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INTUITIONISTIC FUZZY TOPOLOGICAL POLYGROUPS

N. ABBASIZADEH AND B. DAVVAZ*

ABSTRACT. The notion of intuitionistic fuzzy set was introduced by Atanassov as a generalization
of the notion of fuzzy set. Intuitionistic fuzzy topological spaces were introduced by Coker. This
paper provides a new connection between algebraic hyperstructures and intuitionistic fuzzy sets. In
this paper, we introduce and study the concept of intuitionistic fuzzy subpolygroup and intuitionistic
fuzzy topological polygroup. We also investigate some interesting properties of an intuitionistic fuzzy
subpolygroup and intuitionistic fuzzy normal subpolygroup.

1. INTRODUCTION

The hyperstructure theory was born in 1934 when Marty introduced the notion of hypergroup [24].
The concept of intuitionistic fuzzy sets was introduced by Atanassov [5]. Coker [7] has introduced the
notions of intuitionistic fuzzy topological spaces. Biswas [6] introduced the concept of intuitionistic
fuzzy subgroup and some other concepts. The concepts of quasi-coincidence for intuitionistic fuzzy
point was introduced and developed by Gallego Lupianez [14]. On the other hand, in the last few
decades, many connections between hyperstructures and intuitionistic fuzzy sets has been established
and investigated. In [18], Heidari et, al introduced the notion of topological polygroups. Then in
[1, 2, 3] Abbasizadeh et, al investigated to notion of fuzzy topological polygroups.

We recall some basic definitions and results to be used in the sequel.

Let H be a non-empty set. Then a mapping o : H x H — P*(H) is called a hyperoperation, where
P*(H) is the family of non-empty subsets of H. The couple (H,o) is called a hypergroupoid. In the
above definition, if A and B are two non-empty subsets of H and x € H, then we define

AoB= |J aob, zoA={z}oAand Aox=Ao{z}.

acA
beB

A hypergroupoid (H, o) is called a semihypergroup if for every x,y,z € H, we have zo (yoz)=(zoy)oz
and is called a quasihypergroup if for every x € H, we have x o H = H = H o x. This condition is
called the reproduction aziom. The couple (H,o) is called a hypergroup if it is a semihypergroup and
a quasihypergroup [9, 24].

For all n > 1, we define the relation 3,, on a semihypergroup H, as follows:

n
afpbe3(r1,...,2y) € H" : {a,b} C [] =4,
i=1

and § = J B, where 81 = {(z,z) | x € H} is the diagonal relation on H. This relation was introduced
by Koskas [21] and studied mainly by Corsini, Davvaz, Freni, Leoreanu, Vougiouklis and many others.
Suppose that 8* is the smallest equivalence relation on a hypergroup (semihypergroup) H such that
the qoutient H/B* is a group (semigroup). If H is a hypergroup, then 5 = §* [13]. The relation 5* is
called the fundamental relation on H and H/B* is called the fundamental groups.

A special subclass of hypergroups is the class of polygroups. We recall the following definition from
[8]. A polygroup is a system P = (P,o,e,” '), where o : P x P — P*(P), e € P, ~! is a unitary
operation P and the following axioms hold for all z,y, z € P:

(1) (xoy)oz =zo(yoz),
(2) eox =x =zxo0e¢,
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(3) x €yozimpliessy €roz tand z €y toux.
The following elementary facts about polygroups follow easily from the axioms:
ecroriNalox,el=e (z7) ' =2 and (voy) t=y tox L

A non-empty subset K of a polygroup P is a subpolygroup of P if and only if a,b € K implies
aob C K and a € K implies a=! € K. The subpolygroup N of P is normal in P if and only if
a 'oNoaC N for all @ € P. For a subpolygroup K of P and = € P, denote the right coset of K by
K ox and let P/K be the set of all right cosets of K in P. If N is a normal subpolygroup of P, then
(P/N,®, N,~1) is a polygroup, where Nox ® Noy={Nozlz€ Noxoy}and (Noz)™! = Nox~!.
For more details about polygroups we refer to [11, 12, 15].

Let P = (P,o,e,”!) be a polygroup and (P, T) be a topological space. Then, the system P =
(P,o,e,~1,T) is called a topological polygroup if the mapping o : P x P — p*(P) and ~': P — P
are continuous (see [18]).

Let P = (P,o,e,”!) be a polygroup and (P, T) be a fuzzy topological space. A triad (P, o, T) is called
a fuzzy topological polygroup or FTP for short, if (see [1, 2, 3]):
(i) For all z,y € P and any fuzzy open Q-neighborhood W of any fuzzy point z) of x oy, there
are fuzzy open @Q-neighborhood U of z) and V of y, such that:
UeV <W.
(ii) For all x € P and any fuzzy open @Q-neighborhood V' of x;l, there exists a fuzzy open Q-
neighborhood U of x such that:
Uu-t<v.

2. PRELIMINARIES

For the sake of convenience and completeness of our study, in this section some basic definition and
results of [4, 5, 7, 16, 17, 22, 23], which will be needed in the sequel are recalled here.

Let X be a non-empty set and I be the closed interval [0,1]. A complex mapping A = (ua,va) :
X — I x I is called an intuitionistic fuzzy set (in short, IFS) on X if pa(x) + va(z) < 1 for each
x € X, where the mapping ps : X — I and v4 : X — I denote the degree of membership (namely
pa(x)) and the degree of nonmembership (namely v4(z)) of each x € X, respectively. In particular,
0~ and 1. denote the intuitionistic fuzzy empty set and the intuitionistic fuzzy whole set in X defined
by 0~(z) = (0,1) and 1..(x) = (1,0) for each z € X, respectively.

We will denote the set of all IFSs in X as IFS(X) (see [5, 7]).

Let X be a non-empty set and let A = (ua,va) and B = (up,vp) be IFSs on X. Then (see [5]):

(1) Ac Biff pa < pp and vq > vp,
(2) A=Biff AC Band B C A,
(3) A= (va, pa),

(4) ANB = (pa A pp,vaVug),
(5) AUB:(ILLA\/MB,Z/A/\I/B).

