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ON GENERALIZED ABSOLUTE MATRIX SUMMABILITY METHODS

HIKMET SEYHAN OZARSLAN*

ABSTRACT. In this paper, we prove a general theorem dealing with absolute matrix summability
methods of infinite series. This theorem also includes some new and known results.

1. INTRODUCTION

Let )" a, be a given infinite series with the partial sums (s,). Let (p,) be a sequence of positive

numbers such that
n

(1) Pn:va—M)o as n—oo, (P_j=p_;=0, i>1).
v=0
The sequence-to-sequence transformation

1 n
(2) On = ?vasv
" v=0

defines the sequence (o,,) of the (N 7pn) mean of the sequence (s,), generated by the sequence of

coefficients (p,,) (see [5]). The series Y a, is said to be summable ’N,pn‘k sk > 1, if (see [1])

& 3 (P> o — o < o

o1 \Pn

Let A = (ay,) be a normal matrix, i.e., a lower triangular matrix of nonzero diagonal entries. Then
A defines the sequence-to-sequence transformation, mapping the sequence s = (s,,) to As = (A,(s)),
where

(4) An(s) :Zamsv, n=20,1,..
v=0

The series ) a,, is said to be summable |A,p,|, ,k > 1, if (see [6])

(5) > (Z)k_l A4,(s)]* < o0,

n=1
where
AA,(s) = Ap(s) — Ap_1(s).
Let (p,) be any sequence of positive real numbers. The series > a,, is summable ¢ — |A, pp |k, & > 1,
if

(6) D b AAL(s)F < o0,
n=1
If we take ¢, = f;—", then ¢ — |A, p, |k summability reduces to |4, p,|x summability. If we set ¢, = n

for all n, ¢ — |A, pp | summability is the same as |A[, summability (see [7]). Also, if we take ¢, = %
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and a,, = f;;’ , then we get | N, p, |, summability. If we take ¢, = n and a,,, = %;, then we get | R, pn |k
summability (see [2]). Furthermore, if we take v, =n, a5, = $> and p, =1 for all values of n, then
© — |4, pp|r summability reduces to |C, 1|, summability (see [4]).

Before stating the main theorem we must first introduce some further notations.
Given a normal matrix A = (a,,), we associate two lower semimatrices A = (@) and A = (d,,) as
follows:

n
(7) Any = E ani, n,v=0,1,...
1=v
and
(8) &00 = Gpp = Apo, &nv = Gpy — Z7477,71,7J7 n= ]-7 27

It may be noted that A and A are the well-known matrices of series-to-sequence and series-to-series
transformations, respectively. Then, we have

(9) Ap (S) = i: ApySy = zn: GnyQy
v=0 v=0

and
n

(10) AAp(s) = )y

=0
2. KNOWN RESULT

Bor [3] has proved the following theorem for |N , pn| ,, Summability method.
Theorem 1. Let (p,) be a sequence of positive numbers such that

(11) P, =0(np,) as n— .
If (X,,) is a positive monotonic non-decreasing sequence such that
(12) [Am|Xm =O(1) as m — oo,
(13) Zan|A2)\n| =0(1) as m— o0
n=1

and

14 —|t.|" = O(X,,) as m — oo,
(14) > il = 0
where

1 n
tn = ,
L

then the series Y a, A, is summable [N, p, |, k > 1.

3. MAIN RESULT

The aim of this paper is to generalize Theorem 1 to ¢ — |4, p,|, summability. Now we shall prove
the following theorem.
Theorem 2. Let A = (a,) be a positive normal matrix such that

(15) Gno=1, n=0,1,..,

(16) Ap—1p > Gpy, for n>v+1,

(17) = O <I;:> ,

(18) |a“n,’u+1| = O ('U |Av&nv|) .
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Let (X,,) be a positive monotonic non-decreasing sequence and (ﬂ.@—f") be a non-increasing sequence.
If conditions (12)-(13) of Theorem 1 and

m k

(19) nz::lapﬁ ! (Pn> ltwl* = O(X,) as m — oo,

are satisfied, then the series ) anA,, is summable ¢ — |4, p, |, k > 1.

It should be noted that if we take ¢, = 5—" and a,, = 1’1.“ in Theorem 2, then we get Theorem 1.
In this case, condition (19) reduces to condition (14), condition (18) reduces to condition (11). Also,

the condition “(‘ﬁ;—f” is a non-increasing sequence” and the conditions (15)-(17) are automatically

satisfied. We require the following lemma for the proof of Theorem 2.
Lemma 1 ([3]). Under the conditions of Theorem 2, we have that

