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FEJER-HADAMARD INEQULALITY FOR CONVEX FUNCTIONS ON THE
COORDINATES IN A RECTANGLE FROM THE PLANE

G. FARID*, M. MARWAN, AND ATIQ UR REHMAN

ABSTRACT. We give Fejér—-Hadamard inequality for convex functions on coordinates in the rectangle
from the plane. We define some mappings associated to it and discuss their properties.

1. INTRODUCTION

A real valued function f : I — R, where [ is an interval in R, is called convex if

flax+ (1 —a)y) < af(x)+(1—-a)f(y),

where a € [0, 1], for all z,y € I.

Convex functions play a vital role in the theory of inequalities. A lot of inequalities are established
using convex functions, e.g. see for convex functions in [1, 2, 6, 7]. The most classical and fundamental
inequality is Hermite-Hadamard inequality, this is stated as follows:

M f(“‘;b)sbla/abf(mdxsw

holds for every convex function f: I — R and a, b € I with a < b.

This inequality is present in many textbooks and monographs devoted to convex functions and it is
also extensively studied by many researchers. With the help of (1) researchers have produced many
integral and differential inequalities (see [8, 9]), and operators. Very interesting historical remarks
concerning the inequality (1) can be found in [13] (see also [14, pp. 62] ).

In 1906, Fejér (see [16, page 138] and [11]) established the following weighted generalization of the
Hermite-Hadamard inequality for symmetric functions.

©) 1(“52) [ o< [ s < 2O oy

holds for every convex function f: I — Ra,b € I, and g : [a,b] — RT symmetric about (a + b)/2.
In [5] Dragomir gave the Hermite-Hadamard inequality on a rectangle in plane, by defining convex
functions on coordinates.

Definition 1.1. Let us consider the two-dimensional interval A := [a,b] X [c,d] in R? with a < b
and ¢ < d. A function f : A — R will be called convex on the coordinates if the partial mappings
fy i la,b] = R, fy(v) :== f(u,y), and fy, : [a,b] = R, fy(v) := f(x,v), are convex where defined for all
y € [¢,d] and x € [a,b)].

One can note that every convex mapping f : A — R is convex on the coordinates but the converse
is not true. For example, f(x,y) = xy is convex on coordinates in R? but it is not convex.
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Theorem 1.2. Let f: A — R be convex on co-ordinate in A.
Then we have:

a+bce+d\ 1] 1 [ c+d 1 (4 a+b
<7
f( 5 g )_2 b_a/f(%T )deT—c/c F(— ,y)dyl

_C//fxydyd:c

IN
’S
|

IN
N

/bf(a:,d)da:
b /fayder/fbydy]

<7 [f(a c) + fla,d) + f(b,c) + f(b,d)].

There in [5] some mappings connected to above inequality are also considered and their properties
are discussed. In this paper we are interested to give the Fejér—Hadamard inequality for a rectangle
in plane via convex functions on coordinates. We also study some properties of mappings associated
with the Fejér-Hadamard inequality for convex functions on coordinates.

2. MAIN RESULTS

Theorem 2.1. Let A := [a,b] X [c,d] CR? and f : A — R be a conver function on coordinates in A.
Also let g1 : [a,b] — R and go : [c,d] — R be two integrable and symmetric functions about (a+b)/2
and (¢ + d)/2 respectively. Then one has the following inequalities

f<a+b c—i—d)

2 7 2
11 s c+d
< Z | = - - _—
2 Gl/af(x’ 2 ) @)dz + / (

b pd
G11G2 / / F(,9)g1(2)g2(y) dydz

) ga(y)dy]

IN

(3) B b b
gi 51/ 0 (@) f(x, c)dx+Gil/ 01 (2)f (z, d)dz
d
+Gi2/c gz(y)faydy+f/ 92(y bydy]
< 17(a,0)+ fla,d) + F(b,6) + .0
where

b d
G, :/ g1(z)dz and Go :/ 92(y)dy.
These inequalities are sharp.

