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SOME FEJER TYPE INEQUALITIES FOR HARMONICALLY-CONVEX
FUNCTIONS WITH APPLICATIONS TO SPECIAL MEANS

M. A. LATIF1*, S. S. DRAGOMIR!? AND E. MOMONIAT!

ABSTRACT. In this paper, the notion of harmonic symmetricity of functions is introduced. A new
identity involving harmonically symmetric functions is established and some new Fejér type integral
inequalities are presented for the class of harmonically convex functions. The results presented in this
paper are better than those established in recent literature concerning harmonically convex functions.
Applications of our results to special means of positive real numbers are given as well.

1. INTRODUCTION

The theory of convexity has been subject to extensive research during the past few years due it its
utility in various branches of pure and applied mathematics. Many inequalities have been established
by a number of researchers for convex functions but one of the most interesting inequalities is the
Hermite-Hadamard inequality which provides a necessary and sufficient condition for a functions to
be convex.

Let f:ICR >R, abelwitha<b

f(a;b>§bia/abf(x)dxgw .

holds if and only if f is convex. The inequalities (1.1) hold in reversed direction if f is concave.
Many researchers have generalized the classical convexity in a number of ways and the inequality
(1.1) has been generalized or extended for many classes of convex functions in numerous ways, see for
instance [2-21] and the references therein.
Let us recall some known concepts which will be used in the sequel of the paper.

Definition 1.1. [9] Let I C R\ {0} be a real interval. A function f : I — R is said to be harmonically
convez, if

zy
— | <t 1—-1t 1.2
Horisy;) s+ 0-07@ (12)
forallx, y € I and t € [0,1]. If the inequality in (1.2) is reversed, then f is said to be harmonically
concave.

Proposition 1.1. [9] Let I C R\ {0} be a real interval and f : I — R is function, then:

if I C (0,00) and f is convex and nondecreasing function then f is harmonically convex.
if I C (0,00) and f is harmonically convex and nonincreasing function then f is convez.
if I C (—00,0) and f is harmonically convex and nondecreasing function then f is convez.
if I C (—00,0) and f is conver and nonincreasing function then f is harmonically convez.

In [9], i§can has also proved the following results for harmonically convex functions.

Received 29" June, 2016; accepted 19" September, 2016; published 3" January, 2017.

2010 Mathematics Subject Classification. Primary 26D15, Secondary 26A51, 26E60, 41A55.

Key words and phrases. Hermite-Hadamard’s inequality; Fejér’s inequality; convex function; harmonically-convex
function; Hélder’s inequality; power mean inequality.

(©32017 Authors retain the copyrights of
their papers, and all open access articles are distributed under the terms of the Creative Commons Attribution License.

1



2 LATIF, DRAGOMIR AND MOMONIAT

Theorem 1.1. [9] Let I C R\ {0} be a harmonically convezr function and a, b € I with a < b. If
f € L([a,b]) then the following inequalities hold

f(fibb>< ab /bf(w)dng(a)Jrf(b)_

The above inequalities are sharp.

Theorem 1.2. [9] Let f : (0,00) = R be a differentiable function on I°, a, b € I° with a < b, and
’ /149
f € L([ab]). If ‘f ‘ is harmonically convez [a,b] for ¢ > 1, then

‘f()ﬂ" / f(x ab(b—a)

: S ol sl o]

where

1 2 (a+b)?
Al_ab_(b—a)an< 4ab >’

1 3a+b (a+b)?
- _ 1
Az b(b—a) * (b—a)® n( dab |’
1 3b+a (a+b)?
= — 1 = — .
A2 alb—a) (b—a) " ( 4ab AL = o
Theorem 1.3. [9] Let f : (0,00) = R be a differentiable function on I°, a, b € I° with a < b, and
fe L ([a,b]). If ‘f" is harmonically convez [a,b] for ¢ > 1, E =1, then
f(a)+ f(b) ab /bf(x) ab(b—a) 1 \7 N NG
— <
T - <=5 ) Il @ smlrof]
where
" a® 21+ 51720 [(b—a) (1 — 29) — d]
1 =
2(b—a)* (1 -q)(1-29)
b2 —a'"24[(b—a) (1 —2q) + ]
Mo = )

2(b—a)*(1-q)(1-2

Some applications of the above results can also be found in [9)].
Chen and Wu [2] established the following Fejér type inequality for harmonically convex functions
which provides a weighted generalization of the result given in Theorem 1.1.

