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EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS FOR THE SYSTEM OF
NONLINEAR FRACTIONAL ORDER BOUNDARY VALUE PROBLEM

SABBAVARAPU NAGESWARA RAO*

ABSTRACT. This paper is concerned with boundary value problems for system of nonlinear fractional
differential equations involving the Caputo fractional derivatives

‘DM u(t) + f1(t,u(t),v(t)) =0, t €[0,1],

cDRy(t) + fa(t,u(t),v(t)) =0, t €[0,1],

u(0) — au/(0) = u'(n) = Bu(l) +yu”' (1) = 0,

v(0) — av’(0) = v'(n) = Bv(1) + 70" (1) =0,
where ©D?1 and €D492 are the standard Caputo fractional derivatives of orders ¢; and g2 respectively,
with 2 < g1,¢2 < 3. The functions f; : [0,1] X [0,00) X [0,00) — [0, 00) are continuous for i = 1,2,
a > 0,8 >0,y > 0,7 € (0,1). Under the suitable conditions, the existence and multiplicity of

positive solutions are established by using abstract fixed point theorems.

1. INTRODUCTION

In recent years, the study of fractional order differential equations has emerged as an important
area of mathematics. It has wide range of applications in various fields of science and engineering such
as physics, mechanics, control systems, flow in porous media, electromagnetics and viscoelasticity.
There has been much attention paid in developing the theory of existence of positive solutions for
fractional order differential equations satisfying initial (or) boundary conditions to mention a few
references [15, 16, 18, 24]. To mention a few references much interest has been created in establishing
positive solutions and multiple positive solutions for two-point, multi-point fractional order boundary
value problems (BVPs). To mention the related papers along these lines — see, Bai and Sun [2], Bai,
Sun and Zhang [3], Bai and Lii [4], Chai [5], Goodrich [10], Liang and Zhang [17], Nageswararao [21],
Prasad and Krushna [23], and Tian and Liu [26].

Motivated by above papers, in this paper we are concerned with the existence of multiple positive

solutions to the couple system of nonlinear fractional order differential equations
1 ‘DT u(t) + fi(t,u(t),v(t)) =0, t €0,1],
(1) ‘D2y(t) + falt,u(t),v(t)) =0, t €]0,1],

with the three-point boundary conditions
u(0) — au’(0) = u'(n) = Pu(1) +yu"(1) = 0,
v(0) — av’(0) = v'(n) = Bu(1) +y"(1) = 0,

where D% and “D? are the Caputo fractional derivatives of orders ¢; and g» respectively, with
2 < ¢q1,q42 < 3. The functions f; : [0,1] x [0,00) X [0,00) — [0,00) are continuous for i = 1,2,
a>0,8>0,v>0, and n € (0,1).

By a positive solution of the fractional order boundary value problem (1)-(2), we understand a pair
of functions (u,v) € C([0,1]) x C(]0,1]) satisfying (1)-(2) with u(¢) > 0, v(¢) > 0 for all t € [0, 1], and
SUPyepo,1) w(t) > 0, supyepo1)v(t) > 0.

(2)
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The rest of this paper is organized as follows, In Section 2, we present some definitions and back-
ground results. For sake of convenience, we also state the fixed point theorems. In Section 3, we
construct the Green’s function for the homogeneous BVP corresponding to (1)-(2), and estimate the
bounds for the Green’s function. In Section 4, we establish the existence and multiplicity positive
solutions of the BVP (1)-(2). In Section 5, some examples are given to illustrate our existence results.

We assume the following conditions hold throughout the paper:
(A1) The functions f; : [0,1] x [0,00) x [0,00) — [0,00) are continuous and
fi(t,0,0) =0, for 1 <i<2;

(A2) >0, >0, 0<y<B(l-2n(l+a)) and 1 —2n(1 + a) > 0;

(A3) Timy o SUPte(0,1] flgﬁv) =0, limy 4,0+ SUPse[o,1) fQEfj:Zv) =05

(A4) limu_H}_mo infte[(),l] flg+uvv) = 00, hm,,H_,U_,OO infte[o)l] %—:‘UU) = OQ;

(A5) Timy, o+ infrepp ) 2852 = 0o, Timy, 1y or infrepo 1) L2552 = oo;

