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HERMITE-HADAMARD TYPE INEQUALITIES FOR p-CONVEX FUNCTIONS

IMDAT iSCAN*

ABSTRACT. In this paper, the author establishes some new Hermite-Hadamard type inequalities for
p-convex functions. Some natural applications to special means of real numbers are also given.

1. INTRODUCTION

Let f: I CR — R be a convex function defined on the interval I of real numbers and a,b € I with
a < b. The following inequality

(11) f <a+b) <t /bf(x)dx < J@*7®

2 b—a 2

holds. This double inequality is known in the literature as Hermite-Hadamard integral inequality
for convex functions. Note that some of the classical inequalities for means can be derived from (1.1)
for appropriate particular selections of the mapping f. Both inequalities hold in the reversed direction
if f is concave. For some results which generalize, improve and extend the inequalities (1.1) we refer
the reader to the recent papers (see [2, 3, 5, 6, 8, 9, 12]).

In [3], Dragomir gave the following Lemma:

Lemma 1. Let f : I° C R — R be a differentiable mapping on I° and a,b € I° with a < b. If
1" € Lla,b], then the following equality holds:

b 1
(1.2) f(a);f(b) - bia/f(x)dx: b;a/(lfzt)f’ (ta+ (1 —t)b) dt.
a 0

By using this Lemma, Dragomir obtained the following Hermite-Hadamard type inequalities for
convex functions:

Theorem 1. Let f : I° C R — R be a differentiable mapping on I° and a,b € I° with a < b. If | f'|
is convex on [a,b], then the following inequality holds:

b
w3 HOLI L f 0] < G0 @11 G)

Theorem 2. Let f: I° C R — R be a differentiable mapping on I° and a,b € I° with a < b and
p > 1. If the new mapping |f'|? is convex on [a,b], then the following inequality holds:

b
fla)+ f(b) 1 b—a) [If'@"+|f®)"7
(1.4) = [ 1w < ! ,

where 1/p+1/q=1.
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Let A(a,bjt) =ta+ (1 —t)b, G (a,b;t) = a'b' !, H (a,b;t) = ab/(ta + (1 — t)b) and M, (a,b;t) =
(ta? + (1 - t)bp)l/p ,p € R\ {0}, be the weighted arithmetic, geometric, harmonic , power of order
p means of two positive real numbers a and b with a # b for ¢ € [0,1], respectively. M, (a,b;t) is
continuous and strictly increasing with respect to ¢ € R for fixed p € R\ {0} and a,b > 0 with a > b.
See [13, 7] for some kinds of convexity obtained by using weighted means.

In [7], the author, gave definition Harmonically convex and concave functions as follow.

Definition 1. Let I C R\ {0} be a real interval. A function f : I — R is said to be harmonically
convez, if

(1.5 Moy, ) st +a-of@

forallz,y € T and t € [0,1]. If the inequality in (1.5) is reversed, then f is said to be harmonically
concave.

The following result of the Hermite-Hadamard type holds for harmonically convex functions.

Theorem 3 ([7]). Let f: I C R\ {0} — R be a harmonically convez function and a,b € I with a <b.
If f € Lla,b] then the following inequalities hold

(16) / (azj-bb) = bab fa(c?) @ < = JQF f(b)'

a
The above inequalities are sharp.

Lemma 2 ([7]). Let f: I C R\ {0} = R be a differentiable function on I° and a,b € I with a <b. If
[’ € Lla,b] then

fla)+ f(b) — ab f( )4

2 b—a 2

dx

1

7 /tb+1;ftt )Qf/<tb+(ib—t)a> "

0

Using this Lemma, the following inequalities hold.