Theorem 1.4. [2] Let f : I C R\ {0} — R be a harmonically convex function and a, b € I with
a <b. If f € L([a,b]), them one has be continuous

f (fibb) < /ab f<x;§ (@) 4 < S@) £ F0) /ab g(w)d% (13)

g : [a,b] = R is nonnegative, integrable and satisfies

o(3) =0 (=)

The main goal of this paper is to introduce a new notion of harmonically symmetric functions and
to establish an identity involving a harmonically symmetric function and a differentiable function. We
will prove some Fejér type inequalities by using this identity and hence our results will provide a better
weighted generalization of the results proved in Theorem 1.2 and Theorem 1.3. Some applications of
our results to special means of positive real numbers will also be provided in Section 3. We believe
that our findings are novel, new and better than those already exist and will open new ways for further
research in this filed.
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2. MAIN RESULTS

Throughout this section we take U (t) = Wj’:’(lﬂ)b and L (t) = WM. The Beta function,

the Gamma function and the integral from of the hypergeometric function are defined as follows to be
used in the sequel of the paper

1
B(a,B) = / T 1 =t)’dt,a>0,8 >0,
0

I'(a) = / t*te~tdt,a > 0
0
and

1
oy (0 5732) = g [ T = e

57 1 6)
for |z| < 1,7 > B > 0.
The notion of harmonically symmetric functions is given in following definition.

Definition 2.1. A function g : [a,b] C R\ {0} — R is said to be harmonically symmetric with respect

2ab .
to atd Zf

holds for all x € [a,b].
Now we prove a weighted integral identity which will be used in establishing our main results.

Lemma 2.1. Let f : I C R\ {0} — R be a differentiable function on I° and a, b € I° with a < b
and let g : [a,b] — [0,00) be continuous positive mapping and harmonically symmetric to 2ab - 1f

atb”
f" € L(la,b]), then the following equality holds

10H@ o), [f1ele),

2
- <b4;ba> /01 (/LU(t) g(f)dw> [(U(t))Qf/ U @®) = (L) £ (L(@)|dt. (2.1)

® *

. ! U(t)g(x) 2,/
n- [ ( L, 5 dx> (U (1) F (U (1)) d

_ ! U(t)g(ﬂ?) 2 4
L= [ ( / N dx> (L) £ (L (1) dr.

Since ¢ : [a,b] — [0,00) is harmonically symmetric to %, then g (U (t)) = g (L(t)) for all ¢t € [0,1].
Hence, we have

B 1 U(t)g(x) oy B —9ab 1 U(t)g(x)
11_/0 (/L@) po da:) (@) f (U(t))dt—b_a/0 (/L(t) o dx)d[f(U(t))}

Proof. Let

and

_ —2ab v® g (z) !
= (/L(t) - d:v) U @) ) /0 [g (U () +g(L©®) fU 1) dt
a b (x 1
= b2_baf(a)/ giz)df”— 2/0 g(U @) fU(#))dt

b c%% €T x
:ﬂbf(a)/ g(x)dmfi"b/ Mdz. (2.2)

x2 b—a x2
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Analogously, we have

- 2ab ) /bg(x)d:c 4ab /b 9@ f@), (2.3)

b—a 2 b—a Jza 2
a+b

Adding (2.2) and (2.3) and multiplying the result by %=%, we get the required identity. This completes
the proof of the Lemma. O