Let {4;}ics be an arbitrary family of IFSs in X, where A; = (u4,,va4,) for each i € J. Then (see [7]):
(1) ﬂAl = (/\,UA“\/ VAi)'
(2) UAZ = (\/:U’Aw/\VAi)'
Let X and Y be non-empty sets and let f : X — Y a mapping. Let A = (ua,v4) be an IFS in X
and B = (up,vp) be IFS on Y. Then (see [7]):

(1) The preimage of B under f, denoted by f~1(B), is the IFS in X defined by:
FHB) = (FHus), [ (vB)),

where f~!(up)(2) = pp(f(2)) and f~' (vp)(x) = v(f(2)).
(2) The image of A under f, denoted by f(A), is the IFS in Y defined by:

J(A) = (f(pa), f(va)),

where

Vo opale) i fTHy) # 2
f(pa)(y) = { vef W)

0 otherwise,
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and

A vale) if f7(y) #o
fva)ly) = =€/~
1 otherwise.
Throughout this paper, the symbol I will denote the unit interval [0, 1].
A intuitionistic fuzzy topology (in short, IFT) in Coker’s sense on a non-empty set X is a family 7
on IFSs in X satisfying the following axioms:
(1) 0,1 €T.
(2) Forall A,BeT,then ANBeT.
(3) For all (4;) ey, then U 4; € T.
JjeJ
In this case, the pair (X,7) is called an intuitionistic fuzzy topological space (in short, IFTS) in the
sense of Coker, and each elements of T is called an intuitionistic fuzzy open set (in short, IFOS) in X.
The complement A€ of an IFOS A in X is called an intuitionistic fuzzy closed set (in short, IFCS) in
X.
We will denote the set of all the IFTs on a set X as IFT(X), and the set of all IFOSs and the set of
all IFCSs in an IFTS(X) as IFO(X) and IFC(X), respectively (see [7]).

EXAMPLE 1. (1) The family T={0~,1.} is an intuitionistic fuzzy topology on X.
(2) The family of all intuitionistic fuzzy sets in X is an intuitionistic fuzzy topology on X.

EXAMPLE 2. Let X = {a,b,c} and A =< z,(5y, %70—2),(&70—%, 5=) >. Then, the family 7 =
{0~,A4,1.} of IFS’s in X is an IFT on X.

EXAMPLE 3. Let X = [0,1] and consider the IFS A = (ua,v4) as follows:

1a(z) {—§x+1 if0<z<3
A = e 2
0 1f§§x§1,
and )
T ifo<z<s
— =43
VA(x){Z 1f%§x§1

Then, 7 = {0~, A% 1.} is an intuitionistic fuzzy topology on X.

Let X,Y be non-empty sets and A = (ua,va), B = (up,vs) IFSs of X and Y, respectively. Then
A x Bisan IFS of X x Y defined by (see [17]):

(A x B)(z,y) = (pa(z) A pup(y),va(®) Vves(y)).

Let X be a non-empty set. An intuitionistic fuzzy point, (in short, IFP) in X denoted by x, s is an
intuitionistic fuzzy set A = (4,v4) such that

| r fy=2z
/U'A(y){ 0 ify;ém,
and
s ify=2x
where z € X is a fixed point, the constants r € Iy, s € I and r + s < 1.
The intuitionistic fuzzy point z, , is said to be contained in an intuitionistic fuzzy set A, denoted by
xrs € A, if and only if pa(x) > r and va(z) < s. In particular
Trs CYUmpn o=y and r<m, s>n.
The intuitionistic fuzzy characteristic mapping of a subset A of a set X is denoted by x 4 is defined as
(@) = (1,0) ifze A
XA\L) = (0,1) otherwise.

Obviously an intuitionistic characteristic function x4 is also an intuitionistic fuzzy set on X and
for any non-empty subsets A and B of a set X, we have A C B if and only if x4 C x5 (see [22]).

Let z, s be an IFP in X and let A = (pa,v4) be an IFS in X. We say that x, ; is quasi-coincident
with A, written x, 5 ¢ A, if pa(z)+r>1and va(z)+s <1 (see [16]).
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Let (X,T) be an IFTS, and let p be an IFP of X. Say that an IFS N of X is a @Q-neighbourhood
of p if there exists an IFOS A of (X, 7)) such that p ¢ A and A C N (see [23]).

Let X,Y be two non-empty sets, let f: X — Y be a map, let 7 be an IFT in X and let ¢ be an
IFT in Y. Then, f: (X,7T) — (Y,0) is continuous if and only if, for each IFP p of X and for each
Q@-neighbourhood V of f(p), there exists a Q-neighbourhood U of p such that f(U) CV (see [23]).

3. INTUITIONISTIC FUZZY SUBPOLYGROUPS

Definition 3.1. Let P be a polygroup and A € TFS(P). Then A is called intuitionistic fuzzy
subpolygroup (in short, IFSP) of P if it satisfies the following conditions:
(1) (=) > pa(@) A paly) and
va(z) <va(z)Vva(y) for each z € xoy and z,y € P.
(2) pa(z™!) > pa(z) and
va(x~!) < wva(x) for each x € P.
We will denote the set of all IFSPs of P as IFSP(P).

EXAMPLE 4. Let P = {e,a,b}. Then, P together with the following hyperoperation

ole a b
ele a b
ala e b
blb b {ea}
is a polygroup. Let A =<, (5%, g%, %), (63 o3 0—”5) >. Then, A is an IFSP of P.

Definition 3.2. [28] Let P be a polygroup. A fuzzy subset u of P is called a fuzzy subpolygroup if
(1) min{p(z), u(y)} < p(z), for all z,y € P and for all z € x oy,
(2) p(z) < p(x1), for all z € P.
The following elementary facts about fuzzy subpolygroups follow easily from the axioms: p(zr) =
p(z=t) and p(x) < p(e), for allz € P .