Theorem 4 ([7]). Let f: I C (0,00) = R be a differentiable function on I°, a,b € I with a < b, and
f € Lla,b]. If |f'|* is harmonically convex on [a,b] for ¢ > 1, then

Fla)+f0)  ab [ @),

(1.8) 2 b—a x2
< PO Dol @ 4 a1 B
where
S ;b(62a)21n<<“;§>2>,
o g (),
o = a<b1—a>_<ib—+ac>t‘°’ ln<(&;:)2>

= M-
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Theorem 5 ([7]). Let f : I C (0,00) — R be a differentiable function on I°, a,b € I with a < b, and
[ € Lla,b]. If |f'|* is harmonically convex on |a,b] for g > 1, % + % =1, then

f@)+fb)  ab [ @)

(1.9) 5 i e dz
< PO () Gulr @F + sl O
where
o [a224 4+ 51729 [(b — a) (1 — 2¢) — a]]
20-aP(l-g(1-20)
o P a0 -2 4]

2(b—a)®(1—q)(1-29)
In [16], Zhang and Wan gave definition of p-convex function as follow:

Definition 2. Let I be a p-convexr set. A function f : I — R is said to be a p-convexr function or
belongs to the class PC(I), if

f (l0a” + (1 = )y""?) < af(@) + (1= a)f(y)
forall z,y € I and a € [0, 1].

Remark 1 ([16]). An interval I is said to be a p-convex set if [aa? + (1 — a)yp]l/p el forallz,yel
and o € [0,1], wherep=2k+1orp=n/m,n=2r+1, m=2t+1 and k,r,t € N.
Remark 2 ([10]). If I C (0,00) be a real interval and p € R\ {0}, then

[ax? + (1 — a)y?]YP €I for all x,y € I and o € [0,1].

According to Remark 2, we can give a different version of the definition of p-convex function as
follow:

Definition 3 ([10]). Let I C (0,00) be a real interval and p € R\ {0}. A function f : I — R is said
to be a p-conver function, if

(1.10) 7 (laa? + (1 = @)y} < af(@) + (1 - ) f(y)
for all z,y € I and a € [0,1]. If the inequality in (1.10) is reversed, then f is said to be p-concave.

According to Definition 3, It can be easily seen that for p = 1 and p = —1, p-convexity reduces to
ordinary convexity and harmonically convexity of functions defined on I C (0, 00), respectively.

Example 1. Let f:(0,00) = R, f(z)=2P,p#0, and g: (0,00) = R, g(z) =c¢, c€R, then f and
g are both p-convex and p-concave functions.

In [4, Theorem 5|, if we take I C (0,00), p € R\ {0} and h(t) = ¢ , then we have the following
Theorem.

Theorem 6. Let f: 1 C (0,00) = R be a p-convez function, p € R\ {0}, and a,b € I with a < b. If
f € Lla,b] then we have

p /P b
a1 fqa ;b ] )S bpfap ﬁﬂdwé f(a);f(b)_

For some results related to p-convex functions and its generalizations, we refer the reader to see
[4, 10, 15, 14, 16].
In [15, Lemma 2.4], if we take I C (0,00) and p € R\ {0} , then we have the following Lemma.
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Lemma 3. Let f : I C (0,00) = R be a differentiable function on I° and a,b € I with a < b and
p € R\{0}. If f' € Lla,b] then

F@ ) p (1@,

2 bp —ap | xl-P
a

bP — aP 1—2t
(1.12) = 5 / i
v [taP + (1 — t)bP]

7 ([ta" +(1- t)bp]l/”) dt.

Remark 3. In Lemma 3,
(i) If we take p =1, then we have inequality (1.2) in Lemma 1.
(it) If we take p = —1, then we have inequality (1.7) in Lemma 2.

For finding some new inequalities of Hermite-Hadamard type for functions whose derivatives are
p-convex, we need Lemma 3.

