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EXPONENTIAL DECAY AND NUMERICAL SOLUTION FOR A
TIMOSHENKO SYSTEM WITH DELAY TERM IN THE
INTERNAL FEEDBACK

C. A. RAPOSOY*, J. A. D. CHUQUIPOMAL, J. A. J. AVILA!, M. L. SANTOS?

ABSTRACT. In this work we study the asymptotic behavior as ¢ — oo of the
solution for the Timoshenko system with delay term in the feedback. We use
the semigroup theory for to prove the well-posedness of the system and for to
establish the exponential stability. As far we know, there exist few results for
problems with delay, where the asymptotic behavior is based on the Gearhart-
Herbst-Pruss-Huang theorem to dissipative system. See [4],[5],[6]. Finally, we
present numerical results of the solution of the system.

1. INTRODUCTION

In this paper we consider the following Timoshenko system

(1) p1¢1(w, 1) — K(pz + )z (2, ) + prrpe(z,t) + pape (v, t — 7) = 0,
ptht(ma t) - bwza:(x; t) + K(SD:U + ¢)($a t) + MSwt(va t) + M4wt(x7 t— T)
(2) =0,

where ¢ is the transverse displacement of the beam, 1 is the rotation angle of the
filament of the beam, (z,t) € (0,L) x (0,00), 7 > 0 represents the time delay
and p1,p2,b, K, u;, i = 1,2,3,4, are positive constants. This beam, of length L is
subjected to the following boundary conditions

(3) (»0(07t) = @(Lvt) = ¢(0,t) = ¢(L7t) =0, t>0,

and initial conditions (¢g, ¢1, %0, ¥1, fo,go) belongs to a suitable functional space,
defined for all z € (0, L) by

QO(lL',O) = 900(:5)3 @t(xvo) = @1(39)’
(4) 77[1(537 0) = 11[}0(55)3 d)t(x70) = 1/)1(55),
and for (x,t) € (0,L) x [0, 7], that implies past history with ¢ — 7 < 0, by
(5) Spt(Qj?t_T):fO(xvt_T)a wt(mvt_T) = gO(xat_T)'

Note that fo(x,0) = p1(x) and go(z,0) = 91 ().
In the study of the asymptotic behavior, we use the result due to Gearhart. See
[4, 5, 6].
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Theorem 1.1. Let S(t) = et be a Co—Semigroup of contractions on a Hilbert
space. Then S(t) is exponentially stable if and only if

(6) p(A) 2iB,BER

and

(7) lﬁl‘im 1(iBI — A)7] < o0
hold.

Certainly, this approach is very different from other works in the literature, espe-
cially for problems with delay, where the exponential decay is made by the method
of energy, see, for example [8, 9, 10], and references therein. The method of energy,
in general, imposes a additional condition on the wave speeds, that is, Kps = bp1,
see [1, 2, 3]. Here we do not use any additional condition for the coefficients of
the system. Our work improves the result obtained in [7] in the sense that delays
has been introduced in the control ( damping terms ). The delays uspi(x,t — 7),
et (x,t — 7) makes the problem different from that considered in the literature.
It is well known that small delays in the controls might turn such well-behaving
system into a wild one. In recent years, the PDEs with time delay effects have
become an active area of research.

The plan of this work is follows: in the next section, we introduce the Energy
Space and prove that the full energy of the system decay. In the section 3, we
introduce the semigroup representation for the system and prove that A the infin-
itesimal generator of the semigroup is dissipative, and more, that A4 generates a
eAt, Cy-semigroup of contractions, that implies, prove the existence and regularity
of solution. Finally in the section 4 by Theorem of Gearhart we prove that e? is
exponentially stably.

