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ALPHA CONVEX FUNCTIONS ASSOCIATED WITH CONIC DOMAINS

KHALIDA INAYAT NOOR!, NASIR KHAN! AND KRZYSZTOF PIEJKO?*

ABSTRACT. In this paper we define a new class k — UM, [A, B] of Janowski type k—uniformly alpha
convex functions. We use the method of differential subordinations theory to obtain some new results
like sufficient condition, inclusion relations, coefficient estimate and covering properties. The results
presented here include a number of well-known results as their special cases.

1. INTRODUCTION

Let A denote the class of functions f (z) of the form
(1.1) (2 :z—i—Zanz”,
n=2

which are analytic in the unit disk £ = {z € C : |z| < 1}. Furthermore S represents class of all
functions in A which are univalent in E.

For two functions f(z) and g(z) analytic in A, we say that f(z) is subordinate to g(z) in E (and
write f < g or f(z) < g(z)), if there exists an analytic function w(z) such that |w(z)| < |z| and
f(z) = g(w(z)) for z € E. If g(z) is univalent in F then f(z) < g(z) if and only if f(0) = ¢(0)
and f(E) C g(FE). The idea of subordination goes back to Lindelof [9]. Subordination was more
formally introduced and studied by Littelwood [10] and later by Rogosinski [20] and [19]. The concept
of subordination was considered by Miller [12] and further investigated by Noor et al. [16] and many
others see [9],[21].

Definition 1. A function p(2) is said to be in the class P[A, B], if it is analytic in E with p(0) =1

and
() < 1+ Az
p 1+ Bz’

This class was presented by Janowski [3] and explored by a few creators. Kanas and Wisniowska
[4],[5] presented and examined the class k — ST of k—starlike functions and the relating class k—UCV
of k—uniformly convex functions. There were characterized subject to the conic region Q, k > 0, as

—1<B<A<I.

Qk:{u+iv:u>k (u—1)2+v2}.

This domain represents the right half plane, a parabola, a hyperbola and an ellipse for £k = 0,k =
1,0 < k <1 and k > 1 respectively. The extremal functions for these conic regions are

%tza k= 07
2
2 1+vz _
1+F(10gﬁ) , k—l,
(1.2) P (2) = 1+ ﬁ sinh? {(% arccos k) arctan h\/E} , 0< k<1,

w(z)

2 : s t d. 1
1+ 755 sin (m(t) Jo* le(tmﬁ) + = k>1,

where
u(z) = 2=t
C1- Viz
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and ¢ € (0,1) and z is chosen such that k = cosh (zg((tt))

integral of first kind and R'(t) is the complementary integral of R (¢). If py (z) = 1+ dxz + -, then
it is shown in [5] that from (1.2), one can have

). Here R(t) is Legendre’s complete elliptic

2
R 0<k<1,
(1.3) §=1 =, k=1,
n k> 1.

4(k2=1)vVt(1+t)R2(t)’
Using the concepts of Janowski functions and the conic regions, Noor et al. [16] gave the following
Definition 2. [16]A function p(z) is said to be in the class k — P [A, B], if and only if
A+1 —(A-1
(B+1)pk(2) = (B 1)
where py (z) is defined in (1.2) and -1 < B < A<1.

Geometrically, the function p (z) € k — P[A, B|, takes all values from the domain Q[4, B], —1 <
B < A <1,k >0 which is defined as

Qk[AB}:{w:m((B—l)w(Z)—(A—l)) >k‘(3—1)w(2)—(AJ—FB _1’}.

(B+1H)w(z)—(A+1)

The domain Q[A, B] retains the conic domain ), inside the circular region defined by Q[A, B]. The
impact of Q[A, B], on the conic domain {2, changes the original shape of the conic regions. The ends
of hyperbola and parabola get closer to one another but never meet anywhere and the ellipse gets the
oval shape. When A — 1, B — —1 the radius of the circular disk defined by Q[A, B] tends to infinity,
consequently the arm of the hyperbola and parabola expands to the oval terns into ellipse. We see
that Qg[1, —1] = Q, the conic domain defined by Kanas and Wisniowska [4].