Proof. Since f : A — R is convex on coordinates, it follows that functions f, and f, are convex on
[c,d] and [a, b] respectively. Thus from (2), we have

c d y )
(4) f (az?) < Giz/c Fla,y)g2(y)dy < w

a b )
(5) f( ;rb’y) < il/a J(z,y)g1(x)dr < M
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Multiplying (4) by g1(x)

d
n@)f (2 55%) < & [ e nn@na < g 007100,

Now integrating on [a, b], we get

/abgl(a:)f ($7C+d> dr < CTQ/ / f(@,9)g1 () g2 (y)dyda
Va 91(z) f(z, c)dx+/a () f (2, d)da ]

Now multiplying (5) by g2(y) and integrating on [c, d], we get

/chQ(y)f (a;r > = 7/ / f(z,9)91(7)g2(y)dydx

é% V gz(y)f(a,y)der/c 92(y )f(bvy)dy] :

(6)

<

N =

(7)

Since G1,Gs > 0, dividing inequalities (6), (7) by G1, Go respectively and adding we get second and
third inequalities in (3).
From first part of (4) and (5), we have

a+b c+d 1 d a+b
f(;,;)ﬁ%/cf<;,y>gz(y)dy

b
f(a—Q&—b’c—&Q—d> SGil/ f(x,c—;d)gl(m)dx.

Adding the above two inequalities we get the first inequality in (3).
Now from second part of (4) and (5), we can get

and

fla, ) + f(b,¢)
2 i

b
Gil/a f(@,d)g1(x)dx < w7

fla, ) + f(a,d)
2 )

d
Giz/c f(b,y)g2(y)dy < w

By adding the above four inequalities, we get last inequality in (3).
If in (3) we choose f(z) = xy, then (3) becomes an equality, which shows that inequalities in (3) are
sharp. O

b
Gil / F(, g (2)da <

d
GiQ / F(a,y)ga(y)dy <

Remark 2.2. If we put g1 = 1 and g2 = 1 in above theorem, then we get Theorem 1.2, which is the
main theorem of [5].

For a mapping f : A — R, we define the mapping H: [0,1]2 — R, as follows:

R b d a ¢
® A =g [ [ (-0 e 095 ) @)

The properties of this mapping are studied in the following theorem. We need a following Lemma to
give desire results, which is due to Levin and Steckin [16, pp. 200].
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Lemma 2.3. Let f be a convex function on [a,b], g be a function symmetric about (a + b)/2 and
nonincreasing on [a, (a + b)/2]. Then

/f dx>7/f d;v/b (z)da.

Theorem 2.4. Suppose that f : A — R is convex on the coordinates in A. Then the mapping fl,
defined in (8), is convex on the coordinates on [0,1]%. Further if g1 is nonincreasing on [a, (a + b)/2]
and go 1s nonincreasing on [c, (¢ + d)/2], then

inf  H(t,s)=f (a+b, C+d) = [(0,0)

(t,s)€[0,1]2 2 2
and
swp  A(ts) = o [ [ He (@) dyde = A1)
(t,8)€[0,1]2 G1G» a Je

Proof. For convexity, fix s € [0,1]. Then for all o, 8 > 0 with a+ 8 =1, and ¢1, 5 € [0, 1] we have

~ 1

H(at t =

(Oé]_-i-ﬁ 278) GlGQ

c+d

syt (1= 95 ) ()

X /ab /Cdf ((oaﬁ + Bto)z + (1 — (aty +5t2))a;r

which gives us

H(aty + Bta, s) G1G2 / / (a (tlx +(1-1)" ; b)
+

8 (net (- 50 ) s+ (- 955 ) @)

b
@ a+b c+d
< _ —
< Gng/a / (t1x+ (1—1t1) 5 ,sy+(1—s) 5 )gl(gj)QQ(y)dydx

b
b c+d
) / (1) 5 sy (1= 95 ) g @anlo)iuda

= aﬁ(tla )+/8H(t275

If t € [0,1] is fixed, then for all sq,s2 € [0,1] and «, 8 > 0 with a + 8 = 1, we also have:
H(t,as) + Bsy) < aH(t,s1) + BH(t, s2)

and the statement is proved.
Now to prove the remaining part of the theorem, we take

N 1 b d b
H(t,s):Gle/ / f(taﬂ—(l—t)a; sy +(1—9)°F

Since f is convex on the coordinates and (% fcd g2(y)dy = 1, we apply Jensen’s inequality for integrals
on second coordinate to get

= b a d C
H(t,s>zGil/a f(tx+<1—t>‘2”),(j2/c (sy+<1—s> ;d)92<y>dy> g1 (x)da.