2. ENERGY SPACE

For the Sobolev spaces we use the standard notation as in [11]. Let us proceed
as [12]. We introduce the followings new dependents variables as in

®) 2z pt) =il t —7p),  w(z,p,t) =Pi(a,t —7p), pe(0,1),
that satisfies for (z, p,t) € (0, L) x (0,1) x (0, c0)

(9) T2e(x, p,t) + 2p(x, p,t) =0,  Twe(x,p,t) +wy(z, p,t) =0.
Therefore, problem (1)-(2) is equivalent to

prou (@, 1) = K@z +¢)a(@,1) + pnpe(2,8) + po2(x,1,1) = 0,

pathit (2, 1) = Daa(2,) + K (pa + 9)(, 1) + patpe(2, 1) + paw(z, 1,1)

(10) =0,
Tzi(z, p,t) + 2zp(x, p,t) =0, Twe(z,p,t) +wy(x,p,t) =0,
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The above system subjected to the following initial and boundary conditions

©(0,t) = (L t) =(0,t) =¢(L,t) =0, t>0,

2(x,0,t) = pe(x,t), w(z,0,t) =(x,t), x€(0,L), t >0,

(11) o(, 0) =0, #t(0) =1, z€(0,L),
¥(,0) =vo, u(-,0)=11, z€(0,L),

2(x,1,0) = fo(z,t — 1), w(x,1,0) =go(z,t—71), in (0,L) x (0,7).

Now, the energy space H is defined as

H = {H} x L? x Hj x L? x L?(0,1; L%) x L*(0,1;L?)}.
For p1 > pa, g > pg satisfying
(12) Tpe <& < T(2u1 — p2), Tpa <1 < T(213 — 1)

respectively, we define the full energy of the system in the energy space as

1 L
E(t) = 7/0 (prloel? + paltnl? + Kliow + 91 + bluby P)de

+ 5// (z,p,t)dpdx + = // (z,p,t) dpdz.

Lemma 2.1. There exists a positive constant C' such that for any regular solution
(¢, 1, z,w) of the problem (10)-(11) and for any t > 0, we have

L
)  Len<-c / oel? + [nf? + 22(2, 1) + wP(z, 1)) d.

dt

Proof. 2.1. We multiplying (1) by ¢, (2) by 1+, and using integration by part to
get

1d [* L
2dt (prlee|* + palte]® + Kz +0* + blthg|*)de = — Ml/ o] dz
0 0

L
,LLQ/ Pt Z(]_,t)d.’ﬁ
0

L
- N3/ |he|* dac
0

L
u4/ Yrw(l,t) de
0
and using the Energy E(t) of the system, we obatin

d L L
th( )= —Ml/o |<Pt|2d$—li2/0 wr z(1,t) do — pn {g/ /0 (a:,p,t)dpdx}
L L 1
—ug/o th\de—m/O wtw(lat)dx—jt{g/o /O w2(m,p7t)d,0dw}
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using (14) and (15)

dt2/ / (z,p,t) dpdz = 5/L/lZ(fw),t)z,,(:z:,p,t)dpdgg
)

—22 (x,p,t)dpdx

(14) = ; ( *(2,0) = 2%(2,1)) dz

27’
dt2/ / (z,p,t)dpdx

—n/L/dw@miwwmeﬁwdx
//

= (z,p,t)dpdx
_n
(15) = 3, ( 2(2,0) — w?(x,1)) dzx
we obtain
d L L
16 —E(t) = — 2dx — 1,t)d
(16) SE() MA|%|$ m [ et
267_ (z 2(:r,0) - 22(x71)) dx
L
—#3/0 |y |? dﬂ?-m/o Yrw(l,t) de
L
(17) +% 0 (w?(z,0) — w?(z, 1)) do

Now, using Youngs’s inequality we can rewritten the last equation as

d AN € o /L2
_ < — > e Y I R
@ B(e) < (m a 2)A|%|m =12 [P
L L
(. s 2o, (N _ 4 >
(’”‘3 27 2)/0 [ de (27 2)/0 w(w, 1) de

from where our conclusion holds.