(AG) liInu+v—>oo Supte[O,l] flgﬁjv) = 07 limu+v—>oo SuptG[O,l] f2£t+1i)v) - O

(A7) For each t € [0, 1], fi(t,u, v) are nondecreasing with respect to u,v and there exists a constant

N > 0 such that f;(t,u,v) <

N,7 for 1 < ¢ <2, where N’ = (1—2”(1*‘2(;))(6-&-2’7)_

2. Preliminaries

In this section, we recall some definitions and properties of the fractional calculus. We also state
a fixed point theorem of Krasnosel’skii [14] is yield the existence of positive and multiple positive
solutions.
Definition: For a continuous function f : [0,00) — R, the Caputo derivative of fractional order ¢ is
defined by

1 t
) / (t— S)n—q—lf(”)(s)ds7 n—1<qg<n, n=[qg+1

DI = 0= ),

provided that f(")(t) exists, where [g] denotes the integer part of the real number g
Definition: The Riemann-Liouville fractional integral of order ¢ for a continuous function f(t) is

defined as

1

') = 55 / (t— )7 f(s)ds, ¢ >0

provided that such integral exists.

Definition: The Riemann-Liouville fractional derivative of order ¢ for a continuous function f(t)
is defined by

D170 = i () 0= s =41

provided that the right-hand side is pointwise defined on (0, c0).
Furthermore, we note that the Riemann-Liouville fractional derivative of a constant is usually

nonzero which can cause serious problems in real world applications. Actually, the relationship between
the two-types of fractional derivative is as follows

et )
Do) = r(n—q>/ (t—s>q+1—"d5

= DU ZI‘ —q+1 o

:D‘Z[ Z—tk} t>0n—1<gq<n.

So, we prefer to use Caputos definition which gives better results than those of Riemann- Liouville.
Lemma 2.1[25] Let g > 0, then the fractional differential equation °D%u(t) = 0 has solution u(t) =
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co+eit+egt?+---+cp 1 t" 1l g €R, i=0,1,2,---n — 1 where n is the smallest integer greater
than or equal to q.

Lemma 2.2[25] Let ¢ > 0, then 19°D%u(t) = u(t) + co + c1t + cat> + -+ + ¢, 11", for some c¢; €
R, i=0,1,2,---n — 1 where n is the smallest integer greater than or equal to q.

Theorem 2.1([6, 9, 14]) Let (E,| - ||) be a Banach space, and let P C E be a cone in E. As-
sume that Q; and Qo are open subsets of E with 0 € Q; and Q; C Qo. If T : PN (2\Qy) — P is
completely continuous operator such that either

1) | Tul||<[|u]|l, we PNOQ and | Tu [|>]| u ||, w € P N INs,(or)

(i) [[Tull>||u], we PNOQ and || Tu ||<||w ||, we€ PNy,

holds. Then T has a fixed point in PN (Q2\Q1).

Theorem 2.2([6, 9, 14]) Let (E, || - ||) be a Banach space, and let P C E be a cone in E. Assume
that Q1, Q9 and Q3 are open bounded subsets of E such that 0 € Q; and Q1 C Qq, Qo C Q3. If
T:PnN(Q3\Q1) — P is completely continuous operator such that:

() I Tu 2] wl, Yue Poo;
i) [[Tull<||u], Tu # u, Yu € PN ON;

(i) |Tu||>]| uw], Vu e PNoQs,

then T has at least two fixed points z*, z** in PN (Q3\Q1), and furthermore z* € PN(Q2\Q), 2 €
PN (23\Q).

3. GREEN’S FUNCTION AND BOUNDS

In this section, we construct the Green’s function and bounds for the homogeneous boundary value
problem corresponding (1)-(2) that will be used to prove our main theorems.
Lemma 3.1 Let d = 8+ 27 —2n3(14+ «) > 0. If h € C]0, 1], then the fractional order boundary value
problem