(20) nXp|Al,| =0(1) as n— oo,
(21) D XulA,| < 0.
n=1

4. PROOF OF THEOREM 2

Let (I,,) denotes A-transform of the series Y a,\,. Then, by (9) and (10), we have

an'UA'U
g AppQyAy = g ———Vay.
v

v=1
Applying Abel’s transformation to this sum, we get that

AI, = ZA (anv v)Zrar Qnn A "Zrar

n+1 v+1
= nnAt AU A77,’[) A’Utv
Lt + 3 A )

v=1

n—1

v+1 ty
+ Z v anv-{-lA)\ t +Zanv+1/\v+1*

v=1 =

= In,l +In,2 +In,3 +In,4-
To complete the proof of Theorem 2, by Minkowski’s inequality, it is sufficient to show that

(22) S b Ly [F< oo, for r=1,2,34.
n=1

First, by using Abel’s transformation, we have that

Sk L = Zwk PURPGIAL
n=1
= omY gk () PLSDWITHL
n=1
m P k
= ook () Ml
n:1 n
n k
A S () 6] 4+ 0(1) IAmIZv? () ]
v=1

n

m—1
n=1
m—1

=1
= O(1) as m — oo,

BA|X o+ O) A | X

3
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by virtue of the hypotheses of Theorem 2 and Lemma 1. Now, applying Holder’s inequality with

indices k and &', where £> 1 and + .+ , =1, asin I, 1, we have that
m+1 m—+1 n—1 k
Z O Mol = 0(1) ) ekt (ZIAU(%U)I Aol Itv|>
n=2 v=1

m—+1

n—1 n—1 k=t
= 0(1) Z (Pflil (Z |A1)(dnv)| |>\v|k t11|k> X (Z |AU(&W7))>
n=2 v=1 v=1
m—+41 Onp k—1 /n—1 L L
= o> (]’“;”) <ZAU(&M)IIMI Z, | )
n v=1

n=2
m m+1 (p D k—1
= 0w W X (F) A
v=1 n=v+1 n
m o k—1 m-+1
= oYL ()3 4w
v=1 v n=v+1
m P k-1
= 0 Y M It favy | 57
( );I it Fae { 5
- b ’ k
= 01 k-1 (“) ol [to
();w p, ) Pelltl

= 0O(1) as m— oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.
Now, using Holder’s inequality we have that

m—+1 m—+1

n—1 k
Z @Z_lun,3|k = 0(1) Z ‘sz_l <Z dn7v+1||A)‘v||tv>
n=2 n=2 v=1
m—+1 n—1 k
= 0(1) Z ‘pﬁ_l <ZU|AU(dnv)|A)‘U|tU|>
n=2

v=1

mAl n—1 n—1 k—1
SCOD SECRY D SIEISHIAEREN) BY | wifwERel)
v=1
m+1 Onp k—1 /n—1 .
= 0@) o <v|AA@>'tU|’“|AU<am>|>
> (%) (E

m m+1 OnD k—1
= oY elan) inf 3 (5) 1A

v=1 n=v+1

m Do k—1 m-+1
= oY eian) e (Z2) Y IAan)
v n=v+1
m k
= oY ek (B viani

m—1 k

- A(v]AN ") 1t F + O(1)m| A, kl(p”) tol®
Z;()|<||; 2 e
m—1 m—1

= 0(1) Y vX,|A%N]+0(1) Y AN Xy + O(1)m| ANy, [ X,
v=1 v=1

= 0O(1) as m— oo,
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by virtue of the hypotheses of Theorem 2 and Lemma 1.
Finally by using (18), as in I,, 1, we have that

m—+1 m—+1 k

n—1

_ . Ito|

Zsﬁk Hhal® < 3@k D lan sl A=
n=2 v=1

m+1 n—1 k
= 0(1)29041_1 Z|Av(&nv)||)\v+1||tv‘
n=2 v=1
m+1 n—1 k—1
= 0(1) Z@k Z|A H>‘v+1‘ o |k X Z|Av(&nv)‘
n=2 v=1
m+1 Onp k—1 /n—1
- o3 (5) (St
n=2 n
m-+1 Onp k—1
= oW lint Y (52) G
n
v=1 n=v-+1
m o k—1 m+1
= Z v+1‘|tv|k <‘;1)> Z |AU(&TLU)‘
v=1 v n=v+1
P k—1
= 1 Av ty k Vv L
o )Q allt o (22

m pv
= oS et (B el
v=1 v

= O(1) as m— oo,

by virtue of hypotheses of Theorem 2 and Lemma 1.
This completes the proof of Theorem 2.

5. CONCLUSIONS

It should be noted that if we take @, = & , then we get a theorem dealing with |A, p, |, summability.

Also, if we take am, = L£» then we have a rebult dealing with ¢ — | N, p,, |, summability. Furthermore,

if we take an, = P and prn, = 1 for all values of n, then we get another result dealing with ¢ — |C, 1|

summability. When we take ¢, = n, an, = % and p, = 1 for all values of n, then we get a result

for |C, 1|, summability. Finally, if we take & = 1 and a,, = %>, then we get a result for |]\_f ,pn’

summability and in this case the condition “(%) is a non-increasing sequence” is not needed.
n
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