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ON THE GROWTH AND APPROXIMATION OF TRANSCENDENTAL ENTIRE
FUNCTIONS ON ALGEBRAIC VARIETIES

DEVENDRA KUMAR*

ABSTRACT. Let X be a complete intersection algebraic variety of codimension m > 1 in C™*". In
this paper we characterized the classical growth parameters order and type for transcendental entire
functions f € ®(X), the space of holomorphic functions on the complete intersection algebraic variety
X, in terms of the best polynomial approximation error in LP-norm, 0 < p < oo, on a L — regular
non-pluripolar compact subset K of C™*7,

1. INTRODUCTION

The growth of transcendental entire functions in one complex variable case is well represented
in the work of B.Ja Levin [11] and Boas [2]. In several complex variables the standard reference is
the work of P.Lelong and L.Gruman [10] and Ronkin’s book [14]. Einstein-Matthews and Kasana [3]
studied the growth parameters (p,q) — order and (p,q) — type introduced by Juneja et al.([6],[7]) of
transcendental entire functions f : C* — C. Einstein-Matthews and Clement Lutterodt [4] extended
the results studied in [3] to transcendental entire functions f : X — C, defined on a complete inter-
section algebraic variety X in C™"" of codimension m > 1, and obtained the growth parameters in
terms of the sequence of extremal polynomials occurring in the development of f. It has been noticed
that the growth parameters of f : X — C in terms of approximation errors is not studied so far. The
aim of this paper is to bridge this gap and to study the results obtained in [4] in terms of the best
approximation errors in LP-norm, 0 < p < oo.

A R. Reddy ([13],[14]) characterized the growth parameters in terms of approximation errors for a
function continuous on [-1,1]. T. Winiarski ([21],[22]) studied the growth of entire functions in terms of
Lagrange polynomial approximation errors with respect to sup norm on a compact subset K (positive
capacity) of C and C",n > 1. Kasana and Kumar [8] generalized the results of Winiarski [22] by using
the concept of index-pair (p,q). Adam Janik [5] characterized the generalized order of entire functions
by means of polynomial approximation and interpolation on compact subsets of C", using the Siciak
extremal function ([18],[19]). In [5] Adam Janik extended the results of S.M. Shah [17] in the case
n=1,K = [-1,1] and Winiarski [22]. Srivastava and Kumar [20] extended and improved the results
of Adam Janik [5]. But our work is different from all these authors.

The text has been divided into four parts. Section 1 consists of an introductory exposition of the
topic and Section 2 contains some definitions and notations. In Section 3, we have given Zeriahi’s
Bernstein-Markov type inequality with two lemmas in which first one is due to Zeriahi extending the
classical Cauchy inequality and second is concerned with a sequence of extremal polynomials. Finally,
in Section 4, we prove two theorems for a transcendental entire function f € @(C™™™), the space of
holomorphic functions on the complete intersection algebraic variety X and studied the growth pa-
rameters order and type in terms of LP-approximation error on a L — regular non-pluripolar compact
subset of C™*7,
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2. DEFINITIONS AND NOTATIONS

Following the definition of Einstein and Kasana [3], we have
Let v: C™*t" - R, :=r € R:r > 0 be a real-valued function such that the following properties hold:
(i) v(z + w) <v(z) +v(w) : z,w € C™T"
(i)v(bz) = |blv(z) : 2 € C™ ™ b e C,
(iii) v(z) =0 <= 2z = 0.

Here v is a norm on C™*" and it exhausts the complex space C™T" by a family of sublevel sets
{Q¢}¢>1 which are defined by
Q.={2€C™":v(z) <cceR}.

Let ¢ : C"*" — R, Define My, ,,(r) = sup,(,)<, ¥(2), the maximum modulus of ¢ with respect to
the norm v for each r € R,. We say that the transcendental entire function f : C™*" — C is of order
p, if log | f] is of order p, where

log M,
(2.1) p = limsup log My (r)
r—00 log r
If p < 400, f is said to have maximal, normal or minimal type if
My,
(2.2) o = limsup () ,
r—00 rP

is infinite, finite or zero.

Let K be a compact subset of C™*", which is nonpluripolar on each irreducible component of a
complete intersection variety X. The Siciak extremal function Vi associated to K has been studied
extensibly by Siciak [18] and Sadullaev ([15],[16]) and is defined as:

Vi = sup{u(z) 1 v € LA(X);u(() <0,{ € K,z € X}
where the subcone £(X) is given by
A(X)=Au(z) :ue PSH(X);u(z) <log(]| z || +1) + Cy, 2z € X }

here C,, is a constant depending only on the cone of plurisubharmonic function (PSH)u and || . || is
the Euclidean norm on C™*",
The upper semi-continuous regularization of Vi is defined on X by

Vi(z) =limsup Vi (¢),( € K,z € X,
(—z

Vi(z) is PSH(X) and satisfies
Vi(z) <log(|| z || +1) + O(1),as || z ||— +oc.