3. EXISTENCE OF SOLUTION

Let us introduce the semigroup representation. To this end, let U = (i, ¢, 1, ¥y, z, w) T
and rewrite the problem (10)-(11) as

=AU

(18) U(0) =Uy
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where the operator A is defined for U = (¢, u = @4, 9, v = 14, z,w) T by

u
%(‘Pw + w)x - %u - %Z(, 1)
v
AU: b % ’
pij:v - (‘PI + '(/}) - iw('; 1)

-1z
f‘ P

7 W

with domain
D(A) = {(¢, 00,9, %, z,w)T € H + w=2(-,0,), v=w(.,0,), in(0,1)},
where for 2 € (0, L) we denote H=H(0, L), L = L(0, L) and
H = {(H* nH}) x H) x (H2 N HY) x Hy x L*(0,1; H') x L?(0, 1; H)}.

For U = (%, ul, ¢ 08, 28 w))T € H, i = 1,2 and &, 7 as in (12) we defined the
following inner product in the energy space as

L
UL U = / (e + v ® + K (9! + 61 (% +0) + ') de

+ 5// (z,p)z wpdpdern// w(z, p) dp da.

For to prove the existence of solution we begin with the proof that the operator A
is dissipative.

Lemma 3.1. For U = (¢,u = @4, ,v = ¢, 2,w)T € D(A), we have (AU, U) <0
Proof. 3.1.

L L
<AU7U>:7;L1/ |g0t|2dx—p2/ o 2(1,t) dxff/ / z(z, p,t)zp(x, p, t) dpda
0 0

L L
—M3/ |'(/)t|2d‘r - /J/4/ % ’U}(l,t) dzr — 7/ / w(x,p, t)wp(l‘7p? t) dpdl‘
0 0 TJo Jo

Using (14) and (15) in the equation above we obtain
L L
<AU,U>:—M1/ |<pt|2d;1:—u2/ v 2(1,t) dz+— — 2%(x,1)) dx
0 0

L L
—/L?,/ 4|2 da — ,u4/ Yrw(l,t)de + —/ (w?(x,0) — w?(z,1)) dz.
0 0 27 Jo
Now using (16) and Lemma 3.1 we concludes
L
(19) (AU U) = %E(t) < —C/ (Jul* + [v]* + 2%(z, 1) + w?(z, 1)) dx.
0

In the next lemma, we will prove an important property of resolvent of the
operator A.

Lemma 3.2. 0 € p(A).
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Proof. 3.2. For any F = (f1, fa, f3, f1, 5, f6)T € H consider the equation AU =
F'. This implies

(20) u = fi,
(21) K(oe + ) — pau — poz(-,1) = p1fo,
(22) vo= f3
(23) bre — K0z + ) — p3v — paw(-,1) = pafs,
(24) —Rp = 7 fs,
(25) ~w, = Tfe,

We plug uw = f1 obtained from (20) into (21) to get
K(oz+¢)e = pau+ p2z(-1) + p1f € L?(0,L).

By Poincare inequality we have

(26) K(ps +1) € L*(0,L).
Now we plug v = f3 obtained from (26) and (22) into (23) to get
(27) bre = K(pz + ) 4+ psv + paw(-, 1) + pafs € L*(0,L).

By the standard theory in the linear elliptic equations , we have a unique @ €
H? N H} satisfying (27). Then we plug v just obtained from solving (27) into (21)
to get

(28) Kppe = —Ktpy + pau+ poz(-, 1) + p1fa € L*(0,L).

Applying the standard theory in the linear elliptic equations again yields a unique
solvability of p € H> N H} for (28).

From (24) we have using Poincaré inequality,

1 L 1 L 1
—/ / |z\2dpdx§/ / 2,12 dpdx € L*(0,1: L*(0, L)),
CP 0 0 0 0

then z € L*(0,1 : HY(0,L)). The same idea we use for w. Thus the unique solv-
ability of AU = F follows. It is clear from the theory of the linear elliptic equation,
see Chapter 1 of [13], that ||U||l < C||F||x with C being a positive constant inde-
pendent of U, and then 0 € p(A).

