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AN IMPLICIT ALGORITHM FOR A FAMILY OF TOTAL ASYMPTOTICALLY
NONEXPANSIVE MAPPINGS IN CAT(0) SPACES

G. S. SALUJA*

ABSTRACT. In this paper, we establish some strong convergence theorems of an implicit algorithm
for a finite family of of total asymptotically nonexpansive mappings in the setting of CAT(0) spaces.
Our results extend and generalize several recent results from the current existing literatures (see, e.g.,
(2,9, 14, 16, 17, 25, 29]).

1. INTRODUCTION AND PRELIMINARIES

A metric space (X, d) is said to be a length space if any two points of X are joined by a rectifiable
path (i.e., a path of finite length), and the distance between any two points of X is taken to be the
infimum of the lengths of all rectifiable paths joining them. In this case, d is said to be a length metric
(otherwise known as an inner metric or intrinsic metric). In case no rectifiable path joins two points
of the space, the distance between them is taken to be co.

A geodesic path joining x € X to y € X (or, more briefly, a geodesic from x to y) is a mapping ¢
from a closed interval [0,1] C R to X such that ¢(0) = z, ¢(I) = y, and let d(c(t),c(t")) = |t — | for
t,t’ € [0,1]. In particular, ¢ is an isometry, and d(z,y) = I. The image « of ¢ is called a geodesic (or
metric) segment joining x and y. We say that X is (i) a geodesic space if any two points of X are
joined by a geodesic and (ii) uniquely geodesic if there is exactly one geodesic joining = and y for each
x,y € X, which we will denoted by [z, y], called the segment joining = to y.

A geodesic triangle A(x1, xo,z3) in a geodesic metric space (X, d) consists of three points in X (the
vertices of A) and a geodesic segment between each pair of vertices (the edges of A). A comparison
triangle for geodesic triangle A(z1, v, z3) in (X, d) is a triangle A(wy1, 29, 73) := A(T7,T2,73) in R?
such that dg2(77,7;) = d(z;, x;) for 4,j € {1,2,3}. Such a triangle always exists (see [3]).

A geodesic metric space is said to be a CAT(0) space if all geodesic triangles of appropriate size
satisfy the following C AT'(0) inequality.

Let A be a geodesic triangle in X, and let A C R? be a comparison triangle for A. Then A is said
to satisfy the CAT(0) inequality if for all 2,y € A and all comparison points Z,7 € A,

(1'1) d<x’y) < dRQ’(jay)'

Complete CAT(0) spaces are often called Hadamard spaces (see [12]). If z,y;,y> are points of a
CAT(0) space and yo is the mid-point of the segment [y1, yo] which we will denote by (y; ®y2)/2, then
the CAT(0) inequality implies

(1.2) dQ(x, u 6291’2) < %

1 1
d*(z, 1) + 3 d*(z,y2) — 1 d*(y1,92).
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The inequality (1.2) is the (C'N) inequality of Bruhat and Tits [4]. The above inequality has been
extended in [6] as
dE(z,ar® (1 —a)y) < ad’(z,z)+ (1 —a)d*(z,y)
(1.3) —a(1 — a)d*(z,y)
for any a € [0,1] and z,y, 2z € X.

Let us recall that a geodesic metric space is a CAT(0) space if and only if it satisfies the (CN)
inequality (see [[3], page 163]). Moreover, if X is a CAT(0) metric space and x,y € X, then for any
a € [0,1], there exists a unique point ax ® (1 — a)y € [z, y] such that
(1.4) dz,az® (1 —a)y) < ad(z,z)+ (1 —a)d(z,y),
for any z € X and [z,y] = {az® (1 — o)y : a € [0,1]}.

A subset C of a CAT(0) space X is convex if for any =,y € C, we have [z,y] C C.

Let T be a self mapping on a nonempty subset C' of X. Denote the set of fixed points of T by
F(T)={xe€C : T(x) = x}. We say that T is:

(1) nonexpansive if d(Tx, Ty) < d(x,y) for all z,y € C;

(2) asymptotically nonexpansive ([10]) if there exists a sequence {r,} C [0, 00) with lim,_,oc r,, =0
such that d(T"z,T™y) < (14 r,)d(z,y) for all z,y € C and n > 1;

(3) uniformly L-Lipschitzian if there exists a constant L > 0 such that d(T"x,T"y) < Ld(z,y) for
all z,y € C and n > 1;

(4) semi-compact if for a sequence {x, } in C with lim,, o d(2,, Tx,) = 0, there exists a subsequence
{‘rnk} of {-’En} such that x,, - pe C.

