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ON OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS OF TWO
VARIABLES WITH BOUNDED VARIATION

HUSEYIN BUDAK* AND MEHMET ZEKI SARIKAYA

ABSTRACT. In this paper, we establish a new generalization of Ostrowski type inequalities for func-
tions of two independent variables with bounded variation and apply it for qubature formulae. Some
connections with the rectangle, the midpoint and Simpson’s rule are also given.

1. INTRODUCTION

Let f : [a,b] = R be a differentiable mapping on (a, b) whoose derivative f': (a,b) — R is bounded
n (a,b),ie. [|f'|| = sup |f'(t)] < co. Then we have the inequality
t

€(a,b)

b
(1.1 f@) - 5 [ Foar] <

- +(‘)] b—a)llf]l.

for all € [a,b][19]. The constant 1 is the best possible. This inequality is well known in the literature
as the Ostrowski inequality.

In [11], Dragomir proved following Ostrowski type inequalities related functions of bounded varia-
tion:

Theorem 1. Let f : [a,b] = R be a mapping of bounded variation on [a,b]. Then

/bf<t>dt—<b—a>f<m> <|30-a+]-5) \:/(f)

holds for all x € [a,b]. The constant 1 is the best possible.

2. PRELIMINARIES AND LEMMAS

In 1910, Fréchet [16] has given the following characterization for the double Riemann-Stieltjes
integral. Assume that f(z,y) and a(z,y) are defined over the rectangle Q = [a,b] X [¢,d]; let R be the
divided into rectangular subdivisions, or cells, by the net of straight lines x = z;, y = y;,

a=x9<x1<..<xp=b,andc=yg <y < ... <<Ym = d;
let &;,n; be any numbers satisfying &; € [z;—1, 2], n; € [y;-1,Y5], ( =1,2,...,n; j =1,2,...,m); and
for all 4, j let
Ava(zs,yj) = a(wi—1,y5-1) — a(@io1,y;) — alwg, yj-1) + a(zi, yj)-
Then if the sum

S=>"3"F (& my) Anelwi,y))

i=1 j=1
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tends to a finite limit as the norm of the subdivisions approaches zero, the integral of f with respect
to « is said to exist. We call this limit the restricted integral, and designate it by the symbol

b d
(2.1) //f(z,y)dydza(w,y).
If in the above formulation S is replaced by the sum

S* = ZZf(fijanij)Alla(xivyj)a

i=1 j=1

where ;;,n;; are numbers satisfying &;; € [x;—1, %], 7i; € [yj—1,y;], we call the limit, when it exist,
the unrestricted integral, and designate it by the symbol

(2.2) /b/df(af,y)dydxa(w,y)

Clearly, the existence of (2.2) implies both the existence of (2.1) and its equality (2.2). On the other
hand, Clarkson ([8]) has shown that the existence of (2.1) does not imply the existence of (2.2).

In [7], Clarkson and Adams gave the following definitions of bounded variation for functions of two
variables:

2.1. Definitions. The function f(z,y) is assumed to be defined in rectangle R(a < z < b, ¢ < y < d).
By the term net we shall, unless otherwise specified mean a set of parallels to the axes:

z = z;(1=0,1,2,...,m), a =20 < x1 < .. < Ty, = b;
y = y(=01,2,...n), c=yo <y < ..<y,=d
Each of the smaller rectangles into which R is devided by a net will be called a cell. We employ the
notation
Anf(@iy) = f(@irr, yj+1) = F@ig1,95) — f(@is yin) + f(@,95),
Af(@isyg) = f(@it1,y541) — f(@6,95)-
The total variation function, ¢(Z) [¢(7)], is defined as the total variation of f(Z,y) [f(z,7)] considered

as a function of y [z] alone in interval (c,d) [(a,b)], or as +oo if f(Z,y) [f(z,7)] is of unbounded
variation.

Definition 1. (Vitali-Lebesque-Fréchet-de la Vallée Poussin). The function f(x,y) is said tobe of
bounded variation if the sum

|Av1f (@i, y5)]

s bounded for all nets.

Definition 2. (Fréchet). The function f(z,y) is said tobe of bounded variation if the sum
m—1, n—1

Z €i€j | Ar1f (i, y5)]

i=0 , j=0
is bounded for all nets and all possible choices of ¢, = £1 and € = £1.

Definition 3. (Hardy-Krause). The function f(x,y) is said tobe of bounded variation if it satisfies

the condition of Definition 1 and if in addition f(Z,y) is of bounded variation iny (i.e. ¢(T) is finite)

for at least one T and f(x,7) is of bounded variation in y (i.e. () is finite) for at least one 7.