Proposition 3.3. Let A be an IFSP of a polygroup P. Then A(z~') = A(x), that is, pa(z) =
palz™), va(x) =va(z™) and pa(z) < pa(e), va(z) > va(e) for each x € P, where e is the identity
element of P.

Proof. By Definition 3.2, we have pa(z) = pa(z™1) and pa(z) < pa(e) for each z € P. Thus it is
enough to show that va(x) = va(z™1) and va(z) > va(e) for each x € P.
Let x € P. Then,
va(@) =va((@™) ™) <vale™) < walw).
On the other hand, for each z € zox™!, we have v4(z)
va(e) <va(x)Vva(z™) =va(x). Thus vale) < wva(

<wa(x)Vva(z™t). Since e € zoz~ Nz~ tox, so
x) for each x € P. This complete the proof. O

Proposition 3.4. Let P be a polygroup.
(1) If ua is a fuzzy subpolygroup of P, then A = (ua,pac) € IFSP(P).
(2) If A€ IFSP(P), then pa and vae are fuzzy subpolygroups of P.
(3) A= (xr,x7c) € IFSP(P) if and only if T is a subpolygroup of P.

Proof. 1t is straightforward. O
Proposition 3.5. Let {Ay}acs C IFSP(P). Then (| Aq € IFSP(P).

acJ
Proof. 1t is straightforward. 0

Proposition 3.6. If A be an IFSP of a polygroup P then,
Py={x € P:A(x) = A(e), that is, pa(z) = pa(e) and va(x) =va(e)}
18 a subpolygroup of P.
Proof. We have to show that:
(1) zoy C Py for each z,y € Py.
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(2) If z € P4 then, 271 € Py.

Let ¢,y € P4 and z € x oy. Since z,y € P4 then, pa(x) = pa(e), va(x) =va(e) and pa(y) = pale),
va(y) =va(e). Since A € IFSP(P) and z € z oy,

pa(z) = pa(@) Apaly)
= pa(e) Apale) = pale),
and
va(s) < wale)Vva(y)
=wva(e) Vva(e) =val(e).
So pa(z) > pale) and va(z) < va(e). Then pa(z) = pale), va(z) = va(e) and z € P4, that is,
xoy C Py.
Now, if # € P4 then, pa(z) = pa(e) and va(z) = va(e). Since pa(z7!) = pa(z) = pale) and
va(x™l) = va(x) = va(e), that is, z7! € Ps. Hence Py is a subpolygroup of P. O

Definition 3.7. [26] Let A be an IFS in a set X and let o, 8 € I with a + 8 < 1. Then the set
Cop(Ad)={z€eX : pa(r)>aand va(z) <}
is called a («, 8)- cut set of A.

Proposition 3.8. Let A be an IFSP of a polygroup P. Then for each (o, 8) € I x T with (o, f) < A(e),
that is, o < pa(e), B> wva(e), Copg(A) is a subpolygroup of P, where e is the identity of P.

Proof. Clearly, Cy g(A) # @. Let z,y € Cy g(A). We show that z oy C C, 5(A).

Let z € zoy. Since z,y € Cy(A), then A(z) > (o, ) and A(y) > («a,B), that is, pa(xz) >
a, va(xz) < B and paly) > «a, va(y) < B. Since A € IFSP(P), pa(z) > pa(z) A pa(y) > o and
va(z) <va(z) Vva(y) < 5. Thus A(z) > (o, B). So z € Cog(A) and z oy C Cq g(A).

On the other hand, pa(z™1) > pa(z) > a and va(z~!) < va(z) < B. Thus A(z™1) > (o, ). So
z7t € Cy 5(A). Hence C, 5(A) is a subpolygroup of P. O

Proposition 3.9. Let A be an IFS in a polygroup P such that C g(A) is a subpolygroup of P for
each (o, B) € I x I with (o, 8) < A(e). Then A is an IFSP of P.

Proof. For any z,y € P, let A(z) = (t1,s1) and A(y) = (t2,s2). Then clearly z € Cy, 5, (A) and
y € Cy, 5,(A). Suppose t1 < to and s1 > sg, then Cy, 5, (A) C Ch, 5, (A). Thus y € Cy, 5, (A). Since
Ct, s, (A) is a subpolygroup of P, z oy C Cy, 5,(A). Then for each z € x oy, A(z) = (t1,51), that
is, pa(z) > t1 and va(z) < s1. So pa(z) > pa(z) A pa(y) and va(z) < va(z) Vva(y). On the other
hand, for each z € P, let A(z) = (o, 8). Then z € C, 5(A). Since Cy g(A) is a subpolygroup of P,
z7t € Chp(A). So A(z™') > (a,B), that is, pa(z™!) > pa(z) and va(z™!) < va(z). Hence A is an
IFSP of P. 0

Theorem 3.10. Let A and B be two IFSP’s of a polygroup P. Then AN B is IFSP of polygroup P.

Proof. By Theorems 3.8 and 3.9, AN B is IFSP of polygroup P if and only if Co (AN B) is a
subpolygroup of P. Clearly, Cq (AN B) = Cq p(A) N Cop(B) and both Cy 3(A) and Cy g(B) are
subpolygroups of P and intersection of two subpolygroups of a polygroup is a subpolygroup of P
implies that C,, g(A N B) is a subpolygroup of P and hence AN B is IFSP of polygroup P. O

Theorem 3.11. Let A and B IFSP of polygroups Py and Py respectively. Then A X B is also IFSP
of polygroup Py, x P.