Remark 1.1. From the above definitions, it is clear that each nonexpansive mapping is an asymptot-
ically nonexpansive mapping with the constant sequence {k,} = {1}, Vn > 1 and an asymptotically
nonexpansive mapping is a uniformly L-Lipschitzian mapping with L = sup,,>;{kx}.

Chang et al. [5] defined the concept of total asymptotically nonexpansive mapping as follows.

Definition 1.2. ([5] Definition 2.1) Let (X, d) be a metric space, K be its nonempty subset and let
T: K — K be a mapping. T is said to be a total asymptotically nonexpansive mapping if there exist
non-negative real sequences {yn}, {vn} with u, — 0, v, — 0 and a strictly increasing continuous
function v : [0, 00) — [0, 00) with t(0) = 0 such that

d(T"x, T"y) < d(z,y) + va(d(2,y)) + pin
for all z,y € K and n > 1.

Remark 1.3. From the above definition, it is clear that each asymptotically nonexpansive mapping is
a total asymptotically nonexpansive mapping with p, =0, v, =k, — 1 for alln > 1, ¢(t) = ¢, t > 0.

Recently, there are a lot of papers have appeared on the iterative approximation of fixed points
of asymptotically nonexpansive mappings, asymptotically quasi-nonexpansive mappings, asymptoti-
cally nonexpansive mappings in the intermediate sense and their generalizations through Ishikawa,
S-iteration, modified S-iteration, Noor iteration and implicit iterations in uniformly convex Banach
spaces, convex metric spaces and CAT(0) spaces (see, e.g., [1, 2, 5, 8, 9, 13, 14, 15, 16, 17, 19, 20, 21,
22, 23, 24)).

Let E be a Hilbert space, let K be a nonempty closed convex subset of F and let {T;}: K — K {i =
1,2,..., N} be nonexpansive mappings. In 2001, Xu and Ori [29] introduced the following implicit
iteration process {x,} defined by

(1.5) Tn = nTp_1+ (1= an)Thimod NyTn forn > 1,
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where g € K is an initial point, {a,,} is a real sequence in (0,1) and proved a weak convergence of
the sequence {z,,} defined by (1.5) to a common fixed point p € F = NN, F(T;).

In 2003, Sun [27] introduced the following implicit iterative sequence {z, }

(n)
n)

(1.6) Ty = apTp_1+(1-— ozn)Ti]E T, forn > 1,

for a finite family of asymptotically quasi-nonexpansive self-mappings on a bounded closed convex
subset K of a Hilbert space E with {a.,} a real sequence in (0,1) and an initial point z¢ € K, where
n = (k(n) — 1)N +i(n), 1(n) € {1,2,..., N}, and proved a strong convergence of the sequence {z,}
defined (1.6) to a common fixed point p € F = NI, F(T;). The result of Sun [27] generalized and
extended the corresponding main result of Wittmann [28] and Xu and Ori [29].

Inspired and motivated by [28, 29], we now define a modified implicit iteration process for a finite
family of total asymptotically nonexpansive mappings as below.

Modified implicit iterative process in CAT(0) space

Let C be a nonempty closed convex subset of a CAT(0) space X, and {11,T%,...,Tn} be a fi-
nite family of N ({g;n}, {Vin}, ¥:i)-total asymptotically nonexpansive self mappings on C. From an
arbitrary zo € C, we define the sequence {z,} by:

vy = (1—oa)wo® Tz,
zy = (1— o)z ® asThzs,
zy = (1—an)zn—1 @ anTyew,
(1.7) ryy1 = (1—any1)ey @ anvTieni,
ron = (1 —aon)raen @ aonTRTaN,
Tont1 = (1 —aoni1)Tans1 @ aoni1TiTany1,

where {a,,} is an appropriate sequence in (0, 1).

The above iteration can be written in the following compact form:

n)

1.8 Ty = QpTp_1D(1—ay Tk T,, forn>1
i(n)

where n = (k(n) — 1)N +i(n), k(n) > 1 is a positive integer such that k(n) — co as n — oo.

Let X be a CAT(0) space. Then, the following inequality holds:
(1.9) dAz® (1 =Nz, Ayd (1 —Nw) < Ad(z,y) + (1 — N)d(z,w),
for all z,y,z,w € X (see [6]).

Let {T; : ¢ € I = {1,2,...,N}} be the set of N uniformly L; (i = 1,2,..., N)-Lipschitzian self
mappings of C. We show that (1.8) exists. Let 9 € C and x; = ajzg ® (1 — ay)T121. Define
W:C — C by W(x) = a1z @ (1 —ai)Tiz for x € C. The existence of z; is guaranteed if W has a
fixed point. For any =,y € C, we have

dWz,Wy) < (1—a)d(Thz,Tvy) < (1—a1)lid(z,y)
(1.10) < (I-a)Ld(z,y)
where L = max{L; : ¢ € I'}. Now, W is a contraction if (1—a;)L <lor L > 1/(1—a1). Asay € (0,1),
therefore W is a contraction if 1 < L < 2. By the Banach contraction principle W has a unique fixed
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point. Thus, the existence of x; is established. Thus, the implicit algorithm (1.8) is well defined.