Now it follows from Lemma 2.3, that

~ b a c
) H(t,s)zGil/a f(tx—i—(l—t) ;b, —;d>gl(x)dx.

d) 92(y) g1 (v)dydz.




44 FARID, MARWAN, AND REHMAN

Since &- f g1(z) de = 1, Jensen’s inequality for integrals leads to

ft,s)> f (él /b (tx+(1—t)“2+b> gl(x)dxf;d> .

Now by Lemma 2.3, we have

a—+ b c+d
e > (5050
This gives us the lower bound of H. To get upper bound, we use convexity on second coordinates of
f to get
~ 1 b d a+b
H(t < t 1—1t)—— d
(t,s) < Gle/a [8/ f<x+( ) ,y>gz(y) y
a+b c+d
+(1=s)f (tfc + (1=t —5 ) gz(y)dy} g1(z)dz.
This gives

ts

Gle/ / (t“’ (1-1)"= 5 0 >91( )92 (y) dydz

* Clll_GSQ / / (tm—&-(l—t)a;—b c—;d) 91(2)g2(y) dydz

Gng// [tf zy) 1f>f< b,y)]gl@m(y)dydx
cl;l_GZ// {tf( C+d) (1_t)f(“;b,yﬂglu)gg(ymydx.

On simplification, we have
a+b
) g2(y) dydz + (G )/ f( 5 y) 92(y)dy

+(1(_;1”/a f(a:,c—gd> ()dat—&—(l—s)(l—t)f(a;b,c;d).

From inequalities (6) and (7), we have

Cv%g/cdf<a;b’y) g2(y)dy < IE G2/ / f(z,y)g1(x)g2(y) dydz

b b pd
Gi1/a / (x, C—;d> g1(2) < Glng /a /C (@, y)g1(x)g2(y)dydz.

Using above inequalities, we deduce that

~

H(t

and

R b pd
F(t5) < [st+5(1— )+ (1— )t + (1 5)(1 — 1) / / £ (0,991 (2)92 () dyda

G1Go

/ / £, 1)91(2)g2(y) dyd, (2, 5) € [0, 1%

Now we have to show the monotonicity of the mapping H (t,s). For this firstly, we will show that
H(t,s) > H(t,0) for all (¢,s) € [0,1]%. By (9), we have:

b
A(t,s) > Gil/ f (m+(1 —t)a;b, C;d> g1 (2)dz = H(t,0)

eNer
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for all (¢,s) € [0,1]2.
Now let 0 < s1 < 59 < 1. By convexity of mapping H (t,.) for all ¢ € [0, 1], we have

H(t,sy) — H(t,s1) - H(t,s1) — H(t,0)

So — 81 S1

> 0.
This completes the proof. O
Remark 2.5. If we put g1 =1 and g5 = 1, in Theorem 2.4 then we get Theorem 2 of [5].

If the function f is convex on A, instead of coordinated convex, then we have the following theorem.

Theorem 2.6. Suppose that f: A — R is convex on A.

(i) The mapping H is conver on A.

(7) Let h: [0,1] — R be the mapping defined as ﬁ(t) = f[(t,t). Then h is convex, monotonic nonde-
creasing on [0,1] and one has the bounds:

inf h(t) =
telfé,u() f

a+b c+d ~
= H
( 2 7 2 ) (0,0)

and

~

R 1 b pd
swp 70 = g [ [ Henor(@)oa)dyde = (LD,
te[0,1] 1Ga Jo Je

Proof. (i) For convexity, let (t1,s1), (t2, s2) € [0,1]> and «, 3 > 0 with a + 8 = 1. Then

~ 1
H(aty + Bta, asy + Bs2) =

peNe
b d b d
X//f|:0&<t1£€+(1—t1)a;r,51y+(1_51)cg )
a+b c+d
0 (1o + (1= ) sy (15005 ) | n (o)

b pd
o a+b c+d
g [ (e a-n s -0 ) a@ni

+

b d b d
GfGQ/ / f(t2x+(1—t2)a; ,sgy+(1—s2)c“2L )gl(x)m(y)dydx

= Oéﬁ(tl, 81) + 6.[/7\[@2, 82).