Definition 4. (Arzela). Let (z;,y;) (1 =0,1,2,...,m) be any set of points satisfiying the conditions
a = <1< ... <y =0

c = Y<y1<..<ym=d.
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Then f(x,y) is said tobe of bounded variation if the sum
S IAf (i)l
i=1

18 bounded for all such sets of points.

Therefore, one can define the consept of total variation of a function of two variables, as follows:

Let f be of bounded variation on Q = [a, b]x[c, d], and let Y (P) denote the sum Y > |Aqq f(z4,y5)]
i=1j=1
corresponding to the partition P of (). The number

d b
Vi =VV @ =sw{d (P):PecPQ}.
Q c a

is called the total variation of f on Q. Here P([a,b]) denotes the family of partitions of [a,d].
In [17], authors proved foolowing Lemmas related double Riemann-Stieltjes integral:

Lemma 1. (Integrating by parts) If f € RS(«) on Q, then o € RS(f) on Q, and we have

d b d b
(2.3) | [ tidaats)+ [ [atsad.ses

= f(ba d)a(b’ d) - f(bv C)O[(b, C) - f(a’a d)a(a, d) + f(av c)a(a, C).
Lemma 2. Assume that g € RS(«) on Q and « is of bounded variation on Q, then

(z,y)€Q

d b
(2.4) g(x,y)dedya(z,y)| < sup |g(z,y)|\/ (a).
/1 v

In [17], Jawarneh and Noorani obtained following Ostrowski type inequality for functions of two
variables with bounded variation:

Theorem 2. Let f : Q —— R be mapping of bounded variation on Q. Then for all (z,y) € Q, we
have inequality

(2.5) (b—a) (dc)f(x,y)/d/bf(t,s)dtds
< [jo-a+le- 2 [§<d—c>+|y—C;dH\Q/<f>

where \/ (f) denotes the total (double) variation of f on Q.
Q

For more information and recent developments on inequalities for mappings of bounded variation,
please refer to([1]-[6],[9]-[15],[17],[18],[20]-[24]).

The aim of this paper is to establish a new generzlization of Ostrowski type inequalities for func-
tions of two independent variables with bounded variation and apply it for qubature formulae. Some
connections with the rectangle, the midpoint and Simpson’s rule are also given.

3. MAIN RESULTS

First, we give the following notations used in main our Theorem,;
Let

An,m = {(170’90) ) (JCO,yl) PREET (moaym) ) (1'1, yO) PR (xlvym) ey (Q?n, yO) ) (xnzyl) 3y (mn,ym)}
is a partition of Q = [a, b] X [¢, d] satisfaying a = xg, b = @y, Yo = ¢, Yym = d With ag = a, a; € [2;-1, 2]
(i = 1, ,n) , Opt1 = b and ﬁo =C, ﬂj S [yj_l,yj] (] = 1,...,m) , Bm—&-l = d

v(h) :==max{h;| i=0,...,n—1}, h; =241 — x4,
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v(l) ==max{l;| j=0,...m—1}, | :=y;11 — y;.

Theorem 3. If f: Q — R is of bounded variatin on Q, then we have the inequality

b

n m d
(3.1) D) BICHIRBICHRERYIER / / £t 5)dsdt

|

y+y+1
B — WYL

Ti + Tit1

} \Z/\i/(f)

INA

c

—

=

c

=

S~—
m<c—
n<@..

=

b d
where \/ \/(f) is the total variation of f on Q.

Proof. Let us consider the mappings K and L given by

t— ay, te€la,x1) s — B, s € [e,y1)

t— g, t € [xy,2) 5 — o, 5 € [y1,12)
K(t)=1 : L=

t*an—la te [xn—nyn—l) Sfﬂm—la ERS [ym—nym—l)

t— ay, te [xn—lab] Sfﬂmv s € [ym—lad]-

Integrating by parts using Lemma 1, we obtain

b d ne1m—1 | Ti+t1Yit+1
/ / KOLS)ddif(ts) = S5 / K(0)L(s)dyds [, 5)
=0 j=0 | & 4
n—1lm-—1 _Ii+l Yit1
- / / (t = ain) (5 — By41) dudyf(5, )
=0 =0 | 2 .
n—1m-—1

= (Zig1 — @it1) (Y1 — Bjg1) f(@ig1, yja1)
1=0

— (Tig1 — ig1) (Y5 — Bjs1) f(wig1,y5)