Now we will to prove that A generates a Cy—Semigroup of contractions.

Lemma 3.3. The operator A generates a Cy—Semigroup of contractions on a
Hilbert space H.

Proof. 3.3. From Lemma 3.1 we have that A is dissipative operator, and from
Lemma 3.2 follows that 0 € p(A), them from Theorem 1.2.4, page 3 of [13], we
concludes that A generates a Co—Semigroup of contractions on H.

In this step, we prove that the problem (10)-(11) is well-posedness, and in this
direction, we have the following result

Theorem 3.4. If ps < p1 and pg < ps, then there exists a unique solution U €
C([0,00),H) of the (10)-(11). Moreover if Uy € D(A), then U € C([0,0), D(A))N
CL([0,00),H).
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Proof. 3.5. From the classical semigroup theory, see for example [14], follows by
Lemma 8.3 that U(t) = et Uy is the unique solution of the problem (10)-(11) in
the conditions of theorem. The proof is complete.

4. ASYMPTOTIC BEHAVIOR

Now we are in position to present our principal result

At

Theorem 4.1. The semigroup e*" is exponentially stably.

Proof. 4.2. We now use Theorem 1.1 and we use a contradiction argument. We
first prove (6). From Lemma 8.2 we have that 0 € p(A) and follows from this fact
and the contraction mapping theorem that for any real number 8 with || < ||A]| 71,
the operator ifI — A = A(iBA™Y — I) is invertible. Moreover, ||(iBI — A)7Y|| is a
continuous function of 3 in the interval (—||A||~1, [|A]|71).

If sup{||(iBI — A)~| : 18] < ||A||7'} = M < oo, then by the contraction map-
ping theorem, the operator i3I — A = (il — A)(I +i(B — Bo)(ifol — A)~1) with
1Bo| < ||A||7Y is invertible for |8 — Bo| < 1/M. It turns out that by choosing |Bo| as
close to ||A||7! as we can, we conclude that

{8+ 1Bl < [JA[[7! +1/M} C p(A)
and ||(iBI — A)7Y|| is continuous function of (3 in the interval
(AT = 1/M (Al 7+ 1/M).

From argument above, it follows that if (6) is not true, then there is w € R with
|| A7t < |w| < oo such that {if; |B] < |w|} C p(A) and

sup{||(i8 — A) 7| « |B] < w]} = oo.

It turns out that there exists a sequence " € R with ™ — w, |6" < |w| and a
sequence of complex vector functions U™ = (o™, u™, ¢, v™, 2", w™)T satisfying

U™ € D(A) with ||U"||% =1

such that
[|(i8" — A)U™|| = 0, asn — oo,
and then
(29) i"e" —u" =0 in Hp
iB"pru™ — K(p% + ™) 4+ pau™ + ppz™(-,1) =0 in L2
(30) it — o™ =0 in H)

B pov™ — b, + K (% + ") + pusv™ + paw™ (1) = 0 in L
it T2t =2 =0 in L*(0,1;L7)
if"Tw" —w — 0 in L*(0,1;L7)
Making the inner product of (if"I — A)U™ with U™ in H, taking the real part, and
using (19) we have

L
/ (|u"|2 + |v"\2 + 2" (x, 1)2 +w"(z, 1)2) dx — 0,
0
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from where follows that

(31) u" = 0
(32) v 5 0
(33) 250
(34) w" =0
Using (31) into (29) we obtain

(35) " =0,
and using (32) into (30) we obtain

(36) " —0.

Now using (31),(32),(33),(34),(35),(36) we concludes that ||[U™|| — 0 which is a
contradiction with ||U™|| = 1 and the proof of (6) is complete.