If Vi is continuous on C™*", then Vx = Vi € A It is given in [18] that if, for all z € K, Vi is
continuous, then Vi is continuous on X. In this case we say that K is L — regular in X. We define
the sublevel sets of the extremal function Vi by setting

Qo ={2€ X :Vg(z) <a}l,a>1,a eR,
and sublevel sets of the upper semi-continuous regularization Vj of Vi by
Q. ={2€ C™" :expVji(z) <r},r > 1.

It has been observe that the sequence of sublevel sets {2, },~1 exhausts the complex space C"™*". For
f: €™t — C a transcendental entire function, set

My p(r) = sup |f(z)],r > 1.
zeﬁr

It can be easily shown that log™ My, #(r) and log™ My ,,(r) give the same order given by
loglog™ My ;(r)

2. = = lims
(2.3) p=p(f) im sup ogr
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If 0 < p < +o0o, the type of f: C™™ — C is defined by

n
(2.4) o =o(f) =limsup w.

r—00 rP
Zeriahi [23] constructed an orthogonal polynomial basis {Ay}r>1 for the space &(X). The basis is
orthogonal in the Hilbert space L?(X, i), essentially by means of the Hilbert-Schmidt process, here
be the extremal capacity measure on K given by p = (dd°Vk. Further details on this positive Borel
measure p supported on K can be obtained from the paper of E. Bedford and B.A. Taylor [1].

Let Py(C™*™) denote the C-vector space of polynomials mg : C™*t" — C of degree < d for d > 1.
Let L% (K, 1) denote the closed subspace of the Hilbert space L?(K, 1) generated by the restriction to
K of polynomials m; € Py(C™*") of degree (mq) < d, for d > 1. Then every function f € L%(K, p)
has a power series expansion of the form
(2.5) = Ye>1 1Ak,

with
1 _ 1
- | tAdp A K:/A 200)% k> 1,
fr Ai(K)/Kf kdpt, Ap () (K|k| 1)

here . is the dot product of vectors.
Let LP(K, u),p > 1 denote the class of all functions such that

1
I £ laea= (1P <o,
then we define the best polynomial approximation error in LP-norm, p > 1, by

(2.6) EN(K, f) = if{[| f—7q ||Lr (k1) 7a € Pa(C"™)}.

If the extremal function Vx associated with K is continuous for every z € K, then Vi is continuous on
X and L — regular, so instead of defining sublevel sets for the upper semi-continuous regularization,
we define the same for Vi by setting

Q. ={2€ X :Vk(z) <logr,r e R,r > 1}.

Then we have

1 A
Vi (2) > — log( Al

Sk ak(K))’

where
ar(K) = max |Ak(2)], | Aklg. < ap(K)r*, s, = degree(Ay).
z€ "
Following the Siciak [18] we observe that if K is L — regular then

1
lim sup(E?(K, f))7 = 7 <1

d—o0

if and only if f has an analytic continuous to
1
{z e C™"™; Vg (2) < log(ﬁ)}.

3. AUXILIARY RESULTS

In this section we shall state some preliminary results which will be used in the sequel.

First we state Zeriahi’s Bernstein-Markov type inequality [23]:
BM:For all € > 0, there exists a constant C, > 0 such that

(3.1) sup |F(2)] < Cu(1+ )9 /K )

zeK
for every holomorphic function f with polynomial growth on the complete intersection algebraic vari-
ety X and K is a nonpluripolar compact subset of X.
Now we state the following lemmas of Zeriahi extending the classical Cauchy inequality.
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Lemma 3.1. Let f = ¥j>0frAr be a holomorphic function on X. Then for every § > 1, there
exist an integer Ny and a constant Cy > 0 such that

(r+1)Ne
(r—1)2n-1
for every r > 1,k > 1, where Cy and Ny are independent of r, k and f.

Lemma 3.2. If K is an L — regular, then the sequence of extremal polynomials {Ay}x>1 satisfies

. AL (). 1
(3.3) tim (22— Vi), e =1 Ak e

k—o00 Vi

(3.2) |felr** Ap(K) < Cy | fx

Q92

for every z € C"™™™ and

(3.4) lim (M)a =1

k—o00 Vi

4. MAIN RESULTS

In this section we shall prove our main theorems. Moreover, we shall characterize the classical
growth parameters order and types of transcendental entire function in terms of LP-approximation
error defined by (2.6).

