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ON QUASI-POWER INCREASING SEQUENCES AND THEIR SOME
APPLICATIONS

HUSEYIN BOR*

ABSTRACT. In [6], we proved a main theorem dealing with | N, py, 0y | summability factors using
a new general class of power increasing sequences instead of a quasi-o-power increasing sequence. In
this paper, we prove that theorem under weaker conditions. This theorem also includes some new
results.

1. INTRODUCTION

A positive sequence X = (X,,) is said to be a quasi-f-power increasing sequence if there exists
a constant K = K(X,f) > 1 such that Kf,X,, > fmXm for all n > m > 1, where f = (f,) =
{n?(logn)?, n > 0, 0 < o < 1} (see [13]). If we set n=0, then we get a quasi-o-power increas-
ing sequence (see [10]). We write BVp = BV N Co, where Co = { z = (x) € Q : limy x| =0 },
BV={ 2= (z) €Q : > . |zr — 41| < 0o } and Q being the space of all real-valued sequences. Let
> a, be a given infinite series with the sequence of partial sums (s, ). We denote by u% the nth Cesaro
mean of order a, with oo > —1, of the sequence (s, ), that is (see [7]),

« 1 - o—
(1) Uy = EZATL_}JSU
n =0
where
@) Ao = (a+1)(a+2)...(a+n) _O(n®), A% =0 for n>0.

n!
A series ) a, is said to be summable | C, « |, k > 1, if (see [8])

o0
(3) anfl | u® —u® | [F< 0.
n=1

If we take a = 1, then we get the | C,1 |, summability. Let (p,) be a sequence of positive real numbers
such that

n

(4) Pn:va—>oo as n—oo, (P_;=p_;=0,i>1).
v=0

The sequence-to-sequence transformation

1 n
(5) Up = Fn ;}vav
defines the sequence (v,,) of the Riesz mean or simply the (IV, p,,) mean of the sequence (s, ), generated
by the sequence of coefficients (p,) (see [9]). Let (¢,,) be any sequence of positive constants. The series
> a, is said to be summable | N, p,, 0, |x, k > 1, if (see [12])
o0
(6) Z 051 | vy — v |F < 0.

n=1
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If we take 0,, = f;—", then | N,pn, 0, |x summability reduces to | N,p, |x summability (see [1]). Also,

if we take 0,, = 5—" and p, = 1 for all values of n, then we get | C,1 |, summability. Furthermore, if

we take 6,, = n, then | N, p,,0, |, summability reduces to | R, p,, |x summability (see [2]).
2. Known Results. The following theorems are known:

Theorem A ([4]). Let (9713—2") be a non-increasing sequence. Let (\,) € BV and let (X,,) be a

quasi- o-power increasing sequence for some o (0 < o < 1) . Suppose also that there exist sequences
(Bn) and (A,) such that

(7) | A |< Bns
(8) Bn—>0 as n— oo,
(9) Zn|Aﬁn|Xn<oo,
n=1
(10) | An | Xn = O(l)
If
= k—1‘5v|k
(11) ZGU = O(X,) as n— oo,
v=1

and (p,,) is a sequence such that

(12) P, = O(npn),
(13) P, Apy, = O(pnanrl)a
then the series Y~ | a, 1::‘;‘” is summable | N, p,, 0, |x, k > 1.

Remark. We can take (\,,) € BV instead of (\,,) € BVp and it is sufficient to prove Theorem A.
Theorem B ([6]). Let (933%) be a non-increasing sequence. Let (A,) € BV and let (X,,) be a
quasi-f-power increasing sequence for some o (0 < o < 1) and 5 > 0. If the conditions (7)-(13) are
satisfied, then the series Zn 1Gn I;’fp);ﬁ is summable | N, p,,, 0 |x, k > 1.

It should be noted that if we take n=0, then we obtain Theorem A.

3. The Main result. The purpose of this paper is to prove Theorem B under weaker conditions.
Now, we shall prove the following general theorem.

Theorem. Let ( np ") be a non-increasing sequence. Let (X,,) be a quasi-f-power increasing sequence
for some ¢ (0 < ¢ < 1) and n > 0. If the conditions (7)-(10), (12)-(13), and

n k
(14) S gk l;{ P o) as oo
v X,

are satisfied, then the series Y | a, I:L"pAn” is summable | N,p,, 0, |r, k> 1.

Remark. It should be noted that condition (14) is reduced to the condition (11), when k=1. When
k > 1, the condition (14) is weaker than the condition (11), but the converse is not true. As in [14]
we can show that if (11) is satisfied, then we get that

Zn:9’“‘1 s P o )an‘gkL ol ox,)
— ok X T xF-1 L Y n
If (14) is satisfied, then for k£ > 1 we obtain that

k1\3v| k1 k1|3v| _ k—1 1c71\5v|’c _ k

Also, it should be noted that the condition ”(\,,) € BV ” has been removed.
We require the following lemmas for the proof of the theorem.
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Lemma 1 ([5]). Under the conditions on (X,), (8,) and (\,) as expressed in the statement of the
theorem, we have the following;

(16) Z BrnXn < 00.
n=1

Lemma 2 ([11]). If the conditions (12) and (13) are satisfied, then we have that

s(22)-o 2)