(3) cDUu(t) + h(t) =0, 0 <t <1,

(4) u(0) — aw’(0) = v'(n) = Bu(l) +yu"(1) = 0

has a unique solution

u(t) = /O Gr(t, 5)h(s)ds,

where G1(t, s) is the Green’s function for the problem (3)-(4) and is given by

Gits) _ ) Gults), 0<t<s<n<l,

t€f0n] G12(t75)7 0 S S S mln{tﬂ?} < 17
(5) Gi(t,s) =

Git,s) | Gas(t,s), 0<max{t,n}<s<lI,

t€[n1] { Gia(t,s), 0<n<s<t<l,
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1 _ Bl—s)n ™t y(1—s)n"?
Gll(tas) :dli((t_n) -0 —2a7l>< F(QI) + F(q1_2) )
2 2 (77 7 S)q172_
=+ a) (B(( =) + (1 +0)) + 20 = 2601 +a) ) T

1 2 Bl—s)u"t y(1—s)n?
G12(t,8) _d|:((t77) 77220”7>< F((h) + F(q1_2) )
(n—s)n2] (t—s)n!

= @) (B =) + (L4 0)?) + 2 = 26n(1 +0) ) e T | = S

| Bl=s)n=! (1= s)u=?
Gus(t,s)==|((t—-n)?=n*>=2
o = (1= =~ 200) (B + I
i Bl—s)n—! A(1—s)n3\]  (t—gn-]
Gu(t,s) ==|((t—n)? —n*—2a ( + _
o) = (= = - 200) (B = + I Ta)
Proof. Assume that u € C [‘“Hl[(), 1] is a solution of fractional order boundary value problem by
(3)-(4) and is uniquely expressed as [91°D%u(t) = —I19 h(t), so that

84

-1 t
[, _ 11 2
u(t) F(ql)/(t $) 1 h(s)ds 4 ¢1 + et + 3t

Using the boundary conditions (4), we obtain that

N L (e LA Y
‘= ( M) T -2 )h( )4
n—s)"?

+ %(2775(1 +a)—a(B+2y— 2Bl + a))) /077 (le_l)h(s)ds

N N e LA Y
2= /< Ma) " T@ 9 )h( )d

n —g)Nn—2
+ %(27;5(1 ta)— (B+2y— 2B+ a))) /0 %h(s)ds

B I Y
C3d/o( Ma) T T2 )h( )

1 U
- 8(5(1—1—&))/ mh(s)d&

0

Hence, the unique solution of (3) and (4) is

0=g|(er —wﬂ [ (o Ty s
H “+(1+n)%) +27—2ﬁ77(1+a)) /077 Mh(s)ds]

- / (t - 50~ h(s)ds
1
:/0 G1(t,s)h(s)ds

where G1(t, s) is given in (5).

Lemma 3.2 Assume that the condition (A2) is satisfied. Then the Green’s function G1(t, s) given
in (5) is nonnegative, for all (¢,s) € [0, 1] x [0, 1].
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Proof. Consider the Green’s function Gy (t, s) given by (5)
Let 0 <t <s<n<1. Then

Cults) = -((t —n)? =’ - 20”7) (5(1 M ¢ S s)m—B)

i en) D(gr - 2)
— ) (B =+ k) 2y - 20+ 0)) L

>

(e 2o
(n— 175)‘“2}

= (L4 a)(B((t = tn)? + (1 +m)?) +27 = 280(1 + ) T(q - 1)

B ’y(l+25+0(52)))
(q1) (g1 —2)

a2 5+ 52
—(1+a)<6(t2(1777)2+(1+n)271)+d)n FE;f—J )](15)‘11120

Let 0 < s <min{¢,n} < 1. Then

Gia(t,s) = 2 [((t -n)?—n - 2an) (5(1;(3)‘“_1 L0- s)m—i’»)

ISR

—_

2| (Fa - e (5

@) (g1 — 2)
— (o) (B((E =) + (14 0)°) + 2y~ 2680(1 + ) (g(?]f)qll) } - _F:(;lq)
1 2_ 2 Bl —s)n—t  y(1—s)n—3
> d[((t—tn) - —Qan)( T T T -2 )
—(1+)(B((t —tn)* + (L+m)?) + 2y — 26n(1 + ) ("r?q?s_)qb ] - _Fifz)j

= ;[(#(1 —n)?—n* - 2a77> (Fél) L ~(1 }_‘(2(](91_,_%(82)))

77(11—1 dtq1_1:|
— X
lp—1)  Tlq)