Theorem 4.1.If f : X — C is a transcendental entire function on X with a series expansion (2.5)
with respect to the orthogonal polynomial basis {Ag}r>1, then f € LP(K,pu),1 < p < oo is of finite
order if and only if

1
(4.1) p = limsup ok 08 Sk < 400,

k—oo T log(Eg)k (Ka f))
and p = p1, where E? (K, f) is defined by (2.6).
Proof. First we have to prove that p < py. If p; = oo, then nothing to be prove. Assume that p; < 0o
and let € > 0. For a sufficiently large k, from (4.1) we have

sk log sk
< <p1+e
—log(EL (K, f)) =™
or
(4.2) B (K, f) < (s) 7.

Since adding a polynomial will not change the order of a function. Thus, for » > 1 and ao(K) = 0, we
can assume that following inequality holds for every k > 0,

(4.3) Mic ¢ (r) < Zgz1 fiolar (K)r.

Now we will proceed the proof in two steps (p > 2) and (1 < p < 2). Let f = Xg>0fx.-Ax be an element
of LP(K, p).

Step 1. If f € LP(K, p) with p > 2, then f = X3, fi.A) with convergence in L?(K, p),

1 _
fo=— / Ay k> 1,0 = Ag(K),
Vk K

or
1 _
= 3 (f—PSkfl).Akd/j,.
Vk K
It gives

1 _
18 = 5 [ 1 = Pl Al
k
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now using Bernstein — Walsh inequality and Hélder’s inequality we have for any € > 0

(4.4) |felvw < Cc(1+ €)™ EL (K, f),k>0.
Step 2. If 1 < p < 2, let p’ such that zl) + Z% =1 then p’ > 2. By Holder's inequality we get

| felvit <V f = Pop—r oo | Ax oo (a6 0 -

But || Ak (|10 (5,0 < C || Ak ||k = Cax(K), now by Bernstein — Markov inequality we have

|felvi < CC(1+€)** || f = Poy—1 o (xys

it gives

(4.5) [fulvit < CL0+ €)™ EE, (K, f).
From (4.4) and (4.5), we get for p > 1

(4.6) [l < Ac(1 + €)™ EZ (K, f),

where A, is a constant depends only on e.

Now using Zeriahi’'sBernstein — Markov type inequality in (4.3) and (4.6), we obtain
Mic 5 (r) < Sizol fil Ce(1 + €)*Fvpr®™ < Sps0AcCe(1 + €)** EE (K, f)r,
using inequality (4.2) in above, we get
M (1) < ClSso(1+ €)% (s3) 717er* = 5y + 5y,
where
oy

El = EISkS(QT.(1+€)2)(p1+e) (]. + 6)251" (Sk) (p1+e) Sk

and
e
21 = ZkZ(QT(1+E)2)(P1+E) (1 —+ 6)25k (Sk) (p1+e) Sk

—1
In ¥o, we have (r(1+€)%k) @9 < 1. so that ¥, <1, and

1 < (F(r, E))(pﬁe)EkZl(sk)?p_l%)

where F(r,e) = (r(1+ 6)2)(2T(1+6)2)
or
£, < K exp(2r(L+ )7+ log(r(1 4+ ) < Kz exp(r+),

for some constants Ky > 0, Ky > 0. Hence it follows from definition of order given by (2.3) that
p < p1 + €, since € > 0 is arbitrary, it gives

(4.7) p<pi

In order to prove the reverse inequality i.e., p1 < p we consider the polynomial of degree s; as

Psk (Z) = Z?:ijAﬁ

then
(4.8) ES (K ) S ES_g il A lperem < CoXd—, 1l fil | Aj I, k> 0,p > 1.
In the consequences of Lemmas 3.1 and 3.2, we obtain the following inequality
M r
(1.9 (i) < M0 g

Using (4.9)in (4.8), we get
(r fr))

(410) Epk_l(K, f) S Cozzjzsk+1MK7f(T)T‘_sj = COMKJ‘(T)W

S
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for all sufficiently large sx and all r > r* r* > 1. Here Cj is some fixed number.
For all sufficiently large si and r > 2r*, (4.10) gives

(4.11) Ef}rl(K7 ) <AMg ¢ (r)(r*/r)%F,

where + is a constant independent of s; and 7.