The goal of this paper is to study strong convergence of iterative algorithm (1.8) for the class
of uniformly L;-Lipschitzian and ({#;n}, {Vin}, ¥i)-total asymptotically nonexpansive mappings (for
i=1,2,...,N) in the setting of CAT(0) spaces. Our results extend, improve and generalize several
results from the current existing literature.

We need the following useful notion and lemmas for the development of our main results.

Let {T; : i € I} be the set of N self mappings of C. A mapping T': C — C' is said to satisfy con-
dition (A) if there exists a nondecreasing function f: [0,00) — [0,00) with f(0) =0, f(r) > 0 for all
r € (0,00) such that d(z.p) > f(d(xz, F(T))) for x € C where d(x, F(T)) = inf{d(z,p) : p € F(T) # 0}.
Condition (A) was introduced by Senter and Dotson [26].

Lemma 1.4. ([6]) Let X be a CAT(0) space.
(i) For x,y € X and t € [0,1], there exists a unique point z € [x,y] such that

d(z,2) =td(z,y) and d(y,z)=(1-1t)d(z,y). (A)

We use the notation (1 — t)x @ ty for the unique point z satisfying (A).
(i1) For z,y,z € X and t € [0,1], we have

Lemma 1.5. ([18]) Suppose that {a,}, {bn} and {r,} be sequences of nonnegative numbers such that
ant1 < (L4 by)an + 1y for alln > 1. If 3277 1 b, < oo and Y .o | rp < 00, then lim, oo ay, exists.
2. MAIN RESULTS

In this section, we establish strong convergence theorems using implicit iteration scheme (1.8) for
{1in}, {vin}, ¥:)-total asymptotically nonexpansive mappings (for i = 1,2,..., N) in the setting of
CAT(0) spaces.

Lemma 2.1. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T; : i €
I} be N uniformly L;-Lipschitzian and ({{sin}, {Vin}, ¥:)-total asymptotically nonexpansive mappings
with F = NN, F(T;) # 0. Suppose that the sequence {x,} is defined by the algorithm (1.8), where
{an} C 16,1 = 0] for some § € (0,1/2). If the following conditions are satisfied:

(i) 220:1 Hin < 00, 220:1 Uiy <00 foriel;

(i1) there exists a constant M > 0 such that ¥(t) < Mt, t > 0, where (a) = max{y;(a) : i €
I}, a>0.

Then limy, o0 d(xy,p) and lim, o d(x,, F) exist for p € F.
Proof. Let p € F. Then, from (1.8) and Lemma 1.4(ii), we have

d(a:n,p) = d(anajn—l D (1 - O‘n)Ti]zS;)xn,p)
< Oénd(ilfn—hp) + (1 - an>d(Tl]E£:;)xn7p)
< and($n717p> + (]- - an)[d(xnap) + Vi,k(n)ql}(d(xnup)) + ,U/z,k(n)]
< O‘nd(xn—hp) + (1 - an)[d(xnap) + MVi,/c(n) d(xn,p) + .uz}k(n)}
(21) = and(‘rnflvp> + (]- - an)[(l + MVz,k(n)) d(xnap) + Mi,k(n)]
< apd(wp-1,p) + (1 —an + MVLk(n)) d(zy,p) + (1 - an)ﬂi7k(n)~

Since a,, € [d,1 — 0], the above inequality gives that

Mv; k(n) i

1
(22) d(znap) < d(xn—lvp) + 5 (xnvp) + (5 - 1):U‘i,kr(n)'
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On simplification, we get that

dan.p) < (%)d@"—w’) +(5-1) ((s_z\fmw)“ww
- (14 m)dw—m (1) (%)“i»w
(2.3) = (1+ A xn))d(@n-1,p) + Bi kn)

Myi c(n 3 oo
where A; ) = ﬁ and B; j(n) = (% — 1) (WM)”L’C(H)' Since Zk(n):l Vi k(n) < 00 for

i € I therefore limy ;)00 Vi k(n) = 0, and hence, there exists a natural number n; such that v,y < /2
for k(n) > n1/N 4+ 1 or n > n;. Then, we have that Z,?En):l Aj ) < (5(%%) Z;?n):l Vik(n) < 0O.
Similarly, ch()n):l W; g(n) < 00. Similarly, Z;?n)ZI B k(ny < 00.