Which shows that H is convex on [0, 1]2.

(it) Now we prove the convexity of h on [0,1]. For this, let t1,t2 € [0,1] and «, 8 > 0 with a+ 8 = 1.
Then

~

h(aty + Bte) = H(aty + Bta, aty + Bta)

a(ty, t1) + B(t2, t2))

< aH(t1,t)) + BH(ta, t5)
ah(tr) + Bh(ts),

which shows the convexity of hon [0,1]. Now to prove the remaining part of the theorem, we take

b pd b J
GllG2 /a /c / (tm +(1— t)%,ty +(1- t)C;r) 92(y)g1 (z)dydz.

Since f is convex on the coordinates and G% fcd g2(y)dy = 1, we apply Jensen’s inequality for integrals
on second coordinate to get

R b a d c
h(t) > Gil/a f(t:c+(1t)—;b,é2/c {ter(lt)—;d] gz(y)dy> g1(x)dz.

H
H

o~ o~

h(t) =
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Now it follows from Lemma 2.3, that

N 1 [ b d
(10) W)= o [ 1t -0 S0 (o),
G1 J, 2 2
Since - f g1(x) dz = 1, Jensen’s inequality for integrals leads to

W) > f <Gfl /ab {m -t b] o (2)da, C;d> .

Now by Lemma 2.3, we have

a+ b c+d
i =1 (451,

This gives us the lower bound of }Az() To get upper bound, we use convexity on second coordinates of
f to get

R 1 b d a+b

h(t) < t t 1-—-t¢ d

"<z | [ [ (e a0 ) mtay
a+ b c+d

+A=-)f (te+ A -t)—— —— ) e2(y)dy| g1(z)da.

This gives

~ t b +b
< —
h(t) < een / / (tm+ (1-122 y) 91(x)go(y)dydx

(él_G’; (m T Rk d) 01()g5(y)dyda
= G, G2 / / [tf(x’y) +A-0f (tngvy)] 91(%)g2(y)dydx
+ Clll_GtQ { ( er d) +(1-t)f (Cl;b,yﬂ g1(x)ga(y)dydz.

On simplification, we have

GG /ab /cdf(x,y)gl(w)gz(y)dyd:c + t(lG; J /cdf (a ; b,y> 92(y)dy

_ b
+ “Glt)t/a f(a:,c—;d) g1 (@)dz+ (1= 1) f (“;b,cgd).

From inequalities (6) and (7), we have

d a+b
& [ () ewas g [ [ e mnwewae

b b pd
Gi1/a / (x, C—;d> g1(2) < Glng /a /c [z, y)g1(x)g2(y)dydz.

Using above inequalities, we deduce that

h(t) <

and

R b pd
B(t) < 12+ 11— 1)+ (1)t + (1— 1] / / £, 1)1 (2)g2 () dyde

G1Go

b d
:G1G2/a / f(@,9)g1(2)g2(y)dydz, t € [0,1].
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Now we have to show the monotonicity of the mapping T for this firstly, we show that H (t,t) > H (t,0)

for all ¢ € [0,1]. By (10), we have:

~ 1 /0 b d o~

ht) > 7/ Flie+q—p®2 C2DY 0 (yde = AL, 0)

Gi Ja 2 2
for all ¢ € [0, 1].
Now let 0 < t; <ty < 1. By convexity of mapping H (t,.) for all ¢ € [0, 1], we have
h(t2) — h(t1) > h(t1) — h(0) > 0.
to — 1 - t -

This completes the proof. O

Remark 2.7. If we put g3 = 1 and g2 = 1 in Theorem 2.6, then we get Theorem 3 of [5].
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