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BEURLING’S THEOREM AND L? - L? MORGAN’S THEOREM FOR THE
GENERALIZED BESSEL-STRUVE TRANSFORM

A. ABOUELAZ, A. ACHAK, R. DAHER, N. SAFOUANE*

ABsTrRACT. The generalized Bessel-Struve transform satisfies some uncertainty principles similar to
the Euclidean Fourier transform. A generalization of Beurling’s theorem and LP — L9 Morgan’s
theorem obtained for the generalized Bessel-Struve transform.

1. INTRODUCTION AND PRELIMINARIES

There are many theorems known which state that a function and its classical Fourier transform
on R cannot both be sharply localized. That is, it is impossible for a nonzero function and its
Fourier transform to be simultaneously small. Here a concept of the smallness had taken different
interpretations in different contexts. Morgan [5] and Beurling [3] for example interpreted the smallness
as sharp pointwise estimates or integrable decay of functions. In particular Beurling’s theorem, which
was found by Beurling and his proof was published much later by Hérmander [4], says that

Theorem 1. If f € L?(R) satisfies that

/ / F@) 17 )19 dedy < oo,
RJR
then f =0 a.e.

Morgan [5] has established a famous theorem stating that for v > 2 and n = 27, if (av)% (bn)% >
(sin(%(n — 1))711, e?ll” f € L°(R) and e®1#I" F(f) € L°(R). then f is null almost everywhere. S. Ben
Farah and K. Mokni [2] have generalized Morgan’s theorem to an L? — L?—version where 1 < p,q <
+00.

The outline of the content of this paper is as follows. In section 2 we give an analogue of Beurling’s
theorem for F2;%. Section 3 is devoted to LP — L9-Morgan’s theorem for F2;7.
Let us now be more precise and describe our results. To do so, we need to introduce some notations.
Throughout this paper, the letter C indicates a positive constant not necessarily the same in each
occurrence. We denote by

[ )

o (o + 1)
1 el N el
) o= VAl (a+ 1)
where o > _71
e M, the map defined by M,,(f(z)) = 22" f(x).
o L?(R) the class of measurable functions f on R for which || f||, . < oo, where

1llpe = ( / |f<m>p|x2a“dx)p, ifp < oo,

and | flloo,a = [|flloc = ess supz>o|f(2)].
e Lb ,(R) the class of measurable functions f on R for which

1 fllp.cn = ||Mr:1f||p-,a+2n < o0.
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e K the space of functions f infinitely differentiable on R* with bounded support verifying for

alln € N|
lim y" " (y) and lim y"f" (y)
y—0— y—0t

exist.

d 1 d

d
e — — — — where — is the first derivative operator.
dz?  2xdx’ dz P

In this section we recall some facts about harmonic analysis related to the generalized Bessel-Struve
operator Fp's. We cite here, as briefly as possible, only some properties. For more details we refer to

1.

For A € C and = € R, put

1
Uy an(r) = aa-o-znxzn/ (1- t2)a+2”*%6>‘mdt'
0
U o,n satisfies
(2) VEeR, V(e R, Vx € R |Uy o016 +iQ)x)| < 22 elelicl

n

d
(3) VneN, VAER Ve €R, |-
o

Definition 1. The Generalized Bessel-Struve transform is defined on L, , (R) by

(@72 " Winam(2))] <A™

WAER, FuL(HN) = / F@)U_is ()]

Definition 2. For f € Li’n(R) with bounded support, the integral transform W, , given by

+oo
Won((2)) = g 420 / (42 — 222y f(sn(ayy)dy, @ € R\{0)

||

1s called the generalized Weyl integral transform associated with Bessel-Struve operator.

Proposition 1. W, is a bounded operator from L}, (R) to L'(R), where L'(R) is the space of
lebesgue-integrable functions.

Remark 1. From Proposition 1 we can find a constant C' such that

[ WanlD@lds < Cllflans
Proposition 2. If f € L}, (R) then
(4) ngg =F o Wqn,
where F is the classical Fourier transform defined on L*(R) by
F@W) = [ g .
Definition 3. Let a =k + % where k € N. We define the operator Vo, , on Ky as follows

1 2R (k4 2n)! L, d

Grang )y © g T @), e e R

Va,nf(x) = (_1)
Theorem 2. Let f € Ky, V,,, and Wo,, are related by the following relation
Van(Wan(f)) = f-
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2. BEURLING’S THEOREM FOR THE GENERALIZED BESSEL-STRUVE TRANSFORM
In this section we will prove Beurling’s theorem for the Generalized Bessel-Struve transform.

Theorem 3. Letk €N, a=k+ 3 and f € L?, . (R) satisfy

) | [ @755 e dady < oc,
R JR

then f =0 almost everywhere.

Proof. We start with the following lemma.

Lemma 1. We suppose that f € L2 ,,(R) satisfies (5), then f € L}, ,(R).