Now, for any p € F, from (2.3), for k(n) > ny /N + 1, we have
(2.4) d(xn, F) < (14 Ajpm) d(@n-—1,F) + Bi xn),

By Lemma 1.5, (2.3) and (2.4), we obtain lim,, o d(zn,p) and lim, . d(x,, F) both exist. This
completes the proof. O

Theorem 2.2. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let
{T; : i € I} be N uniformly L;-Lipschitzian and ({{tin}, {Vin},¥:)-total asymptotically nonexpan-
sive mappings with F = NI F(T;) is nonempty and closed. Suppose that the sequence {x,} is defined
by the algorithm (1.8), where {a,} C [0,1 — 0] for some § € (0,1/2). If the following conditions are
satisfied:

(1) S0 | B < 00, Do Vip <00 fori€l;

(ii) there exists a constant M > 0 such that ¥(t) < Mt, t > 0, where ¥(a) = max{y;(a) : i €
I},a>0.

Then the sequence {x,} converges strongly to a common fixed point of {T; : i € I} if and only if
lim inf,, 00 d(Zp, F) = 0.

Proof. If x, — p as n — oo, then lim, o d(z,,p) = 0. Since 0 < d(z,, F) < d(zn,p), we have
lim inf,, o0 d(zy, F) = 0.

Conversely, suppose that liminf, . d(z,,F) = 0. By Lemma 1.5, we have that lim,,_, . d(z,, F)
exists. Further, by assumption liminf, ., d(z,,F) = 0, we conclude that lim, . d(z,,F) = 0.
Next, we show that {x,} is a Cauchy sequence.

Since x < exp(x — 1) for x > 1, therefore from (2.3), we have

d(@nim,p) < (1+ A ) d(@n-1,P) + B j(n)

N o)
< (SR TR A ) d(np) + > D B

i=1 k(n)=1

N 00
(2.5) < Rd(xn,p)-i-RZ Z B; k(n)
=1 k(n)=1

for all natural numbers m, n, where R = (ezﬁil k=1 Ai*’““”) +1 < oo. Since lim,,_, o d(zy,, F) =0,

without loss of generality, we may assume that a subsequence {x,, } of {z,} and a sequence {p,, } C F
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such that d(xy, ,pn,) — 0 as k — oo. Then for any € > 0, there exists k. € N such that

N [es)
9 9

i=1 j=ns,

for k > k..

Hence, for any m € N and for n > ny_, by (2.5) we have

d(xn+m> xn) < d(xn+m7pnk) + d(xrupnk)

N o]
< Rd(@n,pn,)+RY. > Bij

i=1 j=np,
N 0o

(2.7) +Rd(@n,pn) +RY Y Bij

i=1 j=ny,
N o0

= 2Rd(2n,pn,)+2R> Y Bi;

i=1 j=ns,

S 3

This implies that {x,} is a Cauchy sequence in C. By the completeness of C, we can assume that
lim,, 00 &, = q¢. We will prove that ¢ is a common fixed point of {T; : i € I'}, that is, we will show
that ¢ € F. Since C'is closed, therefore ¢ € C'. Next, we show that ¢ € F. Since lim, o d(zp, F) =0,
gives that d(q, F) = 0. Since F is closed, ¢ € F. Thus ¢ is a common fixed point of {T; : i € I'}. This
completes the proof. O

Theorem 2.3. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let
{T; : i € I} be N uniformly L;-Lipschitzian and ({fin}, {Vin},¥:)-total asymptotically nonexpan-
sive mappings with F = NN, F(T;) # 0. Suppose that the sequence {x,,} defined by the algorithm
(1.8), where {an} C [8,1 — 8] for some 6 € (0,1/2). If the following conditions are satisfied:

(1) Yooy B < 00, Do Vip <00 foriel;

(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0, where ¥(a) = max{y;(a) : i €
I}, a>0.

Then liminf,,_, o d(zn, F) = limsup,,_, o d(zn, F) =0 if {z,} converges to a unique point in F.

