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NEW FIXED POINT RESULTS FOR RATIONAL TYPE CONTRACTIONS IN
PARTIALLY ORDERED —METRIC SPACES

REZA ARAB*, KOLSOUM ZARE

ABSTRACT. The purpose of this paper is to establish some fixed point theorems for a mapping having
a monotone property satisfying a contractive condition of rational type in the partially ordered
b—metric spaces. The results presented in the paper generalize and extend several well-known results
in the literature. An example is given to support the usability of our results.

1. INTRODUCTION

In [11, 12], S. Czerwik introduced the notion of a b-metric space which is a generalization of usual
metric space and generalized the Banach contraction principle in the context of complete b-metric
spaces. After that, many authors have carried out further studies on b-metric space and their topo-
logical properties (see e.g., [2, 3, 4, 5, 8, 17]) and the references therein.

The following definitions and results will be needed in what follows.

Definition 1.1. [11] Let X be a (nonempty) set and s > 1 be given a real number. A function
d: X x X — RY is said to be a b-metric space if and only if for all x,y,z € X, the following
conditions are satisfied:
(1) d(z,y) =0 if and only if x = y;
(i) d(z,y) = d(y,z);
(#i1) d(z,y) < s[d(x, z) + d(z,y)].

Then the triplet (X, d, s) is called a b—metric space with the parameter s. Clearly, a (standard)metric
space is also a b—metric space, but the converse is not always true.

Example 1.1. Let X = [0,1] and d : X x X — R* be defined by b(z,y) = |v — y|? for all z,y € X.
Clearly, (X,d,s = 2) is a b—metric space that is not a metric space.

Also, the following example of a b—metric space is given in [6].

Example 1.2. Let p € (0,1). Then the space LP([0,1]) of all real functions f : [0,1] — R such that
fol |f(z)[Pdx < 0o endowed with the functional d : LP([0,1]) x LP([0,1]) — R given by

d(f.9) = ( / (@) - (o)),

for all f,g € LP([0,1]) is a b—metric space with s = 2.

Since in general a b-metric is not continuous, we need the following simple lemma about the b-
convergent sequences in the proof of our main result.

Lemma 1.1. [1] Let (X,d) be a b—metric space with s > 1 and suppose that {x,} and {y,} are
b—convergent to x,y, respectively. Then we have,

1 . .
2@, y) <liminf (@, yn) < limsup d(@n, yn) < s%d(z,y).
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In particular, if x =y, then we have limd(x,,y,) = 0. Moreover, for each z € X, we have,
1
—d(z, z) < liminf d(x,, z) <limsupd(z,, z) < sd(z, z).
S

In [13], Dass and Gupta presented the following fixed point theorem.
Theorem 1.2. Let (X,d) be a complete metric space and T : X — X a mapping such that there
exist o, > 0 with a + B < 1 satisfying
d(y, Ty)(1 + d(x,Tx)
1+d(z,y)
for all x,y € X. Then T has a unique fized point.

d(Tz,Ty) < « + Bd(z,y),

In [9], Cabrera, Harjani and Sadarangani proved the above theorem in the context of partially
ordered metric spaces.

Theorem 1.3. Let (X, <) be a partially ordered set and suppose that there exists a metric d in X such
that (X, d) is a complete metric space. Let T : X — X be a conlinuous and non-decreasing mapping
such that there exist a, f > 0 with o + B < 1 satisfying

d(y, Ty)(1 + d(x, Tx)
1+ d@.y) + Bd(z,y),

for all x,y € X with x <vy. If there exists xg € X such that xq < Tz, then T has a fized point.

d(Tz, Ty) < @

Notice that Theorem 1.3 is Theorem 1.2 in the context of ordered metric spaces. Harjani et al. [14]
extended the result of Jaggi [13] and established a fixed point result in partially ordered metric spaces.
Recently, Chandok et al. [10] proved the following Theorem.