Now using Janowski functions and the conic regions, we give the following

Definition 3. A function f (z) € A is said to be in the class k — UM, [A,B], k>0,0<a<1,-1<
B < A <1, if and only if
(14) J(avf;z)ek_P[AvB]v

where

J(a, fiz) =(1-a) Z;N((ZZ)) + a(zJ{,/((ZZ))) :

Special Cases:

(1) k—UMy[A,B] =k —ST[A,B], k— UM, [A,B] = k—UCV [A, B], the classes introduced by
Noor et al. in [16].

(1) k—UMy[1,-1] =k — ST and k — UM, [1,—1] = k — UCYV, we get the classes investigated by
Kanas and Wisniowska [4], [5].

(13) k — UM, [1,—1] = k — UM, we have the class introduced and studied by Kanas [7].

(iv) 0—UMy[A,B] = S[A,B] and 0 — UM, [A, B] = C [A, B], the well-known classes of Janowski
starlike and Janowski convex functions, respectively, introduced by Janowski [3].

Definition 4. Let SS* (8) denote the class of strongly starlike functions of order 3,

SS* (B) = {feA: ZJ{'((ZZ))

arg <%T zEE}, Be(0,1),

which was introduced in [24] and [1].

In this paper, several interesting subordination results are derived which yield sufficient condition,
inclusion relations, coefficient estimate, covering result and order of strongly starlikeness in the class
of uniformly alpha convex function.

To avoid repetitions, it is admitted once that 0 < a <1,k >0,and -1 < B< A< 1.
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2. PRELIMINARY RESULTS

To prove our main results we need the following Lemmas.

Lemma 1. [19]Let f(z) be subordinate to g(z), with
flz) = 1+Zanz", g9(z) = 1—|—an2’".
n=1 n=1

If g(2) is univalent in E and g(E) is convez, then |a,| < |b1].
Lemma 2. [11]Let F be analytic and convex in E. If f,g € A and f,g < F, then fort € [0,1]
(1-t)f+tg<F.

Lemma 3. [14] Let k > 0 and let §, 0 be any complex numbers with 6 # 0 and R ((gg_ﬁ:g) o+ o’) >
0. If p(z) is analytic in E and p(0) = 1 and satisfies

(2134) p(2)+m _<pk(A,B,Z)’
where
pe(A, B;z) = (A+Dpe(2) = (A1)

(B+1)pi(2) = (B—1)’

and q(z) is an analytic solution of

q(z) + cSq?Z)(ZJZa = pr(A, B; 2)

then function q(z) is univalent p(z) < q(z) < pr(A, B; z) and q(z) is the best dominant of (2.1a) and

1S given as
! A B -1\ 1
q(z) = lé/ (t‘”“lexp/ pk”du) dt] - =
0 t u )

Lemma 4. [18] Let a function p (z) be analytic in E and has the form
p(z) =1+ cuz" . cw #0,

with p(z) # 0 for |z| < 1. If there exists a point zo, |20| < 1, such that
7r
wgp() < 20 for |2 <z

and
T
jarg p(z0)| = 26,

for some 0 > 0, then we have

—ilo,
p(20)
where
m 1 m
> — —) > [
1> 5 (z+ x) >m  when arg{p(z.)} 29
and
1
1< —%(x + ;) < —m when arg{p(z,)} = —g@,
where

(p (zo))% =+4iz and x>0.
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3. MAIN RESULTS

Theorem 1. A function f (z) € k — UM,[A, B], if it satisfies the condition

o0

ZFn (kvavAvB) < ‘B_A‘,
n=1
where
(3.1)
Fn(k,a, A B)

=Ynl2Ek+ )1 -n)(1-al-n)+(A+1)(n+1)
—(B+1) (2n+a(1=n?)}Han| + 75 H2(k+ 1) (1 - ) — a(n+1-2j))

+H((A+D) =B+ (1 -20)j+a(l+n))}(n+1=5)[lajansr—-
Proof. Assume that (3.1) holds, then it suffices to show that