4. Proof of the theorem. Let (T;,) be the sequence of (N,p,) mean of the series > 2, %.
Then, by definition, we have

n P ZPUZGTPA P Z P Py 1)(11)]31))\1)

UPv

Then, for n > 1 we obtain that

n

n P’U—P'U'UA'U
Ty~ Tyt = oy oty

Pnpn—l v—=1 VPy
Using Abel’s transformation, we get
- Py, AnS
Tn i Tn— _ v—1 neon
T = Fp ; ( oy ) T
_ sn)\n i 5 U+1P AN,
n P Pn 1 v—1 Y p'qul
n—1 D n—1 1
R) v >\1) A - = v R) Av -

= Tn,l + Tn,2 + Tn,B + Tn,4'
To prove the theorem, by Minkowski’s inequality, it is sufficient to show that

(oo}
(18) ZGﬁ_l | T |F< 00, for r=1,2,34.
n=1

Firstly, by using Abel’s transformation, we have that

SO T [F = S0 A A s [
n—1 n=1
m k—1
N
- Z 3o e
+ |)\m|zgkl‘sn|k
m—1
_ 0(1)2 | AN, | X+ O(1) | A | X
n=1

m—1
= 0(1) ) BuXn+01) [ A | X =0(1) as m — oo

n=1
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by virtue of the hypotheses of the theorem and Lemma 1. Now, using (12) and applying Holder’s
inequality, we have that

m-+1 m—41 D k 1 n—1
DO Tup F = 01) ) 6E ! (”) — 1D PusyAX, |F
n=2 n=2 n Pn_l v=1
m+1 D k 1 n—1 P k
— k—1 n v
= O(l) 7;2 7 <-P'n,> Prlffl {UZ‘: piv | Sy ‘pv | AN, |}
m-+1 D k 1 n—1 P k
— O 1 ekfl rn fu k } k
()7;2 n <Pn> Pnlvz_l(pv) |5v‘ Do (/Bz)
k—1
P, v:1pv
m P k m+1 0 P k—1 P
= 01 v Su k (B k ( n n> n
<>;<m) sltne 00 2 (5) mRo
m k k—1 m+1
P 0,p P
— 1 -v k k vHv n
O( )Z (pv> ‘ Sv | Py (ﬁv) ( P, ) P.P, .
v=1 n=v+1
m k p D k—1
= 1 _h k ki Zv ) gh—t1 ( Lv
O( ) <pv> ‘ Sv | (BU) (Pv) 61) Pv

m B 1 3
= 0() ) (@B) 0Bz 8 |50 |

v=1
m 1 k—1 1
k—1 k
= 0(1) Zl ()(,U> U,vakaU | Sv |
— et | se F O ket | s |
= 0(1) ; A(vB,) ; oF Sy T +O0(1)mpBum, ;95 S
m—1
= 0(1) | A(v8y) | Xo + O(1)mfBmXom
v=1
m—1
= 0(1) | (v+1)ABy — By | Xy + O(1)mBy, X,
v=1
m—1 m—1
= 0() Y v[AB [ Xy +0(1) Y Xy + O()mpy Xy, = O(1)
v=1 v=1

as m — 00, in view of the hypotheses of the theorem and Lemma 1. Again, as in 7T}, 1, we have that

m+1 m+1 » ko n—1 1 k
-1 T, 5F = 01 (e Pyl syl M| -
STl = om0t (B) e (TR
m-+1 » k 1 n—1 P k
= 01 gE-1 (n) (v> v Fpy | sy [F] Ay |F
W30 (7)) mg () vl
k—1
Pn—l P

v=1




QUASI-POWER INCREASING SEQUENCES 99

m P k mtl 7] P k=1 p
B : k k k nn n
= o)) (p) v sy oo [ A D ( P, > P, P, 1

v=1 v n=v+1
m P k—1 D k—1

= o (p) () I
71_1 k-1

- ZIAU( ) e

= Z|)\q,\0k1 |5U,L1:O(1) as m — oo,

in view of the hypotheses of the theorem, Lemma 1 and Lemma 2. Finally, using Holder’s inequality,
as in T}, ; we have that

m—+1 m+1
Sk Tl = e )

n=2 n=2

oS (3) 5

n=2

m—+1 D 1 n—1 P k
- oS () —Pn_lzm & (p) v | A
v=1

n=2

va

m k k—1
P — 1 01)
= 0(1)2(;) v k|51} ‘kpv|/\v |kP< va>
v=1 v v v
m k—1 k—1
- on Py ~k [ Pv gk—=1 |\ [k=1] \ k
= ( )Z v P b A T A ] s |

Dy

‘ k

'U

Nk

k—1

= Z|)\ | gF—1 i;}]‘c ————=0(1) as m — oc.

This completes the proof of the theorem. If we set n > 0, then we obtain Theorem B under weaker
conditions. If we take p, = 1 for all values of n, then we have a new result for | C, 1,6, |, summability.
Furthermore, if we take 6,, = n, then we have another new result for | R, p, |; summability. Finally,
if we take p, = 1 for all values of n and 6, = n, then we get a new result dealing with | C,1 |,
summability factors.
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