pll + pn M|lyn — pll +vn
< Ny = T0Ynll + (1 + pn M) lyn — pl| + vn-

yn — pll
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It follows from (3.6) and (3.8) that
(3.11) c < lirginf lyn — pl|-

From (3.6) and (3.11), we get

(3.12) Jim |y, —pl =«

Now, we have

(3.13) ¢ = lm fly, —pl = [(1 = Bn)(zn = p) + Bn(T3' 20 — P)|-
It follows from (3.5), (3.10) and Lemma 2.5 that

(3.14) nhHH;O |15 zn, — 2| = 0.

Again note that

|2 — pll 2 — T5"2n|| + 115" 20 — p|
20 — T3 20l + 20 — Pl + pntp([l2n — pl) + vn
llzn — T5' 20|l + |20 — Pl + pn M || 20, — pl| + v,

Iz = T3'znll + (1 + pn M) ||z = pl| + Vi

VAN VAN VAN VAN

It follows from (3.5) and (3.14) that
(3.15) ¢ < liminf |z, — p|-
n—oo

From (3.5) and (3.15), we get

(3.16) nl;rrgo lzn. —pl] = e
Now, we see that
(3.17) ¢ = lim ||z, —pl = [[(1 =) (@n = p) + W (T5'z0 — P
It follows from Lemma 2.5 that
(3.18) nh—>néo |75z, — x| = 0.
Again note that
[zn = 2ull = Anllzn — T3an|
(3.19) < (1 =9)|lwn — T3 x|
Using (3.18) in (3.19), we get
(3.20) HILH;O |z — 2zn|| = 0.
Further, note that
[Zn —ynll = Bullen — T3 2|
(3.21) < (1 =90)|lzn — T5 2]l
Using (3.14) in (3.21), we get
(3.22) nh_)rr;o lxn — ynll = 0.
Note that
(3.23) [n = T5' 20l < [lon — 20l + [|2n — T3 2n]|-
Using (3.14) and (3.20) in (3.23), we get
(3.24) lim ||z, — T3'z,|| = 0.

n—oo

31
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Hence
lzn = To'znll < |lon — T3 20| + 115" 20 — T3 @0

< lon = To'zall + |20 — 2o ll + pnd(l2n — zall) +vn

< ”mn_T;ZnH+||Zn_an+,UnM||Zn_xn”+Vn
(3.25) = |zn = T3 20|l + (1 + pn M) |20 — 20| + vn.
Using (3.20) and (3.24) in (3.25), we get
(3.26) lim @, — T3'x,|| = 0.

n— o0
Again notice that
(3'27) Hxn - TlnynH < ”‘Tn - ynH + ”yn - TlnynH
Using (3.8) and (3.22) in (3.27), we get
(3.28) nh—>Holo lzn — TT'ynl| = 0.
Hence
|20 = TT2n|l < |z — TV ynll + 1TV 20 — 11"yl

< zn = T1Ynll + 120 = yull + pnb (|20 — yull) + v

< ||xn_Tlnynll+||=Tn_yn||+MnM||xn_ynH+Vn
(3.29) = oo = T{ynll + (L + g M)||2n — yull + vn.
Using (3.22) and (3.28) in (3.29), we get
(3.30) nh_)rrgo |z — TT' @, || = 0.
By the definitions of z,11, we have
(3.31) |2n — Zptall < M2 = ynll + 17795 — ynll-
Using (3.8) and (3.22) in (3.31), we get
(3.32) nILHgO |xn — nt1] = 0.

By (3.30), (3.31) and uniform continuity of T, we have
[#n = Thxnll < [lon — 2zpgall + @01 — Tanrlanrl”
HNTP gy — T g ||+ |17 2 — Tran|

< lon — 2|l + lzns — T1n+1xn+1|| + |znt1 — 24|
Hn1([|Tnt1 — ) + Vo1 + ||T{l+1xn — Ty
< lon — 2|l + lzns — T1n+1$n+1|| + |Zn1 — T4
+Nn+1M||$n+1 - xn” + Unt1 + ||T1n+133n - Tlxn”
= 2+ pprrM)||zn — Tpsall + |1 — T1n+137n+1||
+||T1n+1mn - Tlan + Uny1
(3.33) —0 asn — oo.

Similarly, we can prove that
(3.34) |zn — Toxy|| =0 and ||a, — Tsz,| = 0.
This completes the proof.