Theorem 1.4. Let (X, <) be a partially ordered set and suppose that there exists a metric d on X

such that (X,d) is a complete metric space. Suppose that T is a continuous self-mapping on X, T is

monotone nondecreasing mapping and

d(y, Ty)d(z, Tx)
d(z,y)

for all z,y € X with x > y,x # y and for some a, B,7,0 € [0,1) with o+ B+ 27y + 26 < 1. If there

exists xg € X such that xog < Txq, then T has a fixed point.

d(Tz,Ty) < o + Bd(x,y) +(d(x, Tx) + d(y, Ty)) + 6(d(y, Tx) + d(z, Ty)),

The purpose of this paper is to establish some fixed point results satisfying a generalized contraction
mapping of rational type in b—metric spaces endowed with partial order. Also, we establish a result
for existence and uniqueness of fixed point for such class of mappings.

2. MAIN RESULTS

In this section, we will present some fixed point theorems for contractive mappings in the setting of
b-metric spaces. Furthermore, we will give examples to support our main results. The first result in
this paper is the following fixed point theorem.

Theorem 2.1. Suppose that (X, d, <) is a partially ordered complete b-metric space. Let T : X — X
be a continuous and nondecreasing mapping. Suppose there exist mappings a; : X x X — [0,1) such
that for allz,y € X andt=1,2,---,7

ai(Tx7 Ty) < U,i(x, y)
Also, for all x,y € X with x <y,
d(y, Tx) + d(z, Ty)

d(Tz,Ty) <a1(z,y)d(z,y) + az(z,y)[d(z, Tz) + d(y, Ty)] + a3(z,y) .
(2.1) + aa(e, y)d(y, Ty)e(d(z, y), d(z, Tx)) + as(z, y)d(y, Ta)o(d(x, y), d(z, Ty))
+ ag(@, y)d(z,y)p(d(z,y), d(z, Tz) + d(y, Tx)) + az(z,y)d(y, Tz),
where ¢ : RT x RT — RT is a function such that ¢(t,t) =1 for all t € RT and

sup {a1(z,y) + az(z,y) + az(z,y) + as(z,y) + ag(z,y)} < —.
z,yeX s+ 1
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If there exists xg € X such that xo < Txg, then T has a fixed point.

Proof 1. If xg = Tz, then we have the result. Suppose that xqg < Txzy. Then we construct a sequence
{zn} in X such that

(2.2) Tnt1 = Tz, for every n=0,1,2,
Since T is a nondecreasing mapping, we obtain by induction that
(2.3) 2o <Twrg=o1 <Tx1 =22 < <Twp_1 =2, <Txp =Tpy1 <

If there exists some k € N such that xp+1 = xk, then from (2.2), xxy1 = Txp = xy, that is, xy is
a fized point of T and the proof is finished. So, we suppose that x,41 = x,, for all n inN. Since
Ty < Tpt1, for alln € N, we set © = x,, and y = xpy1 in (2.1), we have

ATz, Trpi1) <a1(Tp, Tpi1)d(Tn, Tng1) + a2(Tn, Trgr) [d(@n, Tpg1) + A(@ng1, Tng2)]

(xn+17 -Tn—i-l) + d(xna xn-&-Z)
S
(2.4) + a4(@n; Tn1)d(Tnt1; Tnp2) O(d(@n; Trg), d(@n; Tns))

(
( n+ ) ( )
+ a5(Tn, Tpt1)d(Tnt1, Tnp1)P(A(@n, Tng1), d(Tn, Tnt2)))
(Tn, Tnt1)d( (
( )d( ).