(B 1)J (0 fi2) — (A- 1) (B 1)J (0, fi2)— (A1)
R Ly e e R [y e e R L
We have
(B-1)J(fi—(A=1) | o [(B-DJ(fiz)—(A-1)
k’(B+I)J(a,f;Z) “ary T [(BH)J(a,f;z) —(A+1) 1}
< (ke 1) (B=1)(1=a)zf'()f'(2) + af (2) (21'(2)))) = (A=1)f (2) f'() _ |
- (B+1) (1 —a)zf(2)f (2) + af (2) (2"(2))) = (A+ 1) () f'(2)
_ (k4 1) (1-a)f(x)f'(z) —(1—-0a) Zf'(z)f’(z)/— azf (2) f"(2)
(B+1) (1 —a)zf'(2)f"(2) + af (2) (2f'(2))) = (A+ 1) f (2) f'(2)
(3.3)
Now we have
(3.4) 2f'(2)f'(z) = =z <Z nanz"_1> (Z nanz"_1>
n=0 n=0
1 oo oo
= - <Z nanz”> (Z nanz">
n=0 n=0
1 oo n
e
n=0 \ j=0
= Z ( j(n *]) ajan_j) anl
n=0 \ j=0
= z+ Z Zj (n—7) ajan_j) L1
n=3 \ j=0

(e’ n+1
= ZJFZ Zj(nqufj)ajan_H_j 2"

n=2 \ j=0

00 n—1

(3.5) = Z+Z 2nan—|—2j(n+1—j)ajan+l_j> P

n=2 j=2
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Proceeding on the same way we have

(3.6) (= —Z+Z(n+1 an+Z(n+1j)ajan+l_j)Z”

j=2

and

(3.7) zf@»ﬂ@>:§:(nm—lmﬂ+§jmww—¢ﬂn—ﬁamnﬂj)z

n=2

Using the equalities (3.5),(3.6) and (3.7) in (3.3), the equation (3.3) in simplified form can be written
as

(B~ 1)J (o, f:2) — (A1) (B~ 1)J (o, f:2) — (A1)
khB+nJmJ;><A+n ‘”“LB+>Jme><A ) 4
< ppan| -0~ <1—«mzf%Af%zg—azf<>'%@
B 1) (L) (D (=) +of () () — A+ DI (2) 1'(2)
[ S0 — ) (1— a (1 - n))][anl ]
2(k +1)
Y= f) —a(n 41— 2)] (01— ) Jaganes]

( _
|B—Al->00 2[|((A+1)(n+1)f(B+1)(2n+a(1fn2)))||an| ]

~YIS A+ 1) = (B+1) (1 =2a)j+a(l+n)) (n+1 =)l |ajanii—l]
The last expression is bounded by 1, if
Yonso{2(k+ 1)1 =n) (1 —a(l—n)+ ((A+1)(n+1)

—(B+1)(2n+a(t-n?))Hanl + 375 H2(k+ 1) (1 - ) - a(n+1-2j))
+H((A+ 1)~ (B+1) (1 —20)j+a @ +n)} (n+1-7)|lajani1—]
<|B—Al.

This completes the proof. O

Putting a = 0, in Theorem 1, we have the result below which is comparable to the one obtained by
Noor and Malik [15].

Corollary 1. A function f € k — ST [A, B], if it satisfies the condition

S {2(k+1)(n—1)+n(B+1)+ (A+ D[} |an| < |B - A

n=2

Putting « =0, A =1 and B = —1 in Theorem 1, we can obtain the following result which improves
the result of Kanas and Wisniowska [4].

Corollary 2. A function f € k— ST, if it satisfies the condition
> {n+k(n-1D}a| <1
n=2

Putting « =0,A=1-28, B=—1 with 0 < 8 < 1 in Theorem 1, we have the result below which
is comparable to the one obtained by Shams et al. [22].

Corollary 3. A function f (z) € SD (k,8), if it satisfies the condition

D An(k+1) = (k+p)}an| <1- 6.
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Putting a =0,A=1-28, B= -1 with 0 < 8 <1 and k = 0 in Theorem 1, we get the following
result proved by Silverman [23].

Corollary 4. A function f(z) € S*(B), if it satisfies the condition

D> {n—BYan <1-8.
n=2

Putting a = 1, in Theorem 1, we can obtain Corollary 5, below which is comparable to the result
obtained by Noor and Malik [15].