Proof. Let p € F. Since {x,} converges to p, lim,, . d(x,,p) = 0. So, for a given € > 0, there exists
no € N such that

d(xy,p) < e forn > ng.
Taking the infimum over p € F, we obtain that

d(xn, F) < e forn > ng.
This means that lim, . d(x,,F) = 0. Thus we obtain that
lim inf d(z,,, F) = limsup d(z,, F) = 0.

n—oo n—00

This completes the proof. O

As shown in the preceding proof, the property needed to assure that p € F is exactly the fol-
lowing one. Given any sequence {u,} of real numbers there is a subsequence {uy,} of {u,} such
that lim; o up; = liminf, ,oc u,. In general, if {u,,,} is a convergent subsequence of {u,}, then
liminf,, ;o u, < 1im; o0 Uy, . This immediately gives the following result.
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Corollary 2.4. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let
{T; : i € I} be N uniformly L;-Lipschitzian and ({tin}, {Vin},¥:)-total asymptotically nonexpansive
mappings with F = NN F(T;) # 0. Suppose that the sequence {x,} defined by the algorithm (1.8),
where {a,} C [6,1 — 6] for some § € (0,1/2). If the following conditions are satisfied:

(1) 2opi1 Mim < 00, 357 Vip < 00 fori€l;

(i1) there exists a constant M > 0 such that ¥(t) < Mt, t > 0, where (a) = max{y;(a) : i €
I}, a>0.

Then {x,} converges strongly to a common fized point of {T; : i € I} if and only if there exists
some subsequence {xy;} of {xn} which converges to p € F.

Corollary 2.5. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T; : i €
I} be N asymptotically nonexpansive mappings of C with {k; ,} C [1,00) such thaty > | (kin—1) < o0
for alli € I. Suppose that F = NN F(T;) is nonempty and closed. Starting from arbitrary zo € C,
define the sequence {x,} by the algorithm (1.8), where {a,} C [0,1 — 4] for some § € (0,1/2). Then
{z,} converges strongly to a common fized point of {T; : i € I} if and only if liminf,,_, d(z,,F) = 0.

Proof. Follows from Theorem 2.2 with y; , =0, v;,, = (i, — 1) for all é € I and ¢(t) = ¢, ¢ > 0. This
completes the proof. O

Lemma 2.6. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let {T; : i €
I} be N uniformly L;-Lipschitzian and ({f4in}, {Vin}, ¥:)-total asymptotically nonexpansive mappings
with F = NN, F(T;) # 0. Suppose that the sequence {x,} is defined by the algorithm (1.8), where
{an} C [6,1 = 6] for some § € (0,1/2). If the following conditions are satisfied:

(1) Yooy B < 00, Do Vip <00 fori€l;

(ii) there exists a constant M > 0 such that ¢(t) < Mt, t > 0, where ¥(a) = max{y;(a) : i €
I},a>0.

Then lim,, o0 d(zy, Tjz,) = 0 for each i € 1.

Proof. Let L = max{L; : i € I'}. Note that {x,} is bounded as lim,,_, o d(z,,p) exists by Lemma 2.1.
So, there exists R’ > 0 and zp € X such that z,, € Br(zo) = {z : d(z,z9) < R'} for n > 1. Denote
d(Tp-1, TZEES)) by pn.

We claim that lim, - pn, = 0.

For any p € F, apply (1.3) to (1.8), we have

d*(xn,p) = d*(anzn_1®(1— an)TZzES)xn,p)
< and(@a1,p) + (1= an)d (T, w0, p)
—an(1 — ay)d?*(zp_1, TZESS)J:”)
< and*(@n-1,p) + (1 = an)ld(@n, ) + Vi gy (d(2n, p)) + Hi g
(2.8) —an(1 = ap)d?(n 1, T wn)
< ond®(@n_1,p) + (1 — an)[d(0, ) + MV, 0y d( @0, D) + i 1))

—an (1 — ap)d? (21, le(:gg)xn)

= apd*(@n-1,p) + (1 — an)[(1 + Mv; jn))d(@n, ) + i ()]

—a,(1— ozn)dZ(xn_l, Tﬁgg)xn)
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Now, using (2.3), we get
Oén(]- - Oén)Pi < andz(xnfl,p) - d2(l’nap) + (1 - an)Kl + MVi,k(n))
{1+ A k(n)) A@n-1,0) + Birn)} + Hik(n))?
= OéndQ(xn_hp) - d2(xn,p) + (1 - Oén)[(l + MVz,k:(n))(l + Az,k(n)) X

(2.9) d(xn—1,0) + (1 4+ MV; y(0)) Bij(n) + Hik(n))
= and2(xnflap) - d2(mnap) + (]- - an)[(l + fl,k(n))d(xnflap) X
Jrgi,k(n)]2

where f; 1(n)y = MV k(n) + Aik(n) + MAi k() Vik(n) a0d Gi k() = (1 + MV; g(n)) Bik(n) + Hik(n)- Since
Zk(n):l M je(n) < 0O, Zk(n):l Vi k(n) < 00 and Zk(n):l B; j(n) < 00, it follows that Zk(n):l fikn) <
oo and Z:’En):l i k(n) < 00. Again, note that

an(l—an)pl < and*(@n_1,p) — d*(zn,p) + (1 — ) [d(zn_1,p) + li,k(n)]z
(2.10) = d*(zn-1,p) — (0, p) + (1 — )i k(n):

where Ui yn) = fikm)d(@n—1,P) + Gik(n) a0 Gik(n) = I 1) + 2ik(nyd(@n-1,p). Since {d(zn-1,p)}
is convergent, Z?En):l fisk(n) < 00 and Z?(jn)zl Gik(n) < 00, it follows that Z?En):l Li je(n) < 00 and
> h(n)=1 @ik(n) < 00. This implies that
1 Qi k(n)