— L+ a)(B(E =) + (L+m)?) + 27 = 260(1 +a))

x (1—s)"1 >0
Let 0 < max{t,n} < s < 1. Then

—g)n-1 _g)n-3
Gi3(t,s) = ;{((t —n)? =’ - 2an> (ﬁ(lr(ql)) + 7(1“1(q1 _) ) )]
L/, 2 2 2 14 25+ O(s?
> o=t orar o) (s ) |
x(1L—s)""1 >0
Let 0 <n<s<t<1. Then

— g1 —5)nn—3 —5) !
Gt = | (= == 20n) (i M )| - 55
s 52 q1—1
> é [(ﬁ(l -’ —(n+a)’+ az) (F(il) + t Jffqlt%( ))> B (?(ql) } x
X (1—s)1"1 >0

Lemma 3.3 Assume that the condition (A2) is satisfied. Then the Green’s function satisfies the
following inequality,

(6) m1G1(1,s) < Gi(t,s) < G1(1,s), for all (t,s) € [0,1] x [0,1],
— mi 7’ 2yn }
where 0 < m; = min { =29 (iTa)’ 7 +no¢[3+2’y 27(1+n)+6<1 277(1+<X)) <1
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Proof. Consider the Green’s function Gy (t, s) is given in (5).
Case (i): For 0 < max{t,n} <s<1

2 _ .2 Bl=s)~" | y(1—s)1 73
|:((t—77) - _2an)< T'(q1) I(q1—-2)

-

G13(t, 8)

G13(1a3) 1—s)an—1 y(1—s)?1—3
% ((1 =) =0 - 2an) o 1“(q)l)l F(Ql ;)

we have G13(t,s) < G13(1,s). And also from (A2), we have
2 2 B(1—s)71—1 1 5)71—3
Gis(t, s) [(“ -0 == 20‘77) ( T'(q1) T(q1—2) >
Gis(1,s) Bl—s)—1 | y(1—s)-3
i ((1 =) = n? - 2om) T I XCTES)

,'72

> 1
“1-2n(1+«)

=

Case (ii): For0<n<s<t<1
From (A2) and case (i),we have G14(t,s) < G14(1,s). And also, we have

1 N2 2 B(1—s)?1—1 ~(1—s)91 73 _ (t—s)?1—1
Gult,s) 1 [((t e = 20‘”)( Man T @2 )} Tan)
Gua(l,s) 2 2 BA=s)T1—1 | y(1—s)71—3 (t—s)a -1
((’5 )t =t 2‘“7) T T T(ai-2) T T(a)
S 29n
T 2y(14+n) 4+ B8(1-2n(1+ )

Case (iii): For0 <t <s<n< 1.

From (A2) and case (i), we have G11(t,s) < G11(1,s). And also, from (A2), we have
Gu(ts) GCults)—z0+a) (5((75 =)+ (1+n)?) +2y - 28n(1 + a)) e
Gu(ls)  Gig(1,s) = (1 +a) (B((0 = m)? + (L+0)?) + 2y = 28n(1 + ) ) G222

2amy
TPt abn+2y

Case (iv): For 0 < s < min{¢t,n} <1
From (A2) and case (iii), we have G12(t,s) < G12(1,s). And also, from (A2), we have

Gra(t,s)  Gult;s) = [B+2y —20B(1 + o) i~

Grz(L,s)  Gui(1,5) — [B+ 27 — 20B(1 + o) Ll

2y
27(1+n) 4+ B(1 —2n(1 + a))

-

By above all cases, we get

m1G1(1,8) < Gl(t,s) < Gl(l,s), for all (t,S) S [0, 1] X [0, 1],

2yn } <1
TR g 2v(1+n)+8 (1-2n(1+0) )

where 0 < mq = min{

We can also formulate similar results as Lemma (3.1) - Lemma (3.3) above, for the fractional
boundary value problem

(7) ‘D2y(t) 4+ y(t) =0, 0<t <1,

(8) v(0) — av'(0) = v'(n) = Bu(1) + 70" (1) =0
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where ¢D% is the Caputo fractional derivative of order ¢ with 2 < g5 <3, a« > 0,8 > 0,7 > 0,9 €
(0,1). We denote by G5 and mgy the corresponding Green’s function and constant for the problem
(7)-(8) defined in a similar manner as G; and m; respectively.