We recall the following special functions

(1) The Beta function:

B(x,y): m_/ﬁjl (17t)y71dt7 xay>07
0

(2) The hypergeometric function:

1
1 —b— —a
2F1 (a7b; C; Z) = ﬁ(l)c_l))/tbl (1 7t)c b-1 (1 7Zt) dt, c> b > O, |Z‘ <1 (See [11])
’ 0

The main purpose of this paper is to establish some new results connected with the right-hand side of
the inequalities (1.11) for p-convex functions.
2. MAIN REsSULTS
We obtain the another version of [15, Theorem 3.2] as follow:
Theorem 7. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b, p € R\ {0}
and f' € Lla,b]. If | f'|? is p-convez on [a,b] for ¢ > 1, then

f@f®  p [ @),

(21) 2 o —ar | 2P
bP — P 1-1 1
o C, TG (@) + Csf ()],
where
1 (a?+0\7 "
C(1 - Cl(aabap) - Z ( 2 )
1

aP —bP 1 bP —a?
Fi{l—-,23—— F{l—-,23———
><|:2 1( p777ap+bp>+2 1( p777ap+bp):|7

19
1 [faP +bP\ P 1 aP — bP
= bip) = — Fil1——,2;4
CQ CQ(Q, ap) 24< 2 ) |:2 1( p7 b ’CLp—Fbp)
1 bP — aP 1 bP — aP
6.0F |1 ——,2;3;, ———— Fi(l1—-,24;,———
+ 2 1( pa 3 ’(Lp-i-bp) +2 1( p7 ) 7ap+bp>:|7

Cs = Cs(a,b;p) = Cy — Cs,
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Proof. From Lemma 3 and using the Power mean integral inequality, we have

f@ S0 p [,

2 br —ap | x1-P
1
bP — P
<
- 2p /
0

_ e 11— 21
— 2 1-1/p
p 2 [tap + (1 - t)bp]

1—-2t
[ta? + (1 — t)bp]'~1/P

dt

7 ([mp +(1- t)bp]l/p)

1—

Q=

1
1

7 (e + 1 - tp'7) [

dt

. / 11— 2t
Oﬁw+u—ﬂmk”p
Hence, by p-convexity of |f’|? on [a,b], we have

f@)Hf® @),

2 o —qr ) xlp
1-3
bP — aP 11— 2t|
< 1-1/
2p ) [tar + (1 —)br] /P
1 a
= [t @+ =01 )]
) [ta? + (1 — t)bp] /P
P —a? 14 ’ q NIk
< 5,0 G @ Gl O
It is easily check that
1—2t
[ = i),
) [tar + (1 —t)bv] P
1—2t[t
/ | | 1-1/ dt:c?(avb;p)a
) [tar + (1 - t)bv] P

12t (1—¢
/ [t P|+(1 (t)bp}l)—l/pdtzcl(aab;p)_Oz(a,b;p).
a _

Remark 4. If we take p = —1 in Theorem 7, then we have inequality (1.8) in Theorem 4.

If we take ¢ = 1 in Theorem 7, then we have the following corollary.
Corollary 1. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I° with a < b,
p € R\ {0} and f’ € La,b]. If |f'| is p-convex on [a,b], then

f@ 0 @),

2 bp —ar | xl-P

a
P — P

< TG @+ G @),

where Cy and C3 are defined as in Theorem 7.
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Remark 5. If we take p =1 in Corollary 1, then we have inequality (1.3) in Theorem 1.

Theorem 8. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I witha < b, p € R\ {0}
and f' € Lla,b. If |f'|? is p-convex on [a,b] for ¢ > 1, % + % =1, then

f@ S0 p [,

2 br —qap | 1P
a

bP — aP % 1
< "2 () @@ alr et

(2.2)

where

Cy = Cu(a,b;p;q)

p
] mwmeP (0 5 131-(2)7), <0
- )
s=ioF (0= 2,231-(8)"), p>0
Cs = Cs(a,bipiq)
B smar=r-2F1 q—%,2;3;1—(§)p , p<0
W%'QFl q_;717371_(%)p ) p>0