I P e —d? n ankin)

an(lfan)[ (l‘ lvp) (.’E ’p)]+ an

1 i k(n
< Gl arp) Pl + 75
Since Zz?n):l Qi ke(n) < 00, {d(2n,p)} is convergent and 0 > 0, therefore on taking limit as n — oo in
(2.11), we get

(2.12) lim p, =0.

n—oo

o2

(2.11)

Further,

d(xnaxn—l) < (1 - an)d(jjl]?(,:;)xnaxn—l)
(2.13) = (I—an)pn < (1 —9)pn,

which implies that lim,, o d(zp, z,—1) = 0.

For a fixed j € I, we have d(zp44,%n) < d(@n+tj, Tntj—1) + - - + d(Tp, Tn—1), and hence
(2.14) lim d(znij,2,) =0forjel.

Forn > N,n = (n—N)(mod N). Also,n = (k(n)—1)N+i(n). Hence, n—N = ((k(n)—1)—1)N+i(n) =
(k(n— N))N +i(n— N). That is, k(n — N) = k(n) — 1 and i(n — N) = i(n).

Therefore, we have

d(zn—h Tnzn) < d(In—la T:zg;%n) + d(Tzle;)x’f“ Tnzn)
<+ LT )
< put LPd(@n, 2aen) + LT 20y, 20 n)1)

(2.15) +Ld(x(n—ny—1,Tn)

pn+ L2 d(2p, Tn_nN) + Lpn_n
+Ld(x(n—ny—1,Tn).

Using (2.12) and (2.14) in (2.15), we get

(2.16) lim d(x,—1,Thx,) = 0.

n—oQ

IN
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Since

(2.17) d(xn, Thry) < dzn,Tn-1)+ d@n—1,Then),
using (2.13) and (2.16) in (2.17), we have

(2.18) lim d(x,, Thz,) = 0.

n—oo
Hence, for all [ € I, we have

AT, Tnrivn) < d(@n, Tott) + d(@npt, TnriTog)
+d(Tn+lxn+l7 Tn—i—lxn)

(219) < (1 + L) d(xru $n+l) + d(xn+l7 Tn+l$n+l)~

Using (2.14) and (2.18) in (2.19), we obtain

(2.20) li_>m d(xp, Thyizy) =0, Vi e I

Thus, lim,,—, o d(zy,, Tj2,) = 0 for [ € I. This completes the proof. O

As an application of Theorem 2.2, we establish some strong convergence results as follows.

Theorem 2.7. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let
{T; : i € I} be N uniformly L;-Lipschitzian and ({iin}, {vin},¥:)-total asymptotically nonexpan-
sive mappings with F = NN, F(T;) # 0 and there exists one member T in {T; : i € I} which is either
semicompact or satisfies condition (A). Suppose that the sequence {x,} is defined by the algorithm
(1.8), where {ap} C [6,1 — 6] for some 6 € (0,1/2). If the following conditions are satisfied:

(i) 23;1 i < 00, 220:1 Vip <00 foriel;

(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0, where (a) = max{y;(a) : i €
I}, a>0.

Then {x,} converges strongly to a common fixed point of {T; : i € I}.
Proof. By Lemma 2.1, we see that
lim d(x,,2") and lim d(z,,F) exist.

n—oo n—oo
Let one of T]s, say, Ts, s € I is either semicompact or satisfies condition (A). If T, is semicompact,
then there exists a subsequence {z,,} of {x,} such that z,,, — 2z € C as j — oo. Now, Lemma 2.6
guarantees that lim,, o d(2n;, Ts2n,) = 0 for s € I and so d(z,Tsz) = 0 for s € I. This implies
that z € F. Therefore, liminf,, o d(z,,F) = 0. If T, satisfies condition (A), then we also have
liminf, o d(z,,F) = 0. Now, Theorem 2.2 implies that {x,} converges strongly to a point in F.
This completes the proof. O

Theorem 2.8. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let
{T; : i € I} be N ({pin}, {Vin}, ¥i)-total asymptotically nonexpansive mappings. Suppose that
F=nN,F(T) #0 (T;,i = 1,2,..., N, need not to be continuous). Starting from arbitrary z¢ € C,
define the sequence {x,,} by the algorithm (1.8), where {c,} C [0,1— 0] for some § € (0,1/2). Assume
that (i) limy, 00 d(Zn, Tny1) = 0 if the sequence {z,} in C satisfies (i7') limy, 00 d(2n, 2n41) = 0, then
liminf, o d(2zn, F) = 0 or limsup,,_, ., d(zn, F) = 0. If the following conditions are satisfied:

(1) S0 | Hin < 00, Do Vin < 00 for alli € I;

(i) there exists a constant M > 0 such that ¥(t) < Mt, t > 0, where ¥(a) = max{¢;(a) : i €
I}, a>0.