Finally we prove (7) by a contradiction argument again. Suppose that (7) is not
true. Then there exists a sequence " with |5,| — oo and a sequence of complex
vector functions U™ € D(A) with unit norm in H such that

[|GB™ T — A)U"|| = 0, asn — 0.

Again we have
L
(37) / (Ju™? + |o" > + 2" (x,1)? + w"(z,1)%) dz = —(AU™,U™) — 0.
0

Making the inner product of ("I — A)U™ with U™ in H we obtain
iBM|U||P = (AU™, U™) — 0.
From (37) we get

(38) B2 = 0.
As ™ — oo and ||U™|] is limited, we concludes that (38) is true only if ||[U"|| — 0
contradict ||[U™|| = 1. The proof of theorem is complete.

5. NUMERICAL SOLUTION

We will solve numerically the system of Timoshenko (1)-(5) in the one-dimension
domain 2 of the length L, using high-order schemes. We used the Implicit Compact
Finite Difference Method of fourth-order for discretization of spacial variable and
the classic Finite Difference for discretization of temporal variable.

5.1. Discretization. In order to get the discretization of the problem (1)-(5), we
define the following sets:

Q, = {x;: x;=1ih, i=0,1,...,1+1; h=L/(I+1)},
TF = {tp: tn=nk, n=0,1,..,N; k=Ch},
" = {tn: th=nk,n=—-M,-M+1,..,0; 0< M < N}

where Q’g = Q) x TF and DZ = ), x t* are the computational mesh, and mesh
of delay, respectively. The width of mesh DZ is 7 = Mk. In Figure 1 we show a
mesh model for the full-domain QF U DF. The points (z;,t,) are called nodes of
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FIGURE 1. Model mesh for the full-domain: QZ U D,’f.

the mesh and, usually denote by (¢,n). The classification of nodes is as follows:
interiors (circles), boundaries (stars), initials (squares) and ghosts (diamonds).

Let x = x(z,t) be a function with second order partial derivatives. Henceforth
consider the following notation x}" = x(z;,t,). We define the following approxima-
tion of the derivatives of x;, according to Taylor,

1 — n—M 1 — (n—M
(xo)i = Eét Xis (xe)i = *5t X )Y 70 X
(39 ()~ e (? ™ TN ()l ~ g |
Xz ~ xXza Xtt); ~ tX;a Xzxx); ~ h 1 + 1125% X
where the finite difference operators are given by
Sx =X =X Sxg =Xt =
— (n—M n—M n—M)—1 n n n
0y XE ) 5 ) XZ(- ) ) 50 = Xi+1 — Xi—1»
S =X =2 X SoX = X — 2XF + X1
1 1 5 1
(40) [1 + E(ﬂ Xi' = X X+ Xt

The discrete formulation of equations (1)-(5) is obtained using (39),
1
2 _ 52 n L 2] 0 n
P1 |:1 + 6 :|6t 907, 0416:1:907, Qa2 |:1 + 1261] 53:% +
1 .
a3[1+ f(SZ}(StLpZ +a4[1+ ﬂsﬂ&* (n=M) - _

12

(41) in (z,t,) € QF
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p2 {1 + i52}52¢n — BrOzu} + Be [1 + iéﬂéodl + Bo [1 + igﬂw" +
12 @)t z Vi 19z | %xPi 190 | Vi
iQ 0,/ iQ—(nflw)_
Baf1+ sa2]obur + a1+ a2 arut T = o
(42) in (z4,tn) € Q’Z
(43) ©) = (go)is ¥ =(g0)is (p)?=(p1)i, ()] =(¥h1); in m; €y
(44) SDSI = SD?—Q—l = 1/)3 = w?—‘—l =0 on t, € Tk