Proof. From Lemma 3, Holder’s inequality and the p-convexity of |f’|? on [a, b],we have,

f@ S0 p @),

2 b —ap | zl-P
a

1
BP — P .
< a /|1—2t| dt
2p
0

T

1 q

7' (fta” + (1 = 1yp7]7) " dt

</ !
) [tap + (1 —)op)?" 7

b — qP 1 \*
<
- 2p r+1

/1t|f’ @ + (-0l O,
[ta? + (1 — t)bp]279/P

where an easy calculation gives

2.3 dt
29) tar + ( bp}q e/

/
a

sam=r2F (= 4,131 (2)"), p<0
qui q2F1 q_%7273a1_(%)p , p>0
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1
1-—t¢
(24) / it
[ta? + ( £)bp] 7™ a/p
0

gaar—a -2 q—%72;3;1—(§)p , p<0
sm=ro P (0= 2, 1531—(8)"), p>0

Substituting equations (2.3) and (2.4) into the above inequality results in the inequality (2.2), which
completes the proof. O

Remark 6. In Theorem 8,
(i) If we take p =1, then we have inequality (1.4) in Theorem 2.
(ii) If we take p = —1, then we have the inequality (1.9) in Theorem 5.

Theorem 9. Let f : I C (0,00) — R be a differentiable function on I°, a,b € I with a < b, p € R\ {0}
and f' € Lla,b). If | f'|? is p-convex on [a,b] for ¢ > 1, L + % =1, then

f@)+f®)  p @),

2 br —ap | zl-p
a

Oi( ! >3 (If’(a)|q+|f’(b)lq>3
2p S \¢g+1 2 ’

Cs = Csla,byp;r)
=P (r= L 21— (2)"), p<0
W-QFl T—;71§2§1—(%)p ; p>0

(2.5)

where

bP — aP 1
< —7 dt
2p ) [tar + (1 —t)br]" P
1 i

X /\172t|q i ([ta”+(1—t)bp]1/p>‘th

0
< bp_apci(a b p; 7) L\ (1F @+ 1 )7\
~ 2p 6 , 0, D5 q_|_1 2 ’
where an easy calculation gives
h 1
(2.6) Ce(a, b;p;r) :/ dt
/ [tap + (1 B t)bp}rfr/p
#.QFl 'I"_%,]-;Z;]-_(g) ’ p<0
2P (1= 51251 (3)"), p>0
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and

1 1
1
2.7 1—2tqtdt:/1—2tq1—t dt = —.
(27) Ju-z 127 (1= )t = g
0 0

Substituting equations (2.6) and (2.7) into the above inequality results in the inequality (2.5), which
completes the proof. O

3. SOME APPLICATIONS FOR SPECIAL MEANS

Let us recall the following special means of two nonnegative number a,b with b > a :

(1) The arithmetic mean
b
A=A(a,b) = “;r .

(2) The geometric mean

G =G (a,b) :== Vab.
(3) The harmonic mean
2ab
a+b

H =H(a,b) =

(4) The power mean

r r\ /7
MTMT(a,b):<a ;b) "

(5) The Logarithmic mean

b—a
L:L(a,b) = m

(6) The p-Logarithmic mean

pptl _ gptl

(p+1>(b—a)> , pE€R\{~1,0}.

Ly =Ly ah) = (

(7) the Identric mean
1/
I:I(a7b>:e(wl> .
These means are often used in numerical approximation and in other areas. However, the following
simple relationships are known in the literature:
H<GLKLLI<A.
It is also known that L, is monotonically increasing over p € R, denoting Lo =1 and L_; = L.
Proposition 1. Let 0 < a < b and p € (—o0,1)\ {—1}. Then we have the following inequality
M, LP~1 < Ih < ALP”)
Proof. The assertion follows from the inequality (1.11) in Theorem 6, for f : (0,00) = R, f(z) =2z. O
Proposition 2. Let 0 < a <b and p > 1. Then we have the following inequality
H(aP,b") < LV_1.L < A(aP, bP).

Proof. The assertion follows from the inequality (1.11) in Theorem 6, for f : (0,00) — R, f(x)
TP,

o

Proposition 3. Let 0 < a < b. Then we have the following inequality
p—1~2+2
LYH < L, 1G"7F < LY M.

Proof. The assertion follows from the inequality (1.11) in Theorem 6, for f : (0,00) — R, f(x)
1/z.

o
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