<.
I
=)

— (@i — 1) (Y1 — Bigr) f(i Y1)

Ti41 Yj+1

+ (25 — ig1) (Y5 — Bj1) f(wi, ;) — / / f(t,s)dsdt
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= (@i — ) (yy — By) f(wi, ;)
i=1 j=1
S5 (s — o) (s — Byen) i)
=1 5=0
~ S5 () (55— B5) o)
=0 j=1
n—1m-—1 b d
+ (x; — aig1) ( i — B 1) [, j)_ f(t,s)dsdt.
Ly 2y +1)\Y + Y a/c/
In last equality, we have
(3-3) ZZ (ﬂﬁi - ai) (yj - ﬁj) f(xi»yj)
m—1
= (b_an) (d_ﬁm)f(b7d)+(b_an) (yj_ﬁj)f(b7yj)
j=1
) Y (1= 00) S d) + 30D (i ) (g — ) T )
Similarly, we have
(3.4 SN (- ) (5 o) i)
i=1 j=0
= (= an) e B S0, + (- 0n) 3 (0~ By Sb)
Fle=B) Y (i — ) fne) + 305 (@i — ) (45— Bran) S )
(3.5) S (s — i) (45— B) £ (o)
i=0 j=1
= (@) ([~ B) f @) + (0= 0) 3 (05— 55) fla,15)
= B) S (1= ) Fand) + 303 (@ — i) (45— B5) (i)
i=1 =1 j=1
and
n—1m-—1
(3.6) Z (zi — @iv1) (Y; — Bj+1) f(@is y5)
i=0 j—=0
—(a—an)(c—B) f(@c) +(a—o) 3 (5 — Bis) Flarwy)
j=1
n—1 n—1m—1
+(c = p1) Z (s — aig1) flag, ) + (s — viq1) (yJ - 5J+1) [z yj)



OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS... 147

Adding (3.3)-(3.6) in last equality of (3.2), we obtain

/b/dK(t)L(S)dsdtf(t, s)

= (b—an)(d=Bm) f(b,d) + (b —an) (Br — ) f(b,¢)

(o1~ a) (A= B) £ 0,) + (0 ) (51— ) f (a,0)
m—1 m—1
+b—an) > (Bir1 = By) Flbys) + (1 —a) D (Bj1 — (a,y;)
j=1 j=1
n—1 n—1
+(d_ﬂm)2(ai+1 —a;) f(zs,d) + (B — ¢ Z ip1 — o) f(xi,¢)
i=1 i=1
n—1lm-—1 b d
(vi ) (B; (s, y5) f(t, s)dsdt
— (v ) (B4 (i, y5) f(t,s)dsdt.

On the other hand, we have

b d
// (8)dsdif(t,5)

n—1m—1 | Tirt¥it1
(3.1) - Y| [ KoLddses
1=0 j=0 ) )
ers Yj
ne1m—1 | Tit1 Yi+1
< 3 Z [ ] - an - s daises).
=0 j=0 |2 7
Zi Yi
Using Lemma 2 in the last part of the (3.7), we have
Ti41 Yj+1
(35) [ = ai) s = s dadsfit.s)
x y]'
Ti41 Yj+1
< sup [t—aialls= 8l V V()
t€[zi,@iy1] z; ;
s€[y;,Yj+1]
Ti4+1 Yj+1
= max{®it1 — T, Tiy1 — Qi1 } max {41 — Yj, Yj+1 — Bjv1} \/ \/ (f)
T Yj
1 T+ Tijx1
= [2 (Tit1 — i) + |Qip1 — % }
Yji TYj+1 + y]+1 o

Bj+1 —

1
|5 (Yj+1 —ys) +

[V Vo
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Putting (3.8) in (3.7), we obtain

(3.9) //dK s)dsdi f(t, )

C
n—1lm-—1
Ti + T
S Z |: xl"rl )+ Qi1 — ZTM :|
1=0 7=0
T Yi+1
1 Yj +y a1y
X 5 yj+1 6j+1 Jg T 9541 \/ \/
X4
L Ti+ Tip1
< r.  zitam
B iE[OI?%—l] [2 (Tig1 — i) + |aip 5
1m—1 [Tit1 yj+1
L Yi t Y+ +Z‘/J+1 } —
X max ~(yit1 —y;) + |Bix1 —
L Zq + Ti4+1
< Zou(h Tt win
< [20( )+ie[or,r.l.(?§—1] g1 5
b d
! Yj +y +1
x| sv ma . Yji T Y+
{2 ()+je[0,...,f;_1] Biv = \a/\c/(f)

which completes the proof of first inequality in (3.1).
In last inequality in (3.9), we get