Proof. We may assume that f # 0 in L2, (R). (5) and the Fubini theorem for almost every y € R
PRI [ 1@l e < oc,
R

since Fi3'(f) # 0, there exist yo € R,yo # 0 such that F5¢(f)(yo) # 0,
therefore

/ | () el 190 [ 2letm 1 gy < o

|f(@)] elallvol g 2(a+2)+1 g < o
x2n

/ MG f ()] lelivol 2 42m 1 gy < o,
R

since e/l > 1 for large |z it follows [ M1 f(2)]|z|*@+2MHldr < co. m
This lemma and proposition 1 imply that W, ,(f) is well-defined a.e on R.
By Remark 1 we can find a positif constant C' such that

/ Wan(f)(@)|dr < Cfllan
< O||M;1f||a+2n,1
< C/ |M;1f(l’)‘|l‘|2(a+2n)+ld1}
R
< C/ |f(2(E) H$|2(a+2n)+1d$
R T
< o [ If@llPer i
R
Thus
| [ Wantt@ 55wl Wasty < ¢ [ [ 1@z s a e ey
< 0.
It follows from Proposition 2 that
/ / |Wa n(f(2))]|F o Wy alf )(y)le‘z‘lyldxdy < Q.
According to Theorem 1, we can deduce that
Woz,n(f) = 07

applying Lemma 1 we obtain
f=VanoWan(f)=0.
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Corollaire 1. (Gelfand-Shilov) If f € L2 ,,(R) such that

[ @l ¥ P tiae <o [ iEgEOmI" dy < o
then f =0.
Proof. Let M and M* be functions satisfying
(6) xy < M(x) + M*(y).
It

/}R (@) M@y < oo, / 78 () ()] @y < oo

then

//|f(x)|\fg:g(f)(y)\e‘w”y'|x|2(“+")+1dxdyS//|f($)||]:g’,rsl( )(y)]eM @MW) | 2latm)HL Gy
RJR RJR

- / (@) M@ |z etm gy / FL (N )M Wy < oo,

Consequently, Beurling’s Theorem implies that f(y) = 0. In particular, if M (x) = Ix\ and M*(y) =

|y| , where p, q are conjugate exponents p~! 4+ ¢~! = 1, then the pair (M, M*) satlsﬁes the condition

(6). Thus, we obtain an analogue of the Gelfand-Shilov uncertainty principle for the Bessel-Struve
transform. m
3. LP — 7 MORGAN’S THEOREM FOR THE GENERALIZED BESSEL-STRUVE TRANSFORM

In this section, we prove LP — L9 Morgan’s theorem for the Generalized Bessel-Struve transform.

Lemma 2. We assume that p €]1,2[, q € [1,00], 0 > 0 and B > osin(F(p —1)). If g is an entire
function on C verifying

lg(z +iy)| < Ce”V" € Ly 12, (R)

e g € LY 45 (R)
for all x, y € R, then g = 0.

Proof. See [2]. m

Lemma 3. Letp € [1,00] , v > 2 and f a measurable function on R verifying
(7) Va >0, """ f € L2 (R).

Then the function defined on C by

® FaROE = [ @V i@l
1s well defined and entire on C. Moreover, we have

9) VECER, |FRL(A)(E +iC)] S/R|f(x)|e\w\|ﬁl|x|2a+1dx.

Proof. Relation (7) assert that }"g.g( f) is well defined. Applying again relation (7), the analytic
theorem on (8) and the fact that W_;y o, () verifies (9), we deduce that z — Fp'g(f)(2) is an entire
on C. The relation (10) is obtained from relation (2). m

Theorem 4. Let p,q € [1,00], a > 0,b >0,y > 2 and n = % Suppose that f a measurable
function on R such that

(10) ea\x\“’f € Lg,n(R) and eb|x\"}'g n(f) € La+2n(R)

If (av)%(bn)% > (sin(F(n — 1))%, then f is null almost everywhere.



BEURLING’S THEOREM AND L? — L9 MORGAN’S THEOREM 89

Proof. We notice that e?l*l” f € LE =« e?l®" M1 f € LE .
First case: 1 < p < oo. Applying Holder inequality, we get

1
I

\fgjg(f)(§+lf)| < Hf”oz,n,p </ eap'$|76$||4|p/|$|2a+ldl,)
R

where p’ verifies 1% + % =1

Now, we take C' €](bn) ™" sin(5(n — 1))%), (a’y)% [. Using a convexity’s inequality, we obtain
cY 1
D P T TR PR

(11) |z[[¢] < 5 |z + nCUIC\

and the following relation holds

’
<1

—ap’ |z / p ¢ I, CY ~
/e ap'ol" glallclp | 2041 gy < SN /e (0= G o) |y 2051 g
R R

So we get
V€, CER, |Fyig(f)(€+iC)| < const emeldl”

Second case: p =1 or p = +oc0. From relations (2) and (11), we get

FES(f)(€ +i0)| < erTlel” / el | () e 5O | a2+
R

Therefore 1
\FES(f)(€ +1i¢)| < const emem €l

Hence

(12) Vp € [1,00], ¥€,C € R, |Fp's(f)(€+iC)| < const enemldl”

By virtue of relations (10), (12) and Lemma 2, we obtain that Fp'¢f = 0. The injectivity of the
generalized Bessel-Struve transform implies that f = 0 almost everywhere. m
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