+ a3 (Tp, Tni1)

+ a6 (T, Trg1)d(Tn, Trg1)O(d(Tn, Trg1), d(Tn, Tng1) + d(Tpi1, Tngr)))

+ a7(Tn, Tn+1 d Tn+1y Tn+1
that is,

d(Zni1, Tny2) <01(Tn, Tpy1)d(Tn, Tny1) + a2(Tn, g 1)[d(Tn, Trgr) + d(Zng1, Tnyo)]
+ aS(xm xn+1)[d(xn7 Tpi1) +d(Tpy, xn+2)] + a4 (T, Tpy1)d(Tni1, Tng2)
+ ag(Tny Tpy1)d(XTn, Tpi1)
=la1(xn, Tnt1) + a2(Tn, Tna1) + a3(Tn, Tnt1) + a6(Tn, Trr1)]d(Tn, Tna1)
+ [az(Tn, Tng1) + a3(@n, Tny1) + aa(Tn, Trg1)|d(Zng1, Tng2)
=la1 + as + a3 + ag)(Txp—1, Txp)d(Tpn, Tni1) + [ag + ag + ag)(Txp—1, Txp)d(Tpi1, Tnia)

<[ai + as + az + ag|(Tp—1, Tn)d(Tn, Tny1) + [a2 + a3 + asa](Tp—1, Tp)d(Tpi1, Tryo)

<[a1 + a2 + a3 + ag)(xo, £1)d(Tn, Tnt1) + [a2 + a3 + a4](zo, x1)d(Tnt1, Tnt2),
which implies that

(a1 + a2 + ag + ag)(zo, 1)
1 — (ag + az + aq)(zo, 1)

d<xn+la$n+2) < d(xnzanrl)-

Now,

(a1 + 2(12 + 2(13 —+ aq —+ aﬁ)(l‘o,l’l)
<{(s+Dar+(s+ax+(s+1)az+(s+1)as+ (s+1)ag}t(zo,x1)

< xS;ler{(s +Dar(z,y) + (s + 1) az(e,y) + (s + D as(z,y) + (s + 1) aa(z,y) + (s + 1) ag(2,9)}

< 1.

(a1 + as + a3 + ag)(xo, 1)

Thus we get d(Tni1,Tn < ANd(xp,Tni1), where X =
g ( +1 +2) ( +1) 1_ (a2 T as +a4)(1‘0,$1)

< 1. Obviously,

1
0 < X\ < —. Then by repeated application (2.4), we have
s

(2.5) A(Tpi1, Tnt2) SN d(@n, 2ni1) <A d(Tp_1,2,) < - < AT d(z0,21).
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Thus, setting any positive integers m and n (m > n), we have

AT, ) <SA(T, Tpg1) + Pd(Tna1, Tnaa) + -+ 8" (Tt Tn)
<[sA™ + A o TN d (20, )
=sA"[1 4+ sA+ (sA)? 4+ -+ (sN)™ " )d(xg, 21)
SN[+ sA + (sA)? + - - - ]d(zg, 1)
SA™
<
“1-—sA

d(.’Eo,ml).

n

1—3sA
complete b-metric space X, there exist x € X such that

1
Since 0 < A < —, we notice that — 0 as n — oo for any m € N. So {x,} is Cauchy in a
s

(2.6) nh_r>nOO Tp41 = T.

Letting n — oo in (2.2) and from the continuity of T, we get

v nh—I>noo Tntl = nh—r>noo T(S(}n) - T(7L1£>noo xn) - T(LL’)

This implies that x is a fixed point of T .

Example 2.1. Let X = [0,1] with the usual order <. Define d(x,y) = |z —y|*>. Then d is a b—metric

1

with s = 2. Also define a1 (x,y) = Tyt and Tz = 1—6:52, We observe that

1 1 1 1 1 1 r+y+1

T2, Ty) = —(—22+ —12 + 1) = -~ (—za+ —yy+1) < — L~ =
a1(Te, Ty) = 55 (360" + gv° + 1) = (per + eyy+1) < —2 a1(z,y),
and for all comparable x,y € X, we get
d(T2, Ty)) =|Ta — TyP = |50 — o =~ + gl +ylle — o
’ 16 16 162
1 le+y+1 1
< —yP <L iy —ylP == d
< el yllo o < T e -y = iyl y)

S a (ZL', y)d(l’, y)

Moreover, T is a nondecreasing continuous mapping with respect to the usual order < . Hence, all
conditions of Theorem 2.1 are satisfied. Therefore, T has a fixed point x = Q.