Ti + Tig1 Ti+ Tip1 1
(310) Q41 — T S §hl and ie[or,r_l”ajﬁ_l] Q41 — f S §U(h),
and similarly,
Yj + Y41 1
3.11 i — 22— < —v(l).
(3.11) je[on.ﬂ.?ﬁ—u By 2 = 2U()
If we add (3.10) and (3.11) in (3.9), the proof of theorem is completed.
Now, using the result of the Theorem 3, we give some applications as follows:
Corollary 1. With the assumptions of Theorem 8. If we choose
o — a4 o — a+ o — 1+ X2 N Tp—2 + Tp_1 o — Tp—1+b o —b
0 — &, 1 — D) ) 2 — 9 g ey tn—1 — 2 ) n — 9 9 n+l —

and

c+ 1 Y1+ Y2 Ym—2 + Ym—1 Ym—1 +d
/3070 61 2 /82: 2 a"'aﬂn—lz%a ﬂn:mT
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in Theorem 3, then we have the inequality

0= 1) (= ) S0+ 0 200) (1~ ) 00

+ (21— a) (d=ym-1) f (@, d) + (21 — a) (11 = ¢) f (a,¢)

m—1

— Tn—-1 Z Yj+1 — (b y]) (33‘1 - Cl) Z (yj-i-l - yj—l)f(a7yj)

+(d = Ym-1) Z (@i1 — @i-1) f(@i,d) + (y1 — ¢) i (Tit1 — @i-1) f(2is0)

i=1

b

n—1m—1 d
YD (@i — mic1) (win — i) @,y ] //f(t,s)dsdt

i=1 j=1

b od
1
SIS COEORVAVIE)
Corollary 2. In Corollary 1, if we take x; := a + (b — a)% (t=0,1,...,n) and y; :==c+ (d — c)#
(j =0,1,...,m), then we have the inequality
m—1

Zf(b’ (mj)c+jd>

m—1 n—1 n—1

N f<a,m jc+]d> Zf( a+Zb,d)+Zf<n_l a—&-zb’C)]

j=1 =1

““”d@[ﬂa®+f®m%+fwﬂ%hﬂ%@+2[

dnm

b

—//dftsdsdt

n—1

+4Z
1

i=

mzzlf n—i)a+ib (m—j)c+jd
- n ’ m

Jj=

b d

< %\/\/U),

a c¢

Corollary 3. Under assumption Theorem 3, choosing tg = a, x1 =b, ag = a, o1 = a, as = b, yp = ¢,
y1=d, Bo =c¢, By = B and B2 = d, we obtain the inequality

(3.12) (@ —a) (B =0 fla,c) + (a—a)(d—B) f(a,d)

b d
F(b—a)(B—c) f(be) +(b—a)(d—B) f(b,d) - t//fts@ﬁ

b d
1 a+b c+d
St s [T e VAT
Remark 1. a) If we put o« =b and 8 =d in (3.12), then we have the "left rectangle inequality”

b

(b—a)(d—c)f(a,c)—//dft s)dsdt

d

b
<(b—a)(d—rc) \/\/

c
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b) If take a« = a and B = c in (3.12), then we have the “right rectangle inequality”

b d b od
(-a) - f0.0)~ [ [ Ftdsit| < b-a) @~ 0\ Vi),

¢) Similarliy, if we put « = %“b and B = # in (3.12), then we get the "trapezoid inequality”

b d
|ﬂa@+f@ﬂyzﬂm@+fmwx_ _al_wn//f@g@ﬁ

b d
V)

A~

Corollary 4. Under assumption Theorem 3, taking a < x <b,a < a1 <x < as <b c <y <d,
c < B <y < Py <d we obtain the inequality

(3.13) (1 = a) (Br = ¢) fla,¢) + (a1 — a) (B2 — B1) fla,y)
+ (1 —a)(d = P2) fla,d) + (ag — a1) (B = ¢) f(z,¢)
+ (a2 —a1) (B2 = B1) f(2,y) + (a2 — a1) (d = B2) f(z,d)
+(b—az) (B —c) f(bc) + (—aﬂ@rﬁmf()