O

Theorem 3.3. Let E be a real Banach space and C' be a nonempty closed convex subset of E. Let
Ty, Ty, T3: C — C be three total asymptotically nonexpansive mappings with sequences {u,} and {v,}
as defined in proposition 2.8 and F = M3_, F(T;) is closed. Let {z,} be the iteration scheme defined
by (1.13), where {a,}, {Bn} and {yn} are sequences in [5,1 — §] for alln € N and for some 6 € (0,1)

and the following conditions are satisfied:

(1) 07 ) pn < 00, D0 Up < 005
(ii) there exists a constant M > 0 such that ¥(t) < Mt, t > 0.
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Then {x,} converges strongly to a common fized point of the mappings Ty, To and T5 if and only if
liminf,, oo d(xn, F) =0, where d(z, F) = inf{||x — p|| : p € F}.

Proof. The necessity is obvious. Indeed, if z,, = g € F' as n — 0o, then

d(xn, F) = qigfpd(xn,q) < |len — ¢l = 0 (n — o0).

This shows that liminf,, . d(z,, F) = 0.

Conversely, suppose that liminf, _, . d(z,, F) = 0. By Lemma 3.1, we have that lim,_, d(z,, F)
exists. Further, by assumption liminf,, o, d(z,, F')
=0, from (3.4) and Lemma 2.4(ii), we conclude that lim, o d(x,, F') = 0. Next, we show that {z,}
is a Cauchy sequence.

From (3.3), we know that

A

[#ni1 —pll < (L4 pa@Q)llzn — pll +va@Q2

(3.35) (14 dp)||zn — || + Q2vn,

where d,, = Q1 and for some Qq,Q2 > 0. Since Y 7 | j1,, < 00, it follows that Y > | d,, < co.

Since 1 4+ x < e for all > 0, therefore from (3.35), we have

||xn+m —PH S (1 +dn+m71)”xn+m71 _p” +Q2Vn+m71
< elnime [Zntm—1 = pll + Q2Vntm—1
< eltnemoatdnimeallig o —pl| 4 e Qav o
+Q2Vn+m—1
S e[d71+nl—1+dn+m—2] ||-'I;n+mf2 _ pH + 6dn+m71Q2[Vn+m72
+Vn+m71]
ntm—1 ntm—1 i
S L o ) [ %
j=n
n+m—1
< (EER e —pl+ (FF9)Q Y
j=n
n+m—1
(3.36) < Qslln —pll + Q2Q3 Z Vj
j=n

for all natural numbers m, n, where Q3 = eXimidi < 0.

Now, given ¢ > 0, since lim, o d(z,, F) = 0 and ZZO=1 vy, < 00, there exists a natural number
ny > 0 such that for all n > ny, d(zn, F) < g5, and vy < 10.0; S0, we get d(zn,, F) < 157
and 3372 v < 10.0;- This means that there exists a p; € F such that |[z,, — p1]| < 75;. Hence,
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for all integers n > ny and m > 1, we obtain from (3.36) that

|Zntm = 2Zall < NTngm — p1ll + |20 — 1|

n+m—1
< Qzl|zn, —pill + Q2Q3 Z Vj
i1
+Qs3 |[Tn, — 1l + Q2Qs3 Z Vj
S
= 2(@3 [Zn, — p1ll + Q2Q3 Z Vj)
Jj=n1
< 2(@3 [n, — p1ll + Q2Q3 Z Vj)
Jj=n1
< (Q3 10, + Q2Qs3. 4@ 05 )

This proves that {z,} is a Cauchy sequence in C'. Thus, the completeness of E implies that {z, } must
be convergent. Assume that lim,, . x, = z. We will prove that z is a common fixed point of T, To
and T3, that is, we will show that z € F = N?_, F(T;). Since C is closed, therefore z € C. Next, we
show that z € F. Now lim,,_, d(x,, F') = 0 gives that d(z, F') = 0. Since F' is closed, z € F. Thus, z
is a common fixed point of the mappings 77, T» and T3. This completes the proof. O

We deduce the following result as corollary from Theorem 3.3 as follows.

Corollary 3.4. Let E be a real Banach space and C' be a nonempty closed convex subset of . Let
Ty, To, T3: C — C be three total asymptotically nonexpansive mappings with sequences {un} and {v,}
as defined in proposition 2.8 and F = M3_,F(T;) is closed. Let {z,} be the iteration scheme defined
by (1.13), where {an}, {Bn} and {yn} are sequences in [5,1 — §] for alln € N and for some 6 € (0,1)
and the following conditions are satisfied:

(i) D07 ) pn < 00, D0 Up < 005
(i) there exists a constant M > 0 such that ¥ (t) < Mt, t > 0.