45) @M = ()M M = ()M in (w4t ary) € DY

%

where, the parameters, are defined by

o = Kk?/h?, oo = KK?/2h, as = k)2, ay = uok,
Br=bk*[h?, By = g, Bo= Kk, Bs=psk/2, PBa=pk
Substituting (40) in (41)-(42), we have the following linear algebraic system:
(46) A" = Bi®" 4+ C 0" 4 D" — By5; M)
(47) AU = BoWm 4 Co®" + DU — By 0 M) oy
where, ®"+1 = (T ot o T and Ut = (Pt gl Lt T n =

0,1,..., N — 1, are unknown vectors,

1. 1 5 1
Ay = trldlag(ﬁ(m + az), 6('01 + as), ﬁ(pl + 043))7

. 1 1 1
By = trldlag(g(m +6a1), 5(591 —6aq), E(Pl + 6041))7

1 5 5 1
C) = pentadiag( - Eag, 76042, 0, 60{2, Eag),

1

- 1 5
Dy = trldlag(f(—pl + o) ) E(

12 ) 6(_/)1 + a3) —p1+ 043))7

1 5 1
FEy = tridiag<ﬁa4, 6044, Eoul),

Ay = triding (75 (02 + B, (02 + Bs), 75 (02 + Bs)).

o1 1 1
By = trldlag<ﬁ(2p2 +1261 — fo), (102 — 1261 — 560), 75(2p2 + 128, — 50)),

02 = _Cl7

1 5 1
Dy = tridiag(ﬁ(—pg + B3), 6(—p2 + fs), E(—Pz + 53)),

/151
E, = trldl&g(Eﬁzh 6ﬁ4, Eﬁ4)a

are matrices of order I xI. T} and Y75 are vectors of order I that load the boundary
data.
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5.2. Numerical test. In order to verify the asymptotic behavior of the solution
of the Timoshenko system, we consider the following data:

L:27T, p1:p2:K:b:1.
Boundary condition:

©(0,t) = p(2m,t) = ¥(0,t) = ¢(2m,t) = 0
Initial condition:

(p()(l’) =0, ¢0($) =0, (pl(x) = Sin(x)? ¢1($) = COS(.’E)
Delay condition:
fo(x,t — 1) = sin(z) cos(t — 1), go(z,t — 7) = cos(x) cos(t — 7)

Numerical data: I = 18, C = 0.3, 7 = 10% of the width of the mesh Q’f“
TOL =4 x 107° (tolerance).

Table 1 shows seven cases where Timoshenko system may behave differently
with the presence the terms of delay and damping. Each of these cases are plotted
in Figure 2-8. Note that the asymptotic behavior of the solution was calculated
by taking the maximum value of the function ¢, in z € [0, 27], throughout time.
In Figure 2, it is observed that there is no asymptotic behavior of the solution, in
contrast to Figures 3-6, where the asymptotic behavior of the solution is increasingly
more acute. Figure 7 represents the case without delay, the presence of damping is
very evident, obtaining the asymptotic behavior of the solution immediately. Figure
8 represents the case without delay and damping, and as was expected, there is no
convergence of the solution. In Figure 9 we show the graph of function ¢(z,t),
where z € [0,27], t € [—-2.97,29.76], 1 = u3 = 1, po = pg = 0.8 and we choose
only 300 iterations along time. With respect to rotation angle ¢ we observe that
it exhibits the same behavior that the function ¢.

TABLE 1. Table for different cases.

Case Damping Delay Iterations in time Asymptotic be-
havior

1 pr=puz3=1 po=pus=1 3000 diverges

2 pr=ps =1 po=pus =09 3000 converges

3 pr=p3=1 po=ps =08 3000 converges

4 pr=p3=1 po=ps =07 3000 converges

) pw=p3 =1 po=pus =006 3000 converges

6 pr=p3=1 po=pu =0 159 converges

7 pr=p1=0 po=pu=20 3000 diverges
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FIGURE 8. Case 7. of p(z,t).

6. CONCLUSION

We have demonstrated the well-posedness and asymptotic behavior solution of
the Timoshenko system. Thus, it also was obtained numerically the asymptotic
behavior of the solution confirming the theory developed.
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