Proof. Let A and B be IFSP of polygroups P; and P, respectively, then, C, g(A) and C, g(B) are
subpolygroups of polygroups P, and P, respectively, for all o, f € I with a+ 5 < 1. So Cy5(A) x
Cy,3(B) is subpolygroup of polygroup P; x P,. Hence C, g(A x B) is subpolygroup of polygroup
P, x P,. Therefore A x B is an IFSP of polygroup P; X Ps. O

Proposition 3.12. Let A and B IFS of the polygroups Py and Py respectively such that pa(z) < pp(es)
and va(x) > vp(esz) hold for x € Py, eq being the identity element of Po. If A x B is an IFSP of
Py X Py, then, A is IFSP of polygroup P;y.
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Proof. Let x,y € P; and z € x oy, we have:
pa(z) = pa(z) Apsle2) = paxp(z, e2)
> paxs(r,e2) A paxp(y, e2)
= [pa(@) A pp(e2)] Apa(y) A ps(e2)]
= pa(@) A paly).
Then, pa(z) > pa(z) A pa(y). Also,

va(z) =wva(z) Vvg(es) =vaxp(z,e2)
<vaxp(T,e2) Vvaxp(y, e2)
= [va(z) Vvp(e)] V [valy) V vs(es)]
=va(z) Vvaly).
Hence, v4(z) < va(x) Vva(y). Therefore A is an IFSP of P;. O

Proposition 3.13. Let A and B IFS of the polygroups Py and Py respectively such that up(y) < pa(er)
and vg(y) > va(er) hold for y € Py, eq being the identity element of Py. If A x B is an IFSP of
Py X Py, then, B is IFSP of polygroup Ps.

Proof. The proof is similar to the proof of Proposition 3.12. g

Corollary 3.14. Let A and B IFS of the polygroups P; and P, respectively. If A x B is an IFSP of
Py x P, then, either A is IFSP of P; or B is IFSP of polygroup Ps.

Definition 3.15. [12] Let (P,-,e,”!) and (P’, x,¢/,~T) be two polygroups. Let f be a mapping from
P to P’ such that f(e) = ¢’. Then, f is called a strong homomorphism or a good homomorphism if
f(z-y) = f(@) * f(y), for all 2,y € P.

Definition 3.16. [19] Let A € IFS(P). Then A is said to have the sup property if for any T' € P*(P),

there exists a tg € T such that A(tg) = U A(t), that is, pa(to) = V pa(t) and va(te) = A va(t).
teT teT teT

Proposition 3.17. Let f : P — P’ be a strong polygroup homomorphism and A € IFSP(P),
B € IFSP(P'). Then, the following hold:

(1) If A has the sup property then, f(A) € IFSP(P’).

(2) f~Y(B) e IFSP(P).
Proof. (1) First, we suppose that A is an IFSP of P. In order to prove that f(A) is an IFSP of
P’, by proposition 3.8, it is sufficient to show that each non-empty («, 8)-cut set Cy g(f(A)) is an

subpolygroup of P’. So, suppose that C, g(f(A)) is non-empty set for some («,5) € I x I with
(o, B) < Ale). Let y1,y2 € Co g(f(A)). We show that y; * y2 C Co g(f(A)). We have

praywn) = a, viay(yn) <8 and  ppay(y2) > o, veay(y2) <8,
which implies that
pa@) >0, A va@<B and V  pa@>a, A val@) <8
z€f~(y1) z€f~1(y1) z€f 1 (y2) z€f~(y2)

Since A has the sup property, it follows that there exist 1 € f~'(y1) and x5 € f~!(y2) such that
pa(xy) > a, va(zy) < B and pa(zs) > @, va(zs) < 8.
Since f is strong homomorphism, it follows that y1 * yo = f(z1) * f(x2) = f(x1.22). Let z € y1 * ya.
Then, there exists 2’ € x1.25 such that f(2’) = z. Thus, f(z) = f(2’) = z. Since A is an IFSP of P,
we have
pa(a’) > pa(xy) Apa(ze) > o and va(a') <valzr) Vvalzs) < 6.
Therefore, we obtain
ppay(z) =V pa(@) >a and vpa(z) = A valz) <B.

z€f~1(2) z€f~1(2)
Hence z € Cy g(f(A)). Thus, y1 * y2 C Co s(f(A)).
Next, for y € Co,5(f(A)), we have ppay(y) > a and vyay(y) < B. Thus,

V  pa(z) > a and A valz) <B.
zef~1(y) zef~1(y)
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Hence, we have
pa(z=!) > a and A valz~l) < B.
z=lef~1(y=1) zmlef~t(y™h)

Therefore, pipay(y~") > o and vp(a)(y~") < B implies that y=' € Co g(f(A)).
(2) Let z,y € P and z € z.y. Then,

pi-1(py(2) = pa(f(2)) > pus(f(2) A us(f(y))
= py-1(3) (%) A pp-1(3) (),

and

vp(f(2))Vve(f(y)
Vf—l(B)(QL') V l/f—l(B) (y)

Vf—l(B)(Z) =vp(f(2))

[l IA

Also, for all x € P
prpy (@™t = pp(fla™) = pa(f(2) ™) > pa(f(2)) = ps(m) (@),
and
vi-ipy (@) =vp(f(@™h) = ve(f(2) ") < va(f(z)) = vi-1(p) (2).
Hence f~!(B) € IFSP(P). O

Definition 3.18. Let A be an IFSP in a polygroup P. Then A is called an intuitionistic fuzzy normal
subpolygroup (in short, IFNSP) of P if for all z,y € P

A(z) = A(Z') i.e pa(z) = pa(z’) and va(z) = va(?),
forall z€xoyand 2/ € you.
It is obvious that if A is an intuitionistic fuzzy normal subpolygroup of P, then for all z,y € P,
A(z) = A(Z') forall z, 2 €xoy.

Theorem 3.19. Let A be an intuitionistic fuzzy subpolygroup of P. Then A is an intuitionistic fuzzy
normal subpolygroup if and only if

(1) pa(z) = paly) and
(2) va(z) =valy), for all z,y € P and for all z € royox™ 1.

Proof. 1t is straightforward. O

Theorem 3.20. Let A be an intuitionistic fuzzy normal subpolygroup of polygroup P. Then Cy g(A)
is normal subpolygroup of polygroup P, where pa(e) > «, va(e) < B and e is the identity element of
P.