+@*aﬂwfﬂﬂfmd%i//f@ﬁﬂwt

171 a+b a+2x z+b
< Z|Z(p= — _ —
< 4:_2(b a)+ |x ' o ‘ o 5 ‘
a+z x+bm
+ || — — a2 —
2
(1 c+d c+y y+d
xjw—d+y—2 Mﬁr—2’+&— 5
b d
c+y +d
R e | AV
1 a+b 1 c+d b4
< [jo-a+lo- 2| Fa-a+- 50 Vv
<

b d
-0\ V&)

Remark 2. If we put o1 = a, ag =b and 1 = ¢, fo = d in (3.13), then the inequality (3.13) reduces
the inequality (2.5).
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Remark 3. If we choose oy =
y € [5c+d c+5d]

S5a+b _ a+5b 5a+b a+5b — 5ctd _ ct5d
a67a2*a63x€[a67a6];61*66752*06 and

in (3.13), then we have the ”Simpson’s rule inequality”

‘(b —a)(d—c) |:f(bad) + f(bc) ;'_Gf(a, d) + f(a,c)

)+ (5500 + f (050 + £ (452, d)
9

b d
+;lf<a—2’—b c—l—d)] //ftsdsdt

f( ’c-lz-d

+

which is proved by Jawarneh and Noorani in [17].

4. SOME COMPOSITE QUBATURE FORMULA

Let us consider the arbitrary division I, ta=2g <21 < .. <zxp=b,and J,:c=yo<y1 < ... <
Ym =d, hy == 2541 — x5, and [ == y;41 — 5,

v(h) :=max{h;| i=0,..,n—1},

v(l) :=max{l;| j=0,..,m—1}.
Then, the following theorem holds.

Theorem 4. Let f : Q — R is of bounded variatin on Q and & € [z, xit1] (1=0,...,n—1), n; €
Wi, yj41] (7 =0,...,m —1). Then we have the qubature formula:

d
/ftsdsdt

c
1

\w

(4.1)

-1

(& — i) (nj — y5) [ (@i, y5)

3 e
|
5

: g

S
Il
3 o
<
Il
o

L
3
L

(& — i) (Yje1 — m5) f(@i,Yy41)

+
i{ng
i

3
|
-
3
|
-

(i1 = &) (j — y5) (i1, ;)

+
i\
™

3
L
3
L

+

(wixr — &) W1 — 15) f@iv1,yj41) + R(E 0, In, I, f)-

s
Il
<
.
I
=
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The remainder R(§,n, I, Jm, [) satisfies

(4.2) |R(&, 1, Iny I f)]
1 Ti + Tiq1
< z )
- [2U(h) +16{0, o 1}{ &i 2 H
1 Yi T Yir1 +yg+1
g s - } \/\/

b d
o)\ V()

for all & € [z, xi41] (1=0,..,n—1) and n; € [yj,yj+1] (j=0,...m—1).
Proof. Aplying Corollary 3 on the bidimentional interval [z;, z;+1] X [y}, yj+1], we get
(4.3) (& — i) ( — w5) £ (@i )

+ (& — i) (Y41 —m5) f(@isyj+1) + @i — &) (0 — y;3) f(@ig1,95)

Ti41 Yj+1

(i1 =€) Wit =) F @ity gyt — / / £(t, s)dsdt
:|:”z+lyj+1

H;“ V Vo

Summing the inequality (4.3) over i from 0 to n — 1 and j from 0 to m — 1, we get
(4.4)

T+ Tiva1
2

+
£ — Y TYim yj +1

1
< |zh

|R(€a777[n7 Im; f)|

n—1lm-—1 {E +z 1 Y +y Ti4+1 Yj+1
i T Xip1 +1
< ©5 (o2 s - 2522 V V)
i=0 j—=0 i
1 Ti+ XTip1
< —h; P T
- ie{gf-l%fl}{2 s 2
1 y +y —1m—1%Ti+1 Yj+1
je{Orfl-%—l}{Q i i= ‘720 y \/
1 Ti + Tit1
< |=v(h i T 5
= [QU( )+i€{(¥~1?}7}1{1}{€ 2 H
b d
1 Yi T Yj+1
1oa YT Y+l
<L+ g jlvvo

which copletes the proof of first inequality in (4.2).
In last inequality

Ti + Tip1 1 Ty + Tip1 1
4, Lo BT g and - < Zu(h),
(4.5) ¢ g | Sghiand max ¢ 2 5V (R)
and similarly,
Yi+yjm| 1
4.6 T < —yp(l).
(16 P ] i e A0
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If we add (4.5) and (4.6) in (4.4), we obtain the required result. O