Lemma 2.2. For v > u > 0, we have

/olt [(1 —t>u2f}<1+t>vrdt - (ffu) A (),
/ol’{ D u+v<1—t>vrdt<fivu>
I (%)
[yt (22

—

2 2uv 2
(I—tu+(1+t)v

where
A1 (u,v) 2l <u2—|1—}v> + u2—vv
and
Az (u,v) = (Z+Z) [uivv a u;;v —2hn (u?v)} '
Proof. The proof follows from a straightforward computation. O

Lemma 2.3. Forv >u >0 and p > 1, we have

1 [ 2uv %P
/0 (I+1) A= tu+(1+t)v di =

(%)
fo-ofa= u2ﬁv<1+t>v:2pdt: (fﬂ)zp@ (u,0:p),

(%)

(%)

! [ 2uv 12P 2uv \ %
/0 (1+t)_(1+t)u+(1—t)v_ d=\o5a) Gvup)
! [ 2uv 12P 2uv \ %
/0 (l_t)_(1+t)u+(1—t)v_ dt = v+u G2 (v, uip)
where
-2
oy 2 () 0w g -
(v—u)"(p=1)(2p-1) 2w—u)"(p-1)(2p—1)
and
A A1-py2 (uiv)_Qp +(u+v)[(2p—1) (v —u)— 2v]
G2 (u,v5p) = 5 :
2(w=u)"(p-1)(2p-1)
Proof. The proof follows from a straightforward computation. O

Now we present new Fejér type inequalities for harmonically-convex functions, which provide weighted
generalization of some of the results established in recent literature.
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Theorem 2.1. Let f: 1 C (0,00) — R be a differentiable function on I° and a, b € I° with a < b and
let g : [a,b] — [0,00) be continuous positive mapping and harmonically symmetric to 2% such that

atb
7 !’ q
f € L([a,b]). If | f ‘ is harmonically-convez on [a,b] for ¢ > 1, then the following inequality holds

b—a\? /1)
<(52) (3) ol

<fm @ e @o]r @f +a @l o

b a) [Pg(x b f(z)g(x
|f()42rf( >/a g;)dx/a fDg(o),,

q:| 1/q

A (bya)] [52 (b,a) )f’ (a)’q & (b,a) (f’ (b))q] l/q} . (2.4)
where [|g|| ., = SuP,ejqp 9 () < 00,

61(a,0) £ A1 (a.b) + X2 (.5), &2 (a,b) 2 Ay (a,b) = Xz (a,)
and A1 (+,+), A2 (+,-) are defined in Lemma 2.2.

Proof. From Lemma 2.1, we get

fb)+fa) [*g(=) " f(@)g(x)
5 /a gx2 dx—/a xgg dx

2 1
<_<b2;ba> Hg”oo/o [t(U(t))zf/ U @t) —t (L) f (L@)|dt. (25)

Now taking modulus on both sides of (2.5) and using Hélder’s inequality, we have

b a) (Yg(x b f(2)g(x
|f()42rf( >/a g;)dx/a fDg(o),,

- <b2aba)2 loll { (/01 tw (t))zdt>1_1/q (/01 Wyl (U(t))’th>l/q
+ </01t(L (t))th)l_”q </01t(L(t))2 ‘f, (L(t))’th)l/q}_ -

.14
By the harmonic-convexity of ‘ f ’ on [a,b] for ¢ > 1 and by using Lemma 2.2, we have

/Olt(U(t))Q ’f/ (U(t))‘th: /Olt [(1 —t) aQib(l +t)br

f/((l—t)a2ib(1+t)b>thgi‘f,(a)‘q/olt(lﬁ)[
q 1 a 2
+%‘f/<b)‘ /0 t(l_t)[(l—t)a2+b(1+t)b} dt

= % (;ﬁba)Q {P(@,8)+ 22 (@) |f @]+ i (@0) = (@) [£ 0]} 27)

2ab 2
(l—t)a—i—(l—i—t)b} dt

X
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and

/OluL(t))?]f’(L(t))jth/Olt{(lwfib(l_t ]
. fl((l—s—t)an—b(l—t ) a s Q‘f ‘/ [1+t)a2j—b(1—t)brdt