Proof. Let y € Cyp(A) and x € P be any element. Then pa(y) > «, va(y) < . Since A be
intuitionistic fuzzy normal subpolygroup of polygroup P, so pa(z) = pa(y) and va(z) = va(y) for all

z,y € P and for all 2 € zoyoxzt. Therefore pa(z) = pa(y) > a and va(z) = va(y) < B implies

that pa(z) > o, va(z) < B and so z € Cy 5(A), xoyox™t C C,p(A). Hence C, g(A) is normal
subpolygroup of P. O

Proposition 3.21. If A is an IFNSP of P then, P4 is a normal subpolygroup of P.

Proof. 1t is straightforward. O

Theorem 3.22. Let A and B IFNSP of polygroups Py and P» respectively. Then A X B is also IFNSP
of polygroup Py X Ps.

Proof. The proof is similar to the proof of Theorem 3.11. g
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4. T-INTUITIONISTIC FUZZY SUBPOLYGROUPS AND T-INTUITIONISTIC FUZZY QUOTIENT POLYGROUPS

In this section, the notion of t-intuitionistic fuzzy (normal) subpolygroup, t-intuitionistic fuzzy
cosets of an intuitionistic fuzzy normal subpolygroup and t¢-intuitionistic fuzzy quotient polygroup are
defined and discussed.

Definition 4.1. [27] Let A be an IFS of a polygroup P. Then the IFS A’ of P is called the t-
intuitionistic fuzzy subset of P and is defined as A = (pa¢,va¢), where

pat(x) = pa(@) At and wvae(z) =va(z) V(1 —1t),
for all z € P and t € [0,1].

Definition 4.2. Let A be an IFS of a polygroup P. Then A is called the t-intuitionistic fuzzy
subpolygroup (in short t-IFSP) of P if A® is IFSP of P, i.e, the following conditions hold:
(1) par(z) = par(@) A pac(y) and
vat(z) S wvae(x) Vg (y) for each z € zoy and z,y € P.
(2) par(z7}) = par(z) and
var(z71) < vae(z) for each z € P.

Proposition 4.3. If A is IFSP of a polygroup P, then A is also t-IFSP of P.
Proof. Let x,y € P and z € x oy. Then, we have:

pa(s) = pa() At
2 (pa(x) A paly)) At
= (na(@) At) A (paly) A1)
= par(@) A prac(y)-
Thus pat(2) > pae(z) A pac(y). Similarly we can show that v (2) < vae(z) V vae(y). Also,

pac(et) = pa(x ) At = pale) At = pac(z).
Similarly, we can show that v4:(z71) = va¢(x). Hence A is t-IFSP of P. O

Definition 4.4. Let P be a polygroup, A be an intuitionistic fuzzy subpolygroup of P and t € [0, 1].
Then, the intuitionistic fuzzy subset A% of P which is defined by

Ag(x) = (/JAg (33)’1443 (2)),
where
pag(z) = N\ pa(z)) Atand vag(x) = (A pa(z) V(1 —-1),

z€exoa zExoa

is called the t- intuitionistic fuzzy right coset of A. The t- intuitionistic fuzzy left coset A of A is
defined similarly.

Proposition 4.5. Let A be an intuitionistic fuzzy normal subpolygroup of P and a an arbitrary element

of P. Then, the t- intuitionistic fuzzy right coset Al is same as the t- intuitionistic fuzzy left coset
At
a

Proof. Let A be an intuitionistic fuzzy normal subpolygroup of P, a € P and t € [0,1]. Then, for any
zr€Pand z€xoa, 2/ €aow, palz) =pal?), va(z) =va(z). So,
pag (@) =0 N\ pa(z)) At

z€xoa

=( A pal@)) At

z'€aox
= p,at(z),
and

vag(z) =( A\ va(2) V(11

z€xoa

=( AN val@)v(1-1)

Hence A! =, At O
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Definition 4.6. Let A be t-IFSP of a polygroup P. Then A is called t-intuitionistic fuzzy normal
subpolygroup (in short t-IFNSP) of P if and only if AL =, A? for all a € P.

Lemma 4.7. Let A be t-IFNSP of a polygroup P. Then
Al = A} & Na = Nb
for all a,b € P, where N = Cy1_,(A).
Proof. 1t is straightforward. 0
Consider the set P/A" = {A! | a € P} of all ¢- intuitionistic fuzzy right coset of A.

Theorem 4.8. Let A be an intuitionistic fuzzy normal subpolygroup of a polygroup P and N =
Ci1-t(A). Then, there is a bijection between P/A' and P/N.

Proof. The proof is similar to the proof of Theorem 2.3.8 in [10]. O

Corollary 4.9. Let P be a polygroup, A be an intuitionistic fuzzy normal subpolygroup of P and
a € P. Then, AL = Al for all z € Na, where N = C;1_+(A) and ¢ € [0,1].

Proposition 4.10. Let P be a polygroup, A be an intuitionistic fuzzy normal subpolygroup of a poly-
group P. Then, (P/A!,®) is a polygroup (called the polygroup of t- intuitionistic fuzzy coset induced
by A and t), where the hyperoperation & is defined as follows:

®: P/A" x P/A" — P*(P/A")
(AL, Ay {AL | c € N.a.b}
and ~* on P/A! is defined by (AL)~t = A!_,.
Proof. The proof is similar to the proof of Theorem 2.3.10 in [10]. O
Definition 4.11. Let P be a polygroup, A be an intuitionistic fuzzy subset of P and §* the funda-
mental relation on P. Define the intuitionistic fuzzy subset Ag~ on P/5* as follows:
Ap« : P/p* — I x I
Ap-(8*(z)) = (na,. (B7(2)),va,. (8" (x))
=V pale), A wvala)).

aep*(x) aef*(z)

Theorem 4.12. Let P be a polygroup, A be an intuitionistic fuzzy subpolygroup of P. Then Ag- is
an intuitionistic fuzzy subgroup of the group P/B*.