Then {x,} converges strongly to a point p € F' if and only if there exists some subsequence {xy,}
of {xn} which converges top € F.

Theorem 3.5. Let E be a real Banach space and C be a nonempty closed convex subset of E. Let
Ty, Ty, T3: C — C be three total asymptotically nonexpansive mappings with sequences {un} and {v,}
as defined in proposition 2.8 and F = M3_,F(T;) # 0. Let {x,} be the iteration scheme defined by
(1.13), where {a,}, {Bn} and {y,} are sequences in [6,1 — 8] for all m € N and for some 6 € (0,1)
and the following conditions are satisfied:

(1) Doy tn < 00, 3071 vn < 00;
(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0.
Then liminf, o d(zn, F) = limsup,,_, . d(zn, F) =0 if {x,} converges to a unique point in F.

Proof. Let p € F. Since {z,} converges to p, lim,_, d(z,,p) = 0. So, for a given € > 0, there exists
n1 € N such that

d(xn,p) < e foralln > ny.
Taking the infimum over p € F(S,T), we obtain that

d(xy, F) < e foralln > ny.
This means that lim,_, d(z,, F) = 0. Thus we obtain that
linrggf d(xy, F) = liisotipd(xn, F)=0.
This completes the proof. O

As an application of Theorem 3.3, we establish some strong convergence results as follows.
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Theorem 3.6. Let E be a real Banach space and C be a nonempty closed convexr subset of E. Let
Ty, Ty, T3: C — C be three total asymptotically nonexpansive mappings with sequences {u,} and {v,}
as defined in proposition 2.8 and F = M3_,F(T;) # 0. Let {x,} be the iteration scheme defined by
(1.18), where {an}, {Bn} and {yn} are sequences in [6,1 — 8] for all n € N and for some § € (0,1)
and the following conditions are satisfied:

(i) Yopy i < 00, Y0 v < 00;

(i) there exists a constant M > 0 such that ¢¥(t) < Mt, t > 0.

If one of the mappings in {T; : i = 1,2,3} is demicompact, then {x,} converges strongly to a
common fized point of the mappings Ty, To and Tj.

Proof. Without loss of generality, we can assume that T; is demicompact. It follows from (3.33) in
Lemma 3.2 that lim,_, ||z, — Th2n] = 0 and {z,} is bounded, by demicompactness of T3, there
exists a subsequence {z,,} of {z,} that converges strongly to some ¢ € C' as k — oco. From (3.33) in
Lemma 3.2 we have

i {|zn, =T, || = llg = Tagl) = 0.

This implies that ¢ € F(T1). Similarly, we can prove that ¢ € F(T») and ¢ € F(T3). Thus, we obtain
that ¢ € F = N_, F(T;). It follows from Lemma 3.1 and Theorem 3.3 that {z,} must converges
strongly to a common fixed point of the mappings 77, 15 and T3. This completes the proof. O

Theorem 3.7. Let E be a real Banach space and C be a nonempty closed convex subset of . Let
Ty, Tz, T3: C — C be three total asymptotically nonexpansive mappings with sequences {pn} and {v,}
as defined in proposition 2.8 and F = M3_,F(T;) # 0. Let {z,} be the iteration scheme defined by
(1.13), where {an}, {Bn} and {yn} are sequences in [6,1 — §] for all n € N and for some § € (0,1)
and the following conditions are satisfied:

(1) 3oniy Hn < 00, 3207 Vn < 00

(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0.

If Th, Ty and T3 satisfy condition (B), then {x,} converges strongly to a common fized point of the
mappings Ty, Ty and Ts.

Proof. By Lemma 3.2, we know that
(3.37) lim ||z, — Tyz,| =0, fori=1,2,3.
n—oo

From condition (B) and (3.37), we get
fldxn, F) < ai.|xn — Tizg| + a2 ||xn — Toxy|| + as.||xn — T32,] =0,

that is, f(d(zn,F) = 0. Since f: [0,00) — [0,00) is a nondecreasing function satisfying f(0) = 0,
f(t) >0 for all t € (0,00), therefore we obtain

nh_)rr;o d(x,, F) = 0.