; ‘/ ””[(Ht)fibu—t)J dt:;(;jbaf

.y
x{[/\l(b,a)—/\g b, a)] ‘f a‘ +[)\1(b,a)+)\2(b,a)]’f/(b)q}. (2.8)

A combination of (2.6), (2.7) and (2.8) gives the required result. This completes the proof of the
theorem. 0

Corollary 2.1. Suppose the assumptions of Theorem 2.1 are satisfied. If ¢ = 1, then the following
inequality holds

|f()42rf()/ /f x2

§<1> <Z+ ) 9l {1 (0.0) + & ()] |1 (@)] + & (0,0) + & B | ®)]}, (29)

where ||g]| o, = SUP,e(qp 9 (¥) <00 and & (+,+), &2 () are defined in Theorem 2.1.

Corollary 2.2. If g (z) = ;%2 for all z € [a,b] in Theorem 2.1, then

P2 [ e« () (5) (%)

b—a /,
Am @i a@ols @ +

q11/4q

"o

4 (b @)tV [52 (b,a)’f’ (a)’q+§1 (b,a) | (b) q]l/q}, (2.10)

where &1 (), & (+, ) are defined in Theorem 2.1 and A1 (+,-), A2 (+,-) are defined in Lemma 2.2.
Corollary 2.3. If ¢ =1 in Corollary 2.2, then we get the following inequality

|f<>2 a_b_a/f

< <b2;ba> (baba)Q{[& (@,b) + & (.| £ (@) + €2 (a,0) + &2 ()] |1 )]}, (211)
where &1 (¢, ), & (+,+) are defined in Theorem 2.1.

Theorem 2.2. Let f : I C (0,00) = R be a differentiable function on I° and a, b € I° with a < b and
let g : [a,b] — [0,00) be continuous positive mapping and harmonically symmetric to 222 such that

+
f e L(la,b]). ! is harmonically-convex on [a,b] for ¢ > 1, then the following inequality holds
FO) +f(a) [*g(x) " f (%) g (x)
dx — ———dx
2 o 22 a x?

_ 2 1/q . 1-1/q ,
<l (152) (3) (2=) o @sals @ +asa

+etaq |/ @ +avagls @

1/q

’ (b)‘Qi|

q] 1/q} . (2.12)
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where (1 (+,+;+) and (3 (v, ;) are defined in Lemma 2.3.

b 1 1_1/q
$a/(a=1) gy
( - ) gl ( /

I3 (U(t))‘th>1/q + </01 (L (1) ‘f’ (L (t))‘th>1/q}. (2.13)

Proof. From (2.5) and Holder’s inequality, we have

|f< );f( a) / / I @g(z)
x {(/ W (1)
Since | (q is harmonically-convex on [a, 5], we obtain
/ wors o) d- / 1 [ ey v b}
‘f ‘ 2ab

f/((l—t)a2j—b(1+t)b>q a)q/ol( )[(1—t)a+(1+t)brth

1+t
(b)‘q/o1 (1—1t) [(1_t)a216(1+t)brth (2.14)

X

1
+5

and

/ L

8 f/<(1+t)a21b(1—t)b>

f (L(t)>]th=/01 [(1+t) a2ib(1—t rq
\/ (-t [Ht)fib(l—t)brdt

b)’ /O (1+t){(Ht)fib(l_t)brth. (2.15)

By applying Lemma 2.3 in inequalities (2.14) and (2.15) and then using the resulting inequalities in
(2.13), we get the required inequality. d

1
+§f(

Corollary 2.4. If the assumptions of Theorem 2.2 are satisfied and if g (x) = b“_ba for all x € [a, 1],
then the following inequality holds

|f()42rf b_a/ fla

< (%) (ﬁj;) (;)/ (qu‘ll)“/q {[atrals @' +a@nolr o]

’ q q11/q
+etaalf @ +aGaolf ®] " @16
where (1 (+,++) and (3 (v, ;) are defined in Lemma 2.3.
Theorem 2.3. Let f : I C (0,00) = R be a differentiable function on I° and a, b € I° with a < b and

/

f ()

let g : [a,b] — [0,00) be continuous positive mapping and harmonically symmetric to %b such that
’ q
f € L([a,b]). is harmonically-convezr on [a,b] for ¢ > 1, then the following inequality holds

|f(b)42rf(a) /Clbgg)dx/;f@;f@)dx
() () () e

x {6 (@ bi0) + G (basa)] | (@) + 162 (ab1) + G2 (b as )]

1/

f (b)’q} "
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where (1 (+,+;+) and (3 (v, ;) are defined in Lemma 2.3.