By using Green functions G; and G5 our problem (1)-(2) can be written equivalently as the following
nonlinear system of integral equations

u(t) = /O Gr(t, $) f1 (s, u(s), v(s))ds, t € [0, 1],
1
v(t) :/0 Ga(t,s) f2(s,u(s),v(s))ds, t € [0,1].

We consider the Banach space E = C([0,1]) with supremum norm || - ||, and the Banach space
B = E x E with the norm || (u,v) ||=|| w || + || v || . We define the cone P C B by

P= {(u,v) € B;u(t) >0, v(t) >0,Vt € [0,1], and teir[lrf,l](u(t) +o(t) >m | (u,v) },

where m = min{m;, mo}.
We introduce the operators Ty, T : P — B and T : P — B defined by

Ta(uo)(t) = [ Grlt)fis,us) o()ds, ¢ € 0.1
Ty(u, v)(t) = /O Ga(t, 5) fa(s, u(s), v(s))ds, ¢ € [0,1]

(9) T(uav) = (Tl (U,U),TQ(U,U)), (ua U) € P.
The solutions of our problem (1)-(2) are the fixed points of the operator T'.

Lemma 3.4 If (A1) — (A2) hold, then T': P — P is a completely continuous operator.

Proof. Let (u,v) € P be an arbitrary element. Because T (u,v) and Ts(u,v) satisfy the problem
(3)_(4) for h(t) = fl (t,u(t),v(t)),t € [Oa 1]7 and the pI‘ObleHl (7)_(8) for y(t) = f2(t7u(t)a ’U(t)),t € [05 1]
respectively, then by Lemma 3, we obtain

inf T (u,v)(t) > mq max T1(u,v)(t) = mq || T1(u,v) |,
te[n,1] t€[0,1]

inf To(u,v)(t) > mg max Ta(u,v)(t) = ma || Ta(u,v) || .
te[n,1] t€[0,1]

Hence, we conclude
inf [Tl(u, 0)(t) + To(u, v)(t)
te(n,1]

> inf Ty(u,v)(t) + inf T(u,v)(t
2 Jof 1(u, v)( )+t613771] 2(u, v)(2)

> my || Ty(u, ) | +mz || Ta(u, v) |
zm || (T1(u,v), To(u, 0)) ||=m | T(u,0) |-

Clearly, we obtain T4 (u, v)(t) > 0, Ta(u,v)(t) > 0 for all ¢ € [0, 1], and so, we deduce that T'(u,v) € P.
Hence, we get T'(P) C P. By using standard arguments involving the Arzela-Ascoli theorem, we can
easily show that 77 and T are completely continuous, and then 7" is a completely continuous operator
from P to P.

4. EXISTENCE OF MULTIPLE POSITIVE SOLUTIONS

In this section, we establish the existence of at least one and two positive solutions for the BVP
(1)-(2) by using abstract fixed point theorems [6, 9, 14].
Theorem 4.1 Assume that (A1) — (A4) are hold, then the BVP (1)-(2) has at least one positive
solution (u(t),v(t)), t € [0, 1].
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Proof. From assumption (A3) we deduce that there exists H; > 0 such that for all ¢ € [0,1],u,v €
R" with 0 < u+v < Hy, we have fi(t,u,v) < n(u+v), fa(t,u,v) < n'(u+v), where n and 7" are
satisfy

! 1 ! 1
n/ G1(1,t)dt < = and 77’/ Ga(1,t)dt < =.
0 2 0 2

We define the set Q; = {(u,v) € B:|| (u,v) ||< Hi}. Now let (u,v) € P NIy, that is (u,v) € P with
| (u,v) ||= Hy or equivalently || u || + || v ||= Hi. Then u(t) + v(t) < Hy, thus we have

TMM@=£®@W&M%WWS
SUA%%OJXM$+WQD%
<n [ Galiul+ ol
<SUull+vl] =50

and so, || T1(u,v) < 1 || (w,v) || . Similarly, we may take

Ty(u, v)(t) = /0 Golt, 5) fals, uls), v(s))ds
1
< 77’/0 Ga(1,5)(u(s) +v(s))ds

1
ﬂ%GM@HM+MM%

1 1
<sllul+lvi]=51 o)l

and so, || T2(u,v) [|< 3 || (w,v) || . Thus, for (u,v) € PN oY it follows that

1T (u, ) | =l (Ti(u, v), Ta(u, ) [I=] To(u,v) || + || Ta(u,0) |
1 1
< 5 I (w o) [ 45 11 (o) [I=] (w,0) |-
Therefore,
(10) | T(u,v) ||<]| (w,v) ||, for all (u,v) € PN OSYy.