Now all the conditions of Theorem 3.3 are satisfied, therefore by its conclusion {z, } converges strongly
to a common fixed point of the mappings 77, T5 and T5. This completes the proof. O

4. Weak Convergence Theorems

In this section, we prove some weak convergence theorems of iteration scheme (1.13) for three total
asymptotically nonexpansive mappings in a uniformly convex Banach space such that either it satisfies
the Opial property or its dual space has the Kadec-Klee property (KK-property).

Theorem 4.1. Let E be a uniformly conver Banach space satisfying Opial’s condition and C be a
nonempty closed convexr subset of E. Let Ty, Ty, T3: C — C be three uniformly continuous and total
asymptotically nonexpansive mappings with sequences {p,} and {v,} as defined in proposition 2.8 and
F =} F(T;) # 0. Let {x,} be the iteration scheme defined by (1.13), where {a,}, {Bn} and {v,}
are sequences in [§,1—0] for alln € N and for some § € (0,1) and the following conditions are satisfied:

(i) 220:1 Hn, < 00, 220:1 Up < 005

(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0.

If the mappings I — T; for all i = 1,2,3, where I denotes the identity mapping, are demiclosed at
zero, then {x,} converges weakly to a common fixed point of the mappings T1, To and Ts.
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Proof. Let g € F, from Lemma 3.1 the sequence {||z,, — ¢||} is convergent and hence bounded. Since
FE is uniformly convex, every bounded subset of E' is weakly compact. Thus there exists a subsequence
{zn,} C {x,} such that {z,, } converges weakly to ¢* € C. From Lemma 3.2, we have

lim ||z, — Than, || =0, lim ||z, —Tox,, || =0, lim ||, —T32,,] =0.
k—o0 k—o0 k— o0

Since the mappings I — T; for all i = 1,2,3 are demiclosed at zero, therefore T;¢* = ¢* for all
i = 1,2,3, which means ¢* € F. Finally, let us prove that {z,} converges weakly to ¢*. Suppose on
contrary that there is a subsequence {x,;} C {z,} such that {z,,} converges weakly to p* € C and
q* # p*. Then by the same method as given above, we can also prove that p* € F. From Lemma 3.1
the limits lim,,— oo |2, — ¢*| and lim,,_,o ||z, — p*|| exist. By virtue of the Opial condition of E, we
obtain

lim [lzn, —¢"[ = lim |lzn, —q"
n—oo ng—oo
< Jim e, ']
= lim |z, —p"|
n—oo
= lim |z, —p"|
n;—>00
< lim |z, —q"|
n;—>00
= lim ||z, — ¢
n—oo
which is a contradiction, so ¢* = p*. Thus {z,} converges weakly to a common fixed point of the
mappings 71, 15 and T3. This completes the proof. O
Lemma 4.2. Under the conditions of Lemma 3.2 and for any p, ¢ € F, lim,, o |[tx,, + (1 —t)p — q||
exists for all t € [0, 1].
Proof. By Lemma 3.1, lim,,_, ||z, — 2|| exists for all z € F and therefore {z,} is bounded. Letting
an(t) = [tz + (1 —t)p — 4|

for all ¢ € [0,1]. Then lim, o an(0) = ||p — ¢|| and lim, o (1) = ||, — ¢|| exists by Lemma 3.1.
Tt, therefore, remains to prove the Lemma 4.2 for ¢t € (0,1). For all x € C, we define the mapping
Wy: C — C by:

Un(z) = (1- )z +yaTfe
Vo) = (1= Bn)Un(x)+ BT5Up(x)
and
Wo(z) = (1—an)Va(z)+ a1V ().

Then it follows that z, = Uyzp, Yn = VaZn, Tne1 = Wy, and Wyp = p for all p € F. Now from
(3.1), (3.2) and (3.3) of Lemma 3.1, we see that

[Un(z) =Un@)Il < A+ pnM)lz =yl +vn

Va(@) = Va@)l < (14 pnM)? |2 — yl| + (2 + pn M),
and
[Wa(z) = W)l < 1+ waQ1)llz -yl + Qavn
(4.1) = Ky llz -yl + Qavy,

for some Q1,Q2 > 0 and for all z,y € C, where K,, =1 + p1,,Q1 with > 7, v, < 00 and K,, — 1 as
n — 0o. Setting

(42) Hn,m = n+m71Wn+m72 oo Wn, m > 1
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and

bom = |Hp,m(tzn+ (1 —1)p) — (tHn, m@n + (1 — ) Hp mq)||-

From (4.1) and (4.2), we have
[ Hp,m () = Hu,m (y)]