Corollary 5. A function f € k — UCV [A, B, if it satisfies the condition

S n{2(k+1)(n—1)+n(B+1)+ (A+1)}an| < |B— Al

n=2
The following is an inclusion result stating the fact that k — UM,[A, B] C k — ST[A, BJ.
Theorem 2. Let f(z) € k —UM,[A, B]. Then f(z) € k — ST[A, B].

Proof. Let f(z) € k — UM,[A, B] and let

(3.8) 2f (2)

where p(z) is analytic in E with p(0) = 1.
Differentiating logarithmically we have

f'(2)

59 CUCIEIC)

Using (3.8) and (3.9), we have

J(e, f12) = p(2) +
Since f(z) € k — UM,[A, B], so we obtain

2p ()

J(aa faz) = p(Z) + lp(z)

€ k—UM,[A, B.

[e3

Since R ((g,’jﬁ:g) l) >0, z € E, therefore applying Lemma 3, with § = = and ¢ = 0, we have

= p(Z) = pk(A7 Ba 2)7
which implies that f(z) € k — ST[A, B]. O

By giving special values to the parameters in Theorem 2, we get the following well-known result
proved by Mocanu in [13].

Corollary 6. Let f(z) € 0 — UM,[1,—1]. Then f(z) € 0 — ST[1,—1]. That is

M,cCS*, «a>0.
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Theorem 3. If0 < a; < asg, then
k—UM,,[A, B] C k—UM,,|A, B].

[A, B]. Then consider
2" (2)
l o <“ I )]

(2) o W 2f (2) N 2f " (2)
( ) N [T i 2<1+ e )]
= (1= >J0f;z)+al(J(Oé2,f;Z))-

(€5]
Now as f(z) € k — UM,,[A, B] s

Proof. Let f(z) € k — UM,

J(al’f;z) =

[t

(Oég,f;Z) €k _p[AaB]v

also from Theorem 2,

J(va7z) € k_p[AvB]
Using theses along with Lemma 2, we have

J(Oéhf;Z) €k _p[A7B]7
which implies that

f(z) e k—UM,,[A, B].

g

Theorem 4. A function f(z) is in k — UM,[A, B],a > 0, if and only if there exists a function g (z)
belonging to the class k — ST[A, B, such that

(3.10) f(z) = [; / {9(=)}* tldt] |
0

Proof. Let us set
2f'(2) }a
- (O
&= {5
so that (3.10) is satisfied. Logarithmically differentiation gives us

WE) ), )

= + «
9(2) f(2) f'(2)
Hence f € k — UM,[A, B] if and only if g € k — ST[A, B]. O
Theorem 5. Let the function f(z) € k — UM,[A, B]. Then
| | (A — B) 6k7
2= ra)

where 0y is given by (1.3).
Proof. Let f(2) € k— UM, [A, B]. Then

O, G
O T N e

where

T

where pi (2) =1+ dkz+ - .
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Now using the definition of subordination we can see that there exists a function w (z) analytic in
E with w (0) =0 and |w (2)| < 1 such that
2f'(2) | (=f'(2) 1
1-« +a =14+-(A-B)dw(z)+---
S IO R (6 p A= B oele)

1+ (1+a)asz+ (2(1+2a)as — (1 +3a)a3) 2% -

1
= 1+§(A—B)5k (crz+ea2®+-) 4.
Comparing the coefficient of z both sides and using well known result due to Janowski and Lemma 1,
we have )
|ﬂ+aMﬂ§§M—BMk

This gives

(A — B)

2(1+«)
and the proof is complete. O

las| <

Taking & = 0,A =1, B = —1 in Theorem 5, we can obtain the following result proved in [5].

Corollary 7. Let f € k— ST. Then
laz| < dg,
where dy, is given by (1.3).

Putting £k = 0,0, =2, «a =0,A=1,B = —1 in Theorem 5, we can obtain Corollary 8 below which
is the result obtained in [2].

Corollary 8. Let f € S*. Then

|a2| S 2.
Putting @« =1, A =1, B = —1 in Theorem 5, we can obtain Corollary 9 below which is comparable
to the result obtained in [4].
Corollary 9. Let f € k—UCV. Then
)
|a2| S Eka

where &y, is given by (1.3).