Proof. We have
vag. (B"(x)) Vva,. (B7(y) =( A wvala)V( A va(0))

a€B*(x) beB* (y)
= A [va(a) Vva(b)]
a€p* (x)

beB* (y)

AV va(2)

a€B*(x) zEaob
beB* (v)

A CN va(z)

a€B*(z) z€aob
beB* ()

AN O A val?)

a€pB*(x) *(a.b
beB* (y) =€p(a.b)

= A (va,. (8" (ab)))
A

= N (va,.(8%(a) © f7(a)))

a€p* (x)
beB* (y)

= Vag. (B7(2) © B*(y))-

v

%

v

Similarly we can show that

prag- (B () A pag. (B(y)) < pag. (67(x) © 57(y))-
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Now, suppose that 8*(x) is an arbitrary element of P/3*. Then,
Vag. (B*(2)7) = va,. (B*(z7"))

e
= A wvale™)
acB*(z—1)

= A wva(b)

bep* (x)
=va,. (B (z)).

Similarly, we can show that pa,. (8*(x)™") = pa,. (8*(x)). Thus, the proof is complete. O

5. INTUITIONISTIC FUZZY TOPOLOGICAL POLYGROUPS

In this section, we define and study the concept of intuitionistic fuzzy topological polygroups, and
we prove some properties in this respect.

Definition 5.1. Let (P,7T) be a polygroup and A = (ua,v4), B = (up,vp) are two intuitionistic
fuzzy sets in P. We define AB and A~! by the respective formula:

(1)

V [pa(z1) A pp(xs)] if z € 0 xs.
,U/AB( ) { (z1,22)EX XX
0 otherwise,
and
{ /\ [UA<$1>\/VB(.’1?2)] if x € x1 0 xs.
vap(z) = (w1,m2)EX XX
1 otherwise.
(2)
pra-i(@) = pa(e™h) and va-i(a) =va(@™).
Definition 5.2. Let (P, o) be a polygroup and (P, 7T ) be an intuitionistic fuzzy topological space. Let
U= (pv,vu), V= (pv,vv)and W = (uw, vw) be an intuitionistic fuzzy sets in P. (P,0,7) is called
an intuitionistic fuzzy topological polygroup or IFTP for short, if and only if:
(1) For all z,y € P and any fuzzy open @Q-neighborhood W of any intuitionistic fuzzy point z, s
of x oy, there are fuzzy open Q-neighborhoods U of z, ¢ and V of y, , such that:
Uv Cw.
(2) For all x € P and any fuzzy open Q-neighborhood V' of an intuitionistic fuzzy point (z=1),. s,
there exists a fuzzy open @-neighborhood U of z, s such that:
u-tcv.

Evidently, every intuitionistic fuzzy topological group is an intuitionistic fuzzy topological poly-
group. We give some other examples.

EXAMPLE 5. Let P be a polygroup and 7 is the collection of all constant intuitionistic fuzzy sets in
P. Then (P,T) is an intuitionistic fuzzy topological polygroup.

EXAMPLE 6. Let P = {e,a,b}. Then, P together with the following hyperoperation

ole a b

ele a b

ala e b

b|b b {ea}
is a polygroup. It is clear that a=! = a, b=! = b. Consider on P the fuzzy topology T = {0, A, 1.},
where A =<z, (5%, %, %) (53 0% Oi) >. Then, (P,T) is an intuitionistic fuzzy topological poly-
group.
Definition 5.3. [25] Let (X,7) be an intuitionistic fuzzy topological space. Let o, € [0,1]. An

= (I(ap)*> V(ap)+ ), Where liap)-(x) = o and vy« (z) = B, for every

intuitionistic fuzzy set (af)*
) + Viap)<(x) = 1. Then (X, T) is called a fully stratified space if for every

x € X such that u(aﬁ) (
a,B€0,1], (aB)” €
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Proposition 5.4. Suppose (P,T) is a fully stratified space. Let (P,o,T) be an intuitionistic fuzzy
topological polygroup. Then the mapping f : € — x ™' is intuitionistic fuzzy homeomorphic function
of (P, T) onto itself.

Proof. 1t is seen that f is invertible. Hence the only thing which needs to be proved that f is intu-
itionistic fuzzy continuous. Let (P,o,7T) be an intuitionistic fuzzy topological polygroup and V be a
fuzzy open Q-neighbourhood of intuitionistic fuzzy point (z7'), ;. Then, there exists a fuzzy open
@-neighbourhood U of z, s such that U~! C V. Since

p-i() +r = py(et) +r
> up(z)+r>1,
and
vp-i(x)+s =vyla™l)+s
<wvy(z)+s<Ll
This implies that z,sq U~!. Hence U~! is a fuzzy open Q-neighbourhood of z, .. Thus f(U) =
U~! C V. Then f is an intuitionistic fuzzy continuous function at the intuitionistic fuzzy point z. .
Therefore, f is an intuitionistic fuzzy continuous function. O

Proposition 5.5. Let (P,o,T) be an intuitionistic fuzzy topological polygroup.
(1) IfU is an intuitionistic fuzzy compact subset of P then, U~ is an intuitionistic fuzzy compact.
(2) If U is an intuitionistic fuzzy open set in T then, U1 is an intuitionistic fuzzy open set in T .

Proof. 1t is straightforward. d

Definition 5.6. [7] Let (X,7) be an IFTS and A an IFS in X. Then the fuzzy closure is defined by
cd(A)=n{F|ACF, FCeT},

and the fuzzy interior is defined by
int(A)=U{G| AD G, GeT}.

Definition 5.7. Let P be a polygroup and A be IFSP of polygroup P. Let a € P be a fixed element.
Then the set a A =< pga, V4 > wWhere

paa(z) =V pa(z) forallzc P,

z€a~lox

and
vaa(x)= N wva(z) forallze P,
z€a~lox
is called intuitionistic fuzzy left coset of P determined by A and a.
Similarly, the set Aa =< paq,Vaq > where

paa(x) =V pa(z) foralzeP,

z€xoa~1!

and
vaac(x)= N wva(z) forallze P,

z€xoa~1!

is called intuitionistic fuzzy right coset of P determined by A and a.