On the other hand, from (A4) there exist four positive constants p, u’, Cy and Cy such that fi (¢, u,v) >
w(u+v) — Cu, folt,u,v) > i’ (u+v) — Co, Y(u,v) € Rt x R, where p and pi/ satisfy

1 1
qu/ G1(1,s)ds > 1, u’mz/ Ga(1,8)ds > 1.
n n

For (u,v) € P, 7 € (0, 1), we have
T (u, 0)(7) = /O ' Ga(r )15, u(s), 0(5))ds
> /OlGl(T, §) [1(u +v) — C1]ds

> u/nl G (7, 8)(uls) + v(s))ds — C /n1 Gr(r, 5)ds

1 1
> um2/ Gl(l,s)ds( [wl] +1 vl ) - Cl/ G1(1,s)ds
n n
1

zww+wqu/@@w&

n
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In a similar manner, we deduce
1
Ta(u,0)(7) = [ Ga(r.s)fals u(s), v(s))ds
O1
2/ Ga(1,8) [ (u + v) — Cs]ds
0
1 1
ZM// Gl(T,S)(u(S)—I—U(S))dS—OQ/ Ga(T,s)ds
n n
1 1
> 1/'m? G1(1, + ds — C Go(T,s)d
w0l + v )ds=Co [ Gatrs)ds

1
z(||u||+||v||>—c2/ Galr, )ds.
n

Therefore T'(u,v)(1) > 2 || (u,v) || —Cs5, where C3 = C} fnl Gi(r,8)ds + Cy fnl Ga(T, 8)ds. From which
it follows that || T'(u,v) ||> T'(u,v)(7) > (u,v) || as || (u,v) ||— oo.

Let Q3 = {(u,v) € B || (u,v) ||< Hz}. Then for (u,v) € P and || (u,v) ||= Hz > 0 sufficiently large,
we have

(11) | T(u,v) ||>] (w,v) ||, for all (u,v) € PN oQs.
Thus, from (10), (11) and Theorem (2.1), we know that the operator T has a fixed point in PN(Q \ ).

Theorem 4.2 Assume that (A1), (A2), (A5) and (A6) are hold, then (1)-(2) has at least one
positive solution (u(t),v(t)), t € [0,1]

Proof. From (A5) there is a number Hs € (0,1) such that for each (t,u,v) € [0,1] x (0, H3) x
(0, Hs). One has fi(t,u,v) > M u+v), where \ satisfy Am? fnl G1(1,s)ds > 1. From (A1) that implies

f1(£,0,0) = 0 and the continuity of f1(¢,u,v), we know that there exists a number Hs € (0, H3) small
enough such that

filt,u,v) < w whenever (t,u,v) € [0, 1] x (0, H3) x (0, H3).
0 14

For every (u,v) € P and || (u,v) ||= Hs, note that

/ Gl].’Tfl(’T’LL dT</ G1 G(l t)d dTSHé.
Thus L
T (u,v)(T) :/0 G1(T, 8)f1(s,u,v)ds
1
> m)\/ G1(1, s)(u(s) + v(s))ds
1
> [ GulLs)ds(u + o)
> (ull+vll) =] (wo)
that is

71 (u,v)(t) > (u,v) || forall t > 7.
So, || T(u,v) |[Z|| T1(u,v) || =] (w,v) ||. If set Q3 = {(u,v) € B:|| (u,v) ||< Hs}, then
(12) | T(u,v) ||>] (w,v) ||, for all (u,v) € PN OQs.