Corollary 5. Let f, I, and J,, be as above.
1) If we choose & = xi1 and 1 = yj+1 i (4.1), then we have the "left rectangle rule”

b d 11
//f(t,s)dsdt =33 f@iy)hily + Re(In, Jm, f).
oo i=0 j=0
2) If we choose & = x; and nj =y; in (4.1), then we have the “right rectangle rule”
b d n—1m—1
//f@@%ﬁ:E:Ezﬂmﬂwﬁﬂmg+Rﬂthf)
. i=0 j=0

3) Finally, if we choose & = % and 1n; = m# in (4.1), then we have the "trapezoid rule”

f(t, s)dsdt

B .
\m

§ o
-
3|
-

f(wi,yi) + f(xi,yj01) + [(@ig1,95) + F(@ip1, y5401)] hily + Re (L, I, f).

1=

i

I
<
<.

I
o

Theorem 5. Let f, I, and J,, be as above and z; < %(1) <& < 041(-2) < Ty, Yy < 5](1) <n; < BJ(Q) <
Yj+1. Then we have the qubature formula

b d
(4.7) / / F(t, s)dsdt

m—1

= Z , (agl) - 331> (ﬂj(-l) - yj) f(@i ;)

ot — ;) (B = B f(winy)

+ Z Z 0451) — SCZ‘) (Zl/j+1 - 5;2)) f(@i, yj+1)
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The remainder R(f,n, 5(1) B; (2) In, I, [) satisfies
(48) ‘R(§7n’ai 7(11‘2)76;1 aﬁj(‘z 7Ina‘]maf)‘
1 h) + ax & — Ti ¥ Tit1
- |2 ic{0,.,n-1} || 2
1 Y Ty IUJ+1
SRR \/\/

b d
vV V(&)
Proof. Aplying Corollary 4 on the bidimentional interval [z;, z;11] X [y;,yj+1], we have
(4.9)
(ol =) (B = w3) Swiyy) + (= wi) (87 = 8 fai,m)

+ (04 Y- ) (yy+1 ) f(@i,yj41) + (%@ - a§1)> (5}1) - yj) f(&,y5)
+ (a R )) ( ) f(&,n;) + (0%('2) - 0‘5’”) (yj+1 - 51(-2)) S(&is yjz1)
+ ($z+1 — o ) ( A — yy) (Tit1,95) + (l“z+1 - a ) (ﬁ@ @('1)) f(@iv1,mj)

T; + Xig1
2

+ 1
¢ — Y TYi+1 y]-i-

b d
+ (a1 = 0) (w1 = 87) i) = [ [ 5t st
:| Ti+1 Yj+1

1
IERE VYV
Summing the inequality (4.9) over 4 from 0 to n — 1 and j from 0 to m — 1, then we get

[R(&n. 0,0, 50, 87, 1, I, £)|

1
< Zh.
3hit

n—1m-—1 1 z, + T 1 yi +y Tit+1 Yj+1
) o i i+1 7. ) J3 T Yj+1 j+1
< S5 [pmrfe- | [ - [V Vo
=0 j5=0 T;
1 i+
< max “hi+ & — Ti T Tig1
i€{0,..,n—1} | 2 2
1 y +y n—1m—1%Ti41 Yj41
X max “l A | — 2L }
el {a p 2.2V VW
1 Ty + Tiy1
< |=zv(h ; — —————
- [2U( )+z€{0, i 1}{ &i 2 H
Yty yj+1

}}vv

IN

c

~

=

c

=

N~—
®<@
ﬁ<&

=



OSTROWSKI TYPE INEQUALITIES FOR FUNCTIONS... 155

This completes the proof of Theorem. d

Corollary 6. Under assumption of Theorem & with al(-l) =z, al(»z) = x4, & = %, ﬁj(-l) =y

/8](2) =Yjt+1 and n; = % then we have the "midpoint rule”
b d n—1lm-—1 + +
Li T Ti+1 Yj T Yj+1
//f(t,s)dsdt:ZZf( 5 ! 2j >hilj+RM(In,Jm,f)
P i=0 j=0
where the remainder satisfies
1 b d
Rt (L, T, )] < Jo(h)o )\ (£).
a c

(1]
2]
(3]
(4]
(5]

[6]
[7]

(8]
(9]

(10]
(11]
(12]
(13]
(14]
(15]
(16]
(17]
(18]
19]
20]
(21]
(22]
23]

(24]
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