Corollary 2.2. Suppose that (X,d, <) is a partially ordered complete b-metric space. LetT : X — X
be a continuous and nondecreasing mapping such that the following conditions hold:

d(y, T d(x, T
d(Tz,Ty) <ard(z,y) + az[d(z, Tz) + d(y, Ty)] + a3 (v, Tz) t: (2, Ty)

+ asd(y, Ty)p(d(z,y), d(z, Tz)) + asd(y, Tx)p(d(z,y),d(x, Ty))
+ aed(x, y)p(d(z,y),d(z, Tz) + d(y, Tr)) + azd(y, Tz),

for all x,y € X with x <y, where a; are nonnegative coefficients for i =1,2,--- |7 with

1
+ag < ——,
a1 +as +asz + aq a6_8+1

and ¢ : RY x RT — RY is a function such that p(t,t) =1 for all t € RT. If there exists xg € X such
that xog < Txg, then T has a fixed point.
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Example 2.2. Let X = [0,1] with the usual order <. Define d(x,y) = |v —y|>. Then d is a b—metric
1 1
with s = 2. Also define Tx = 2%~ sz. For all comparable x,y € X, we get

1 1 1 1 1 1
d(Tz,Ty)) =|Tz — Ty|* = |§x - 1502 - §y+ 192|2 = |§(17 —y) - Z(I —y)(z +y)|?
1 1
o2 1 2
=lz —y| -|2 4($+y)|
1
Sz|$*y\|2
:ald(zyy)'

Moreover, T is a nondecreasing continuous mapping with respect to the usual order < and a1 = - <

A~

E Hence, all conditions of Corollary 2.2 are satisfied. Therefore, T has a fixed point x = 0.
S

1
If we take p(t,s) = 1+i for all t,s € RT in Theorem 2.1 and Corollary 2.2, we have the following

Theorem and Corollary.

Theorem 2.3. Suppose that (X, d, <) is a partially ordered complete b-metric space. Let T : X — X
be a continuous and nondecreasing mapping. Suppose there exist mappings a; : X x X — [0,1) such
that for all z,y € X andi=1,2,---,7

ai(TQj? Ty) < ai(l', y)
Also, for all x,y € X with x <y,
d(y, Tx) + d(z,Ty)

S

d(y, Tz)[1 + d(z, Ty)]

d(Tx, Ty) <ai(z,y)d(z,y) + az(z,y)[d(z, Tx) + d(y, T'y)] + az(x,y)
d(y, Ty)[1 + d(z, Tx)]

+ a4(x, y) 1+ d(.]?, y) + a5(x, y) 1 ¥ d(.]?, y)
+ ag(z,y) d(z,y)[1 —I—ldJ(er,l?;x)y)—&— d(y, Tx)] + as(, y)d(y, Ta),

and

1
sup {a1(z,y) + ao(z,y) + az(x,y) + as(z,y) + ag(z,y)} < :
z,yeX s+ 1

If there exists xo € X such that xg < Txg, then T has a fixed point.

Corollary 2.4. Suppose that (X,d, <) is a partially ordered complete b-metric space. Let T : X — X
be a continuous and nondecreasing mapping such that the following conditions hold:

d(y, T d(z, T
d(Tz,Ty) <ard(z,y) + az[d(z, Tx) + d(y, Ty)] + a3 (v, f”)j; (z,Ty)

d(y, Ty)[1 + d(z, Tx)] e d(y, Tz)[1 + d(z, Ty)]
1+d(z,y) ° 1+d(z,y)
d(z,y)[1 + d(z,Tx) + d(y, Tv)]
1+ d(z,y)

for all x,y € X with x <y, where a; are nonnegative coefficients for i =1,2,--- ,7 with