Putting £k = 0,0, =2, aa=0,A =1, B = —1 in Theorem 5, we can obtain Corollary 10 below which
is the result obtained in [2].

Corollary 10. Let f € C. Then
|a2| § 1.
Theorem 6. The range of every univalent functions f € k — UM,[A, B], contains the unit disk
2(1+4a)
4(1+a)+(A—-DB)d;’

Ra,(ik =

where Jy, is given by (1.3).
Proof. Let w, be any complex number such that f (z) # w,. Then

WOf(Z) :Z+(CL2+1)22+"',

wo — f (Z) o
is univalent in F so that
as + L <2
Therefore
1 414+ a)+ (A— B)d
wo| = 2(1+a) '
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Hence using Theorem 5, we have
< 2(1+a) B
“4(1+a)+(A-B)&

Rus,-

Putting @« =0,A =1, B = —1 in Theorem 6, we can obtain Corollary 11.

Corollary 11. The range of every univalent functions f € k — ST contains the unit disk

where &y, is given by (1.3).
Putting « =1, A =1, B = —1 in Theorem 6, we can obtain Corollary 12.
Corollary 12. The range of every univalent functions f € k — UCV contains the unit disk

where Jy, is given by (1.3).
Letting k =1, A =1 and B = —1, we have the following Theorem.
Theorem 7. Let f € UM, and let it be of the form
f(z)=z+ Z anz"  ama1 # 0.

n=m-+1

Then f (z) is strongly starlike of order 6., where

2+1)0
(3.11) 6, = min {1 —22%cos Om + M + 2% sin Om >0 forallz>0,.
6€(0,1) 2 2x 2

Proof. From the assumption we have

L) IO | ) EFE)
o) wlu-ofF g a0 TP vl |
Let p(z) = z]{(’i;:)’ then by p (z) has of the form
p(z) =1+ Z 2",
and (3.12), becomes )
zop/(20) zoP'(%0) _
(3.13) R {p(z) +a ) } > ‘p(z) +a ) 1

If there exists a point zo, |2o| < 1, such that
™
larg {p(2)}] < 50 for |z] <z,

and -
jarg p(=0)| = 20.
Then, applying Lemma 4, we have

where (p(20))? = +iz (x> 0),

1
1> %(z + ;) when arg {p(z,)} = g&,

and

m 1 s
E(x + 5) when arg {p(z,)} = 759.
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Therefore, for the case arg {p(z,)} = 50, we have

(3.14) R (p(zo) +azc,z)’(z)c,)> = ?R{( z)’ +a19} = 2% cos <9;) ,

p(z
" 'p(zo)—l- Z;’E/Z(j;) - ‘ = |()? + iato 1]

= |2%cos (9277) —1+4i (al9+x9sin (9;))‘

_ ng(g)_l)l(alwsm@)?
(3.15)

From (3.11) and then from I > 3 (x + =) for 6 > 0,, we have

0 O a@m O 2
1—2z2%cos | — (x +1) 4 2% sin
2 2
o\ \ >
1 — 229 cos afl + 2% sin - .

Therefore,
b))’
2 i
by (3.14) and (3.15) is equivalent to the inequality
/ /
R {p(zo) 4 o2l %) (Z)O)} < ‘p(zo) +aP () _ 1

0

IN

IA

(3.16)

(3.17) 0 <1 —2z% cos (9027r> + <a90l + 2% sin

p(ZO p(zo) ’
which contradicts with (3.11). Therefore, |arg {p(z.)}| < 50, for |z| < 1.
For the case arg {p(z.)} = —50,, applying the same method as the above we will get a contradiction.
In this way we have proved that f is strongly starlike of order #,. This completes the proof. O

Letting @ = 1, in Theorem 7, we have the result 13 below which is comparable to the one obtained
n [18].

Corollary 13. Let f € UCV and let it be of the form

2) =2+ Z anz"  Gme1 #0.

n=m-+1

Then f (z) is strongly starlike of order 0., where

0 24+1)6 0
o= min <1-— 229 cos ) + mw + 2% sin ) >0 forallz>0,.
6€(0,1) 2 2x 2
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