Then {x,} converges to a unique point in F.
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Proof. By hypothesis (i') and (i7'), we have that
liminf d(z,, F) =0 or limsupd(z,,F)=0.
n—oo

n—oo
Therefore, we obtain from Theorem 2.2 that the sequence {x,} converges to a unique point in F.
This completes the proof. O

Finally, we obtain the following result from Theorem 2.7 as corollary.

Corollary 2.9. Let C be a nonempty closed convex subset of a complete CAT(0) space X. Let
{T; : i € I} be N asymptotically nonexpansive mappings of C with {h;,} C [1,00) for i € I such
that Yo7 (hy, — 1) < oo, where h, = max{h;, :i € I}. Suppose that F = N, F(T;) # 0 and there
exists one member T in {T; : i € I} which is either semicompact or satisfies condition (A). From
an arbitrary xo € C, define the sequence {z,} by algorithm (1.8), where {ay,} C [0,1 — 4] for some
0 €(0,1/2).. Then {x,} converges strongly to a common fized point of {T; : i € I'}.

Remark 2.10. Our results extend, generalize and improve several corresponding approximation results
from the current existing literature to the case of implicit iteration process and more general class of
nonexpansive and asymptotically nonexpansive mappings considered in this paper (see, e.g., [2, 7, 14,
16, 17, 29] and many others).

Remark 2.11. Our results also extend the corresponding results [25] to the case of finite family of
mappings and implicit iteration process considered in this paper.

Example 2.12. ([11], Ezample 3.1) Let R be the real line with the usual norm |.|| and C = [-1,1].
Define a mapping T: C — C by

—2sinZ, if z €[0,1]
_ 29 s 4]y
T(@) = { 2sinZ, if = €[~1,0).

Then T is an asymptotically nonerpansive mapping with constant sequence {kn,} = {1} for n > 1
and uniformly L-Lipschtzian mapping with L = sup,~;{kn} and hence it is a total asymptotically
nonezxpansive mapping by remark 1.3. Also the fixed point of T, that is, F(T) = {0}.

3. CONCLUSION

In this paper, we establish some strong convergence theorems using implicit algorithm (1.8) for a
finite family of ({; n}, {Vin},¥i)-total asymptotically nonexpansive mappings which is more general
than the class of nonexpansive and asymptotically nonexpansive mappings in the framework of CAT(0)
spaces.

REFERENCES

[1] M. Abbas, B.S. Thakur and D. Thakur, Fixed points of asymptotically nonexpansive mappings in the intermediate
sense in CAT(0) spaces, Commun. Korean Math. Soc. 28(4) (2013), 107-121.

[2] M. Bagarir and A. Sahin, On the strong and A-convergence for total asymptotically nonexpansive mappings on a
CAT(0) space, Carpathian Math. Pub. 5(2) (2013), 170-179.

[3] M.R. Bridson and A. Haefliger, Metric spaces of non-positive curvature, Vol. 319 of Grundlehren der Mathematischen
Wissenschaften, Springer, Berlin, Germany, 1999.

[4] F. Bruhat and J. Tits, Groups reductifs sur un corps local, Institut des Hautes Etudes Scientifiques. Publications
Mathematiques, 41 (1972), 5-251.

[5] S.S. Chang, L. Wang, H'W. Joesph Lee, C.K. Chan and L. Yang, Demiclosed principle and A-convergence theorems
for total asymptotically nonexpansive mappings in CAT(0) spaces, Appl. Math. Comput. 219(5) (2012), 2611-2617.

[6] S. Dhompongsa and B. Panyanak, On A-convergence theorem in CAT(0) spaces, Comput. Math. Appl. 56(10)
(2008), 2572-2579.

[7] H. Fukhar-ud-din and S.H. Khan, Convergence of two-step iterative scheme with errors for two asymptotically
nonexpansive mappings, Int. J. Math. Math. Sci. (2004), no. 37-40, 1965-1971.

[8] H. Fukhar-ud-din and A.R. Khan, Convergence of implicit iterates with errors for mappings with unbounded domain
in Banach spaces, Int. J. Math. Math. Sci. 2005:10, 1643-1653.