+ a4

+ ag + azd(y, Tx),

1
<
a1+ as2+as+ag+ag < S+ 1

If there exists xg € X such that xg < Txg, then T has a fixed point.
In our next theorem we relax the continuity assumption of the mapping T in Theorem 2.1 by

imposing the following order condition of the metric space X:
If {«,,} is a non-decreasing sequence in X such that z,, — x, then z,, <z for all n € N.
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Theorem 2.5. Suppose that (X,d, <) is a partially ordered complete b-metric space. Assume that if
{zn} is a non-decreasing sequence in X such that x, — x, thenx,, < x foralln € N. LetT : X — X
be a nondecreasing mapping. Suppose there exist continuous mappings a; : X x X — [0,1) such that
forallz,ye X andi=1,2,---,7

ai(Taj7 Ty) < ai(xa y)
Also, for all x,y € X with x <y,
d(y, Tz) + d(z,Ty)

d(Tz,Ty) <a1(z,y)d(z,y) + az(z,y)[d(z, Tx) + d(y, Ty)] + az(z,y) .

(2.7) + as(z,y)d(y, Ty)p(d(z,y), d(z, Tz)) + as(z,y)d(y, Tz)p(d(z,y), d(z, Ty))
+as(z,y)d(z,y)p(d(z,y), d(z, Tx) + d(y, Tr)) + a7 (2, y)d(y, Tx),

where p : RT x RT — R™T is a continuous function such that o(t,t) =1 for allt € RY and

1
sup {al(‘r7y) + ag(:c,y) + a3(:r,y) + a4(:c,y) + aﬁ(xay)} < .
z,yeX s+1

If there exists xg € X such that xo < Txg, then T has a fized point.

Proof 2. We take the same sequence {x,} as in the proof of Theorem 2.1. Then we have xg < 21 <
29 <o <y < pyy < --- . that is, {x,} is a nondecreasing sequence. Also, this sequence converges
to x. Then x, <z, for alln € N. Suppose that Tx # x, that is, d(x,Tx) > 0. Since x, < x for all n,
applying (2.7) and using Lemma 1.1, we have

1
—d(z,Tz) < limsupd(xp41,Tz) = imsup d(Tz,, Tx)
s

n—oo n—oo

<lim sup {al(:rn, )d(Tp, T) + a2 (T, ©)[d(Tn, Tna1) + d(z, Tx)] + az(zn, ©) U@, Tni1) + d(zn, T7)

n—00 S

+ ag(zn, x)d(z, Tx)o(d(xn, ), d(Tn, Tni1)) + a5 (@n, 2)d(x, pi1)p(d(zn, ), d(2n, Tx)))

+ ag(xn, x)d(zph, 2)o(d(Tn, ), d(Th, Tpi1) + d(x, Xpt1))) + a7(2n, z)d(z, xn+1)}
<[az(z,z) + ag(z, z) + as(x, x)]d(x, Tx)

1
< T - T
< —d(@,To) < d(2,T),

which is a contradiction. Hence, Tx = x, that is, x is a fixed point of T'.
Corollary 2.6. Suppose that (X,d, <) is a partially ordered complete b-metric space. Assume that

if {xn} s a non-decreasing sequence in X such that x, — x, then x, < x for alln € N. Let
T: X — X be a nondecreasing mapping such that the following conditions hold:

d(y, T d(xz,T
d(Tx, Ty) <ard(z,y) + asld(z, Tx) + d(y, Ty)] + a3 (y w)l‘ (x,Ty)

+ asd(y, Ty)p(d(z,y),d(x, Tz)) + asd(y, Tx)p(d(z, y), d(z, Ty))
+ agd(z,y)p(d(z,y), d(z, Tz) + d(y, Tx)) + ard(y, Tx),

for all x,y € X with x <y, where a; are nonnegative coefficients for i =1,2,--- ,7 with

1
<7
a1 +az+as+ag+asg < st 1

and ¢ : RT x RT — RY is a function such that p(t,t) =1 for all t € R™. If there exists zo € X such
that xg < Txg, then T has a fived point.

Remark 2.1. Since a b—metric space is a metric space when s = 1, so our results can be viewed as
the generalization and the extension of several comparable results.
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