‘IWn+m—1Wn+m—2 CIEa Wn(x) - Wn+m—1Wn+m—2 .. Wn(y)H

< Kpym-1lWaim—2. . Wo (@) = Wagm—a ... Wa(y)|l

+Q2Vntm—1
< Kopm1Kpim—oWaym—3 ... Wa(2) = Wigmos... Wa(y)||

+Q2Vn+m—1+ Q2Vnim—2

n+m—1 ntm-—1
< (I &)le-vl+@ Y v
Jj=n j=n
n+m—1
(43) = M-yl @ S v
j=n

for all z,y € C, where M,, = H;.Hm_l K; and Hy, @n = Tntm, Hy,mp = p for all p € F. Thus

=n

aner(t) = ||txn+m + (1 - t)p - QH
n+m—1
< bn, m Mnan(t) + Q2 Z Vj
j=n
(4.4) < bpm+ Muan(t) + Q2 ) v
j=1

By using [ [5], Theorem 2.3], we have

bn,m < @_1(”3771 —ull - | Hpm@n — Hn,mu”)
< o (an —ull = [|2nrm — v+ u — Hy mul))
< o M llzn = ull = (|#ngm — ull = [ Hnmu — ul]))

and so the sequence {by, ,,,} converges uniformly to 0, i.e., by, ,,, — 0 as n — oco. Since lim,, oo M,, =1,
Q2 >0 and v; — 0 as j — oo, therefore from (4.4), we have
limsupa,(t) < lm by + liminf a, () + 0 = liminf a, (¢).
n—oo n,m— oo n—oo n—oo
This shows that lim,, o a,(t) exists, that is, lim, o ||tz + (1 — t)p — q|| exists for all ¢ € [0,1]. This
completes the proof. O

Theorem 4.3. Let E be a real uniformly convex Banach space such that its dual E* has the Kadec-Klee
property and C be a nonempty closed convexr subset of E. Let Ty, Tz, T5: C — C be three uniformly
continuous and total asymptotically nonexpansive mappings with sequences {p,} and {v,} as defined
in proposition 2.8 and F = M3_, F(T;) # 0. Let {x,,} be the iteration scheme defined by (1.13), where
{an}, {Bn} and {vn} are sequences in [0,1— 8] for all n € N and for some 6 € (0,1) and the following
conditions are satisfied:

(1) Sopii b < 00, D07 U < 00;

(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0.

If the mappings I — T; for all i = 1,2,3, where I denotes the identity mapping, are demiclosed at
zero, then {x,} converges weakly to a common fixed point of the mappings T1, T and Ts.

Proof. By Lemma 3.1, {z,} is bounded and since E is reflexive, there exists a subsequence {x,,} of
{z,} which converges weakly to some p € C. By Lemma 3.2, we have

lim [|2,; — Tiz,,|| = 0 foralli = 1,2,3.
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Since by hypothesis the mappings I —T; for all i = 1,2, 3 are demiclosed at zero, therefore T;p = p for
all ¢ = 1,2,3, which means p € F. Now, we show that {z,} converges weakly to p. Suppose {z,,} is
another subsequence of {x,,} converges weakly to some ¢ € C. By the same method as above, we have
q € F and p, q € wy(x,). By Lemma 4.2, the limit

Jim [tz + (1 = )p — 4|

exists for all ¢ € [0, 1] and so p = ¢ by Lemma 2.6. Thus, the sequence {x,, } converges weakly top € F.
This completes the proof. O

Ezample 4.4. Let E be the real line with the usual norm |.|, C' = [0,00). Assume that Tj(x) = x,
Ty(x) = § and T3(z) = sinx for all x € C. Let ¢ be the strictly increasing continuous function
such that ¢: RT — R* with ¢(0) = 0. Let {{n}n>1 and {v, },>1 be two nonnegative real sequences
defined by p, = # and v, = # for all n > 1 with pu,, — 0 and v,, — 0 as n — oo. Then
Ty, To and T3 are total asymptotically nonexpansive mappings with common fixed point 0, that is,
F = F(Ty) N F(Ty) N Ty = {0}.

5. Conclusion

In this paper, we establish some weak and strong convergence theorems for modified SP iteration
scheme for three total asymptotically nonexpansive mappings in the framework of real Banach spaces.
The results presented in this paper extend and generalize several results from the current existing
literature to the case of more general class of mappings, spaces and iteration schemes considered in
this paper.
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