If A is an intuitionistic fuzzy normal subpolygroup of P and a an arbitrary element of P, then the
intuitionistic fuzzy right coset Aa is same as the intuitionistic fuzzy left coset aA. Consider the set
P/A = {Aa | a € P} of all intuitionistic fuzzy right cosets of A. Now we give a structure on P/A by
defining the operation ® between two intuitionistic fuzzy right cosets as

Aa® Ab={Ac | c € aob}.

If A is an intuitionistic fuzzy normal subpolygroup of a polygroup P, then the operation ® defined on
P/A is well defined. Then, (P/A, ®) becomes a polygroup and is called the intuitionistic fuzzy quotient
polygroup relative to the intuitionistic fuzzy normal subpolygroup A.
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Proposition 5.8. Let (P,T) be an intuitionistic fuzzy topological polygroup. Then, the family B =

{A € IFS(P*(P)) | A € T}, where p;(X) = \ pa(z) and vz(X) = A va(z) is a base for an
zeX rzeX
intuitionistic fuzzy topology T* on P*(P).

Proof. B is a base for an intuitionistic fuzzy topology on P*(P) because:

(1) For any Al, A, € B, with Ay, Ay € T, it follows that A NAy e B, because AinNAy, = Amg
and AjNAy e T.
Indeed, for any X € P*(P), we have

tira X =V oanan (@)= V(1 (2) Ay @)
<EvXuA1< ) AV Haa(@)

= pq, (X) A p g, (X)
= H(AlmAz)( )s

and

zeX rzeX

(A va, (@) V(A va, (@)

zeX zeX
=vi (X) Vg, (X)
= V(A”lmAz)( )s
(2) Since 1., € T it follows that 1.(X) = 1 for any X € P*(P) and thus
U =1L O

AeB

VAmz(X) = /\ V(A1nAy) (l’) /\ (VAI( )\/VAQ(I))
(

Lemma 5.9. Let U be an intuitionistic fuzzy open subset of an intuitionistic fuzzy topological polygroup
P. Then, aU and Ua are intuitionistic fuzzy open subsets of P for every a € P.

Proof. Suppose that U be an intuitionistic fuzzy open subset of P. Then,

B, o @ (2) = pp(e16(2) = pglat o 2)
= V ()= paw(z),

t€a—loz

and
V(a71¢_1(0))(z) =Vi(a—10(2)) = vg(a™" 0 z2)
t

Since the mapping ,-1¢~! : P — P*(P),z — a~! oz, is intuitionistic fuzzy continuous, thus aU is
intuitionistic fuzzy open. Similarly, we can prove that Ua is intuitionistic fuzzy open. O

Proposition 5.10. Let (P, T) be a fully stratified space. Let (P,o,T) be an intuitionistic fuzzy topo-
logical polygroup and U = (uy,vy) be an intuitionistic fuzzy set of P. If IFcl(U) is an intuitionistic
fuzzy closed set , then aIFcl(U), IFcl(U)a are intuitionistic fuzzy closed sets, where a € P is a definite
point.

Proof. 1t is straightforward. O

Proposition 5.11. Let A be an IFSP of polygroup P. Then for each (r,s) € I x I with (r,s) > A(e),
ZrsA=aA, where x € P and e is the identity of P.

Proof. We have (2, sA)(t) = (ta, ,a(t), Va, ,a(t), where

fa, . A(t) = ) t\/t (Wa,, (t1) A pa(tz)]
€tyota
V [rApalte)] iftg ==
= tetots
=V  pal(te)
toex—lot

= HzA (t>7
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and

Venoalt) = A e, () Vvats)

/\ [S\/Z/A(tg)] if tlza:
= tetioty

= N valt)

to€x—lot
= l/rA(t).
Hence 2, ;A = zA. O

Proposition 5.12. Let (P,T) be a fully stratified space. Let (P,o,T) be an intuitionistic fuzzy topo-
logical polygroup and U = (py,vy) be an intuitionistic fuzzy set of P. If IFcl(U) is an intuitionistic
fuzzy closed set , then a, sIFcl(U), IFcl(U)a,s and IF(U)™" are intuitionistic fuzzy closed sets.

Theorem 5.13. In an intuitionistic fuzzy topological polygroup P, V is a Q-neighbourhood of e, s if
and only if V=1 is a Q-neighbourhood of e;s.

Proof. Let V be a Q-neighbourhood of e, ;. Then there exists intuitionistic fuzzy open set A such that
ersqA C V that is,
pale)+r>1, ACYV,
vale)+s<1, ACV.
For all # € P, pa(z™1) < py(x™!) and va(z™t) > vy (z7h), so pa-1(z) < py-1(z) and vy (x) >
vy-1(x) then, A=t C VL
Now,
pra-1(e) + e, (€) = pa-1(e) + 7> 1,
va-1(e) +ve, (e) =va-1(e) +5<1.
Hence, e, ;gA™" and A=! C V=1, Therefore, V! is a Q-neighbourhood of e, .
Conversely, let V! be a @-neighbourhood of e, 5. Then there exists intuitionistic fuzzy open set A
such that e, g4 C V1. As above, A=! C V and e, gA™!. That is, V is a Q-neighbourhood of
€rs- O

Proposition 5.14. Let (P,T) be a fully stratified space. Let (P,o,T) be an intuitionistic fuzzy topo-
logical polygroup and U = (uy,vy) be an intuitionistic fuzzy set of P. If U is a Q-neighbourhood of
er,s, then 10U is a Q-neighbourhood of x, .

Proof. Since U is a @)-neighbourhood of e, 4, there exists an intuitionistic fuzzy open set A such that
r+pale) >1and s+va(e) <1, ACU. So,
Mrl,oA(x) = V [Mﬂﬁl,o (ZL’) A /LA(y)]

zExy
= 1A pa(e)
= pale),
and
P iy ga(7) 2 74 a(e) > 1.
Also

Vﬂ@l,oA(m) = é\[le,O(l‘)\/VA(y)]

>0Vwale)
=wva(e),
and
s+ g ,a(x) <s+wvale) <1
Thus, for all z € P,

tex—loz tex—loz
20 V. oopal®), A va®)
tex—loz tex—loz
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Hence z,4q x1,04 C x1,0U and since 1,0A is an intuitionistic fuzzy open set, Therefore z1oU is a
Q@-neighbourhood of z, . O

Proposition 5.15. [25] An intuitionistic fuzzy point x,. s C IFcl(A) if and only if each Q-neighbourhood
of xrs 15 quasi-coincident with A.