If p1 = 0, then nothing to be prove. Let us assume that 0 < p; < co. If p; < 00, define p* = p; —,
for small € > 0, so that p; > 0. Let p* > 0 be arbitrary if p; = +00. Then for infinitely many indices
k> 1, from (4.1) we have

sklog sy > p*log(E? (K, f))~!

or
—si log s

*

(4.12) log EZ, (K. f) >
Using (4.12) in (4.11) we get

.
(4.13) log My ¢(r) > %gs’“

-
+ sk log(r—*) —log~.

Tsp
por

The minimum value of right hand side of (4.13) is obtained at = (esk)r%* and substituting the

value of (Z2) in (4.13) we obtain the following inequality

log My ¢(r) > S—i —log~y
p

or
loglog M f(rs,) . logsk flogp*)
logrs, —logr* — logs, +1 7

Proceeding the limits and taking the definition (2.3) into account, we get

loglog M loglog M s
(4.14) p = limsup BB MK (1) o 108108 Mic s ()

> p*.
r—oo log r r—00 log s,

Since p* is arbitrary real number, smaller than p, it gives that p > p;. Now in view of (4.7) the result
is immediate. Hence the proof is completed.
Theorem 4.2 If f : X — C is a transcendental entire function on X with a series expansion (2.5)
with respect to the orthogonal polynomial basis {Aj}r>1, then f € LP(K,u) with a finite order
p(0 < p < o0) has finite type o(0 < 0 < 00) if and only if

epo = limsup si(E?, (K, f))i < 400,

k—o0

and o1 = o, where Ef, (K, f) is given by (2.6).
Proof. Let §; = epoy. For given € > 0 and §; > 0, we have for sufficiently large k

(4.15) sk(BL (K, )7 <61+
or

sk log s p
—log(E%, (K, f)) ~— 1 —log(&F<)’

Now it follows from Theorem 4.1 that the order of f is at most p.
Now let us consider that 0 < §; < oo and we have to show that o < ‘2—1 = o1. From (4.15) we get

P
(4.16) (k. 1) < (E
k
Consider
(4.17) ) < Sl Arlg, < Sl flan (B)r™.

Further we will proceed the proof by considering two cases:
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Case 1. Let p > 2, then we have f = Sj>0frAk because f € L?(K,p), LP(K,p) C L?(K,p) and
{Ay}) is a basis of L2(K,u). Consider the series Yi>0fkAk in C™*™ and it can be easily seen that
this series converges uniformly on every compact subsets of C™*" to an entire function. Using the
Bernstein — Markov inequality (BM) in (4.17) we get

[f(2)] < CZpzalfel(1 + €)% var®,
it gives from (4.6) that
f(2)] < CeZrzal ful (1 + )* EL (K, f)ree.
Now in view of (4.16) we have
01+ €

£ € OBz (1 4+ (F2)r) # = OS5 + Ba.
k

Let us assume the function

Dl

8(s) = ((r(1 + (L

This function attains its maximum value at
01 +¢
s=(
e

and the value is equal to exp((‘sle—f)(r(l + €)?)?). Hence for any constant K; > 0,

))e,s>0.

)(r(1+ €)%

01+ €
Sk

)(r(1+6)*)”)

CeE1 = Cl1<k<a(s, +e)(1e2ore (( )1+ €)2re) 7

<2061 +e)(1+ 6)2”7“" exp((%

61+€

< Ky exp(( )(r(1+€)*)"),

and
01 +¢

)1+ €)2rP) %
Sk

Cl%y = ClEksa(s,+6) (146200 ((
1
< 0221@127 = Ky < 00.

Thus from above discussion we get o < ‘2—;.

Case 2. For the case 1 < p < 2 and f € LP(K,u) by (BM) inequality and Halder’s inequality we
get again the inequality (4.6). Now proceeding on the lines of proof of Case 1, the result is immediate.

In order to prove the reverse inequality, we note that if §; > € > 0, then for infinitely many indices
k

(51—6
Sk

o

(4.18) EY (K, f) > ( )7

Now using (4.18) in (4.11) we obtain

51 — €
Sk

S
log M, ¢ (rs,) > ;’“ log( ) + sk log(r, /r*) —log .

Tsp _ _esk

The minimum value of right hand side is attains at 7 = 2

I Thus we get
(51 — €
ep
Proceeding to limits and using the definition (2.4) of type of f € LP(K, u), we get

1)
02—1.

ep

My (ry,) > % = exp((Z—)rf ) + O(1).
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This completes the proof of theorem.
Remark 4.3. Theorem 4.1 and 4.2 also holds for (0 < p < 1) (see[9]).
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