[9] H. Fukhar-ud-din and S.H. Khan, Convergence of iterates with errors of asymptotically quasi-nonexpansive and
applications, J. Math. Anal. Appl. 328 (2007), 821-829.

[10] K. Goebel and W.A. Kirk, A fixed point theorem for asymptotically nonexpansive mappings, Proc. Amer. Math.

Soc. 35(1) (1972), 171-174.



128

SALUJA

[11] W.P. Guo, Y.J. Cho and W. Guo, Convergence theorems for mixed type asymptotically nonexpansive mappings,

Fixed Point Theory Appl. 2012 (2012) Art. ID 224.

[12] M.A. Khamsi and W.A. Kirk, An introduction to metric spaces and fixed point theory, Pure Appl. Math, Wiley-

Interscience, New York, NY, USA, 2001.

[13] S.H. Khan and M. Abbas, Strong and A-convergence of some iterative schemes in CAT(0) spaces, Comput. Math.

Appl. 61(1) (2011), 109-116.

[14] A.R. Khan, M.A. Khamsi and H. Fukhar-ud-din, Strong convergence of a general iteration scheme in CAT(0) spaces,

Nonlinear Anal.: Theory, Method and Applications, 74(3) (2011), 783-791.

[15] P. Kumam. G.S. Saluja and H.K. Nashine, Convergence of modified S-iteration process for two asymptotically

nonexpansive mappings in the intermediate sense in CAT(0) spaces, J. Ineq. Appl. 2014 (2014), Art. ID 368.

[16] B. Nanjaras and B. Panyanak, Demiclosed principle for asymptotically nonexpansive mappings in CAT(0) spaces,

Fixed Point Theory Appl. 2010 (2010), Art. ID 268780, 14 pages.

[17] Y. Niwongsa and B. Panyanak, Noor iterations for asymptotically nonexpansive mappings in CAT(0) spaces, Int.

J. Math. Anal. 4(13) (2010), 645-656.

[18] M.O. Osilike and D.I. Igbokue, Weak and strong convergence theorems for fixed points of pseudocontractions and

solution of monotone type operator equations, Comput. Math. Appl. 40 (2000), 559-569.

[19] A. Sahin and M. Basarir, On the strong convergrnce of a modified S-iteration process for asymptotically quasi-

nonexpansive mapping in CAT(0) space, Fixed Point Theory Appl. 2013 (2013), Art. ID 12, 10 pages.

[20] G.S. Saluja and H.K. Nashine, Convergence of an implicit iteration process for a finite family of asymptotically

quasi-nonexpansive mappings in convex metric spaces, Opuscula Mathematica 30(3) (2010), 331-340.

[21] G.S. Saluja, Weak and strong convergence theorems for four nonexpansive mappings in uniformly convex Banach

spaces, Thai. J. Math. 10(2) (2012), 305-319.

[22] G.S. Saluja, Convergence theorems for asymptotically nonexpansive mappings in the intermediate sense in uniformly

convex Banach spaces, J. Indian Acad. Math. 34(2) (2012), 451-467.

[23] G.S. Saluja and H.K. Nashine, Weak convergence theorems of two-step iteration process for two asymptotically

quasi-nonexpansive mappings, Indian J. Math. 56(3) (2014), 291-311.

[24] G.S. Saluja and M. Postolache, Strong and A-convergence theorems for two asymptotically nonexpansive mappings

in the intermediate sense in CAT(0) spaces, Fixed Point Theory Appl. 2015 (2015), Art. ID 12.

[25] G.S. Saluja, Strong and A-convergence theorems for two totally asymptotically nonexpansive mappings in CAT(0)

spaces, Nonlinear Anal. Forum 20(2) (2015), 107-120.

[26] H.F. Senter and W.G. Dotson, Approximating fixed points of nonexpansive mappings, Proc. Amer. Math. Soc. 44

(1974), 375-380.

[27] Z. Sun, Strong convergence of an implicit iteration process for a finite family of asymptotically quasi-nonexpansive

mappings, J. Math. Anal. Appl. 286(1) (2003), 351-358.

[28] R. Wittmann, Approximation of fixed points of nonexpansive mappings, Arch. Math. 58 (1992), 486-491.
[29] H.K. Xu, R.G. Ori, An implicit iteration process for nonexpansive mappings, Numer. Funct. Anal. Optim. 22(5-6)

(2001), 767-773.

DEPARTMENT OF MATHEMATICS, GOVT. NAGARJUNA P.G. COLLEGE OF SCIENCE, RAIPUR - 492010 (C.G.), INDIA

*CORRESPONDING AUTHOR: salujal963@gmail.com