Proposition 5.16. Let (P,T) be a fully stratified space. Let (P,o,T) be an intuitionistic fuzzy topo-
logical polygroup and A = (pa,va) be an intuitionistic fuzzy subset of P. If z,s C IFclA, then

(N AC)(=z)=( | CA)(z) D0, where {C} is the system of all Q- neighbourhood of e, in P
ce{c} Ce{C}
with a <r and b > s.

Proof. Since z, s C IFclA then, each ()- neighbourhood of z, s is quasi-coincident with A. For any

C € {C}, there exists IFOS B such that e,;, ¢ B C C, that is,

:U“B(e)+a>17 Bgca

vp(e)+b< 1, BCC.

Hence, z1 0B~! is an IFOS. Moreover, we have

luwl,oB’l(m) = é/ [M‘Tl,o(m)/\uBfl(y)]

Z 1 A\ MB—1<6)
=1App(et)
= up(e),
and
Hay oB-1(2) +7 > pple) +r > pup(e) +a> 1.

Also, we have

Vay o5-1 (1) = é\ Ve o(2) V vp-1(y)]

> ov VB—l(e)
=0Vwvg(e™)
=vg(e),

and
Ve, oB-1(7) +5s <vple) +s<vp(e) +b< 1.

Hence, we conclude that

21007 (2) =2C7H(2) =( V pe=(t), N ve-(t)

tex—loz tex—loz
20 V. oppa(t), A vp-(t)
tex—loz tex—loz
=xB7(2)
= 210B71(2).

This implies that z, s ¢ xLoB_l - acLoC_l. Since 331,00_1 and A are quasi-coincident, there exists
y € P such that

Pay o1 (y) +pa(y) > 1 and vy, o1 (y) +vay) < 1.

Also
Hay o1 (y) = é/ by o (2) A pro=1(2))]
=V 1A po(2)
2(6\/71 pe-1(2)

= HgCc-1 (y>7
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and

Vo001 (y) = yéz[vxl,o (x) Vve-1(2)]

— A 0V re(2)

yExrz

= N v (2)

z€x~ly
= VzCc-1 (y)
Thus

pac(z) = ,E\t/t [a(th) A pe(ta)]

> pa(y) A( \/71 pe(z))

=pa)AC V  pe-(2)

z—lex—1y
= pa(Y) Aty yo—1 (Y)
>0,

and

A alt) Ve(to)]
(A ve)

va(y) Vv
zey~lz
Yy)V

)V A ve(2)

z—lex—1y

y) \/ VI170C71 (y)

I/Ac(.’L‘)

IN

(

=wy(

= ]/A(
<1

That is, AC(z) D 0 for every C € {C}. Hence (NAC)(z) = A AC(xz) D 0. It is easy to prove

ce{C}
NAC = NCA. O

Proposition 5.17. Let (P, T) be a fully stratified space. Let (P,o,T) be an intuitionistic fuzzy topolog-
ical polygroup and A = (pua,v4) be an intuitionistic fuzzy subset of P. Ifx, s C [ AC= [ CA

ce{C} ce{C}
and r > 0.5, s < 0.5, then x, s C IFcl(A), where {C} is the system of all Q- neighbourhood of e, 1, in
P witha <7 and b > s.

Proof. Let x, s C AC for each C' € {C}. Then pac(z) > r and vac(z) < s. Let D be an arbitrary
Q-neighbourhood of z, ;. Then there exists an IFOS B such that x,, ¢ B € D. That is,

.U“B(‘T)+T>la BQD,

ve(z) +s<1, BCD.
Since pp(x) +r>1, r>0.5and vg(z) +s <1, s<0.5, thus D(z) 2 B(z) 2 0. Hence, B~z is
an IFOS. Moreover we have

NB*1m170(€) = \/ [MB*l(y)/\H%l,o(x)]

ecyxr
> pga(z )AL
= pp-1(z)
= pup(z).
and
HB ey (€) +a > pup(@) +a > pp() +7 > 1.
Similarly, we have

VB-1z,, (6) = ee/g\;x[VB_l(y) \ V1o (SE)}

<wvg-i(z7) Vo0
= I/B—l(.’I]—l)
=vp(x).

and
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Hence

Bla10(2) = Bla(z) Vo oupa), A ()

(
tezoxr—1 tezox—1
(

V  wup-(t), A vp-i(t))

zox—1 tEzox—1

t
= Dill’lvo(z).

This implies that e, ¢ B~'z10 € D™ 'z19. So D7tz € {C}. Thus pap-14, ,(x) > r and
VAD-1z, ,(7) < 5. Moreover, we have

N

/LAD*IILO(‘%) = é/ [NAD*l(y)/\Nfl,o(x)}

> pap-1(e) A1
= /j’AD_l(e)a

and

méy\qm[VAD_l (y) \ Vzio (LL')]

VAD—l(C)\/O
VAD—l(e).
pap-1(e) =V [pa(tr) App-1(t2)]

ectits
> pa(k) A pp-1 (k1)
= pa(k) A pp(k),

VAD—IJJLO(:E)

A

and
vap-1(e) = N [va(ti) Vvp-1(t2)]
e€tita
<wa(k)Vvp- (k_l)
= Z/A(k') vV VD(k).
Thus there exists z € P such that

fap-1(€) 2 pa(2) App(z) and vap-i(e) < va(2) V vp(2).

Since pyp-1(e) > r and vap-1(e) < s then, pa(z) > r, va(r) <sand up(z) > r,vp(x) < s. Since
r > 0.5 and s < 0.5,

pa(z)+pp(z)>r+r=2r>1 and va(z)+vp(z) <s+s=2s<1.
That is, D is quasi-coincident with A. Therefore x, s C IFcl(A). O
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