On the other hand, we know from (A6) that there exist four positive numbers 7,7’,Cy and Cj such
that for every (t,u,v) € [0,1]x RT x RT, we have fi(t,u,v) < n(u+v)+Cy, fo(t,u,v) <n'(u+v)+Cs,
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where 1 and 7’ satisfy

w\»—‘

1
/Glls)ds<fandn/ Gao(1,8)ds <

Thus we have

T (u, v)(t) = /0 Gt 5)f (5,1, v)ds

g/o G1(1, 8)(n(u + v) + Cy)ds
1

1
_n/Ch@ﬁ(Ww+WvHWth/Ch@$%
0 0

| =

1
| (o) | +c4/ (1, 5)ds.
0

Similarly, we deduce

IN

u+ U) + O5)d8

/ o(t, s) f2(s,u,v)ds
Jj e

IN
3

// Ga(1, s)(||u\|+||v||)ds+C’5/ Ga(1,s)ds

0

<

DN | =

1
MWNH%/Gﬂ@@
0

Therefore T'(u,v)(t) <|| (u,v) || +Cq, where Cg = Cy4 fol G1(1,s)ds + Cs fol Gs(1, s)ds, from which it
follows that T'(u,v)(t) <|| (uw,v) || as || (u,v) ||[= oo. Let Q4 = {(u,v) € B :| (u,v) ||[< Hy}. For each
(u,v) € P and || (u,v) ||= Hy > 0 large enough, we have

(13) | T(u,v) ||<]| (w,v) ||, for all (u,v) € PN OQy.
From (12),(13) and Theorem (2.1), we know that the operator 7" has a fixed point in PN (€4 \ 3).

Theorem 4.3 Assume that (A1), (A2), (A4), (A5) and (A7) are satisfied, then (1)-(2) has at least
two positive solutions (u1(t),v1(t)), (uz(t),v2(t)),t € [0, 1].

Proof. Note that we have G;(t, s) < 1= 2"(1+3))(ﬁ+27) = N’ fori=1,2 for all (¢,s) € [0,1] x [0, 1].
Let By = {(u,v) € P || (u,v) ||< N}. By using (A7), for any (u,v) € 8BN N P, we obtain

N

Ty (u,v)(t / Glts)fl(suv)ds<N’2N/:§

which implies || T} (u, v) ||< % In a similar manner, we may take || T2(u,v) ||< % Therefore
N N

T (w,0) = Taw,0) | + | T2(u,0) |< 5 + 5 = N.
Thus
(14) | T(u,v) ||<]| (u,v) ||, for all (u,v) € PNOBy.
And from (A4) and (A5) we have
(15) | T(u,v) ||>] (w,v) ||, for all (u,v) € P NN,
(16) | T(u,v) ||>] (w,v) ||, for all (u,v) € PN Q3.

We have choose Hs, H3 and N such that Hy < N < Hy and (14)-(16) are satisfied. From Theorem
(2.2), T has at least two fixed points in PN (Q2 \ By) and PN (By \ Q3), respectively.
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5. EXAMPLE

In this section, we demonstrate our results with some examples.
We consider the system of fractional order differential equations

CD*Pu(t) + fi(t,u(t),v(t)) =0, t € (0,1)
CD25(t) + falt,u(t),v(t)) =0, t € (0,1)

with the three-point boundary conditions

(17)

u(0) — u’(0) u’(é) =2u(1) + %u”(l) =0,

1 1
0(0) — v'(0) v’(g) = 20(1) + v"(1) = 0.

Here ¢1 = g2 = %,a =1, 8=2n= %, N = % and we deduce that m = min{m,ms} = 0.03125

Example 5.1: Let fi(¢,u,v) = %(u+v) +t2+4, folt,u,v) = ﬁ(qufu) + e~ (+) then conditions of

2
Theorem (4.1) are satisfied. From Theorem (4.1), the BVP (17)-(18) has at least one positive solution.

(18)

Example 5.2: Let fi(t,u,v) = (1 —t)[e" ") (u+ )], fo(t,u,v) = 735 (u? +v*) then N' = 2.

We can choose N = 1 and conditions of Theorem (4.3) are satisfied. From Theorem (4.3), the BVP
(17)-(18) has at least two positive solutions.

Acknowledgement: The author is very grateful to his guide professor K. Rajendra Prasad and
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