Proof. From the inequality 2.5 and Hoélder’s inequality, we have

’f();f / /f

< (%;ba)z lgllos ( / 1tq/<q—1>dt)“/q
X { (f werlre <t)>!th)l/q ([ oy @ (t>>\th)” } @y

By the power-mean inequality (a” + b" < 217" (a +b)" for @ > 0,b > 0 and r < 1), we have
1 2 ’ 2q L/a 1 2 ’ 2q 1
([ wor|room )+ ([ o) wol )

<o | )

is harmonically-convex on [a, b] for ¢ > 1, we obtain

1 a ! , q
[wor|f oo as [ Lo ol «
0 0

el e [ o

4 1/q
i (L(t))‘ dt) . (2.19)
Since ’f/ !

S%‘ ,(a)‘q/l (1+1) Ll—t)aQib(lth)b]:thJr;’f/ (b)’q/ol(lt) {(1—t)a2ib(1+t)b]:th
w3l [ oo [ tam] weslrof [ oo [omtimm) o

a—+

1 (22) @+ e bmals @f +ie@ha+aoaalf of}. @2
Using (2.19) in (2.20), we get

(e wof) T ([ wwr s @) )
< 21-2/a <l)2+aba>2 {[C1 (a,b:q) + G2 (b, a; q)] ‘f/ (a)‘q

+1G (a,b30) + G (b, as )| £ (0)
Applying (2.21) in (2.18), we obtain the required inequality (2.17).

q}l/q. (2.21)
O

Corollary 2.5. If the assumptions of Theorem 2.3 are satisfied and if g (x) = baf’a for all x € [a, ],
then the following inequality holds

’f( @ _ o / 10,
() G) )
“b—a\b+a 2 2¢ — 1
{61 (@b + 6 Gal |1 @] + 16 (@bia) + G Gasg)] |
where ¢y (+,++) and (o (-, ;) are defined in Lemma 2.5.

(b) q}l/q, (2.22)
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Theorem 2.4. Let f: 1 C (0,00) — R be a differentiable function on I° and a, b € I° with a < b and
let g : [a,b] — [0,00) be continuous positive mapping and harmonically symmetric to 2% such that

a+b
f e L(la,b]). "I is harmonically-convex on [a,b), then the following inequality holds for ¢ > 1
FO)+f(a) [*g(x) " f(2)g ()
dr — dz
2 o 12 x2

sé(ZM) ol (Is (@ )™/ {[B (a+ 1, + 1)

+ {2F1 (—¢,q+1;9+2-1)- 1} " ‘f' (a)’} +[c (b,a; )] 1

0!

qg+1
ol 1 Y,
xS[Blg+La+ 11" |1 (@) + [F (~.q+lq+2-1)- HJ o], @23
where B (+,) is the Beta function, oF; (-, +;+;+) is the hypergeometric function and

5 (@=1) [(a+ )75 - (25)75]

S (abiq) 2 —5
(g+1)(b—a)(a+b) T

Proof. We continue from (2.5) and by using the harmonic-convexity of ’ f/’ on [a, b], we have

|f(b)w;f(a)/a”gg)dm_/bj”(x;g(af)dx
< (%) Wl [ [rw @ | @]+ ew o] ol a

< (%) vl [ wor [ () [ @]+ (150

[ awr (S @l ()

Using Holder integral inequality, we have

[ et FCF) I al (5 1 o]«

/ [1—t Ya+ (1+1)b zq/(" Ddt)l N
x{U:tq@“yw@w[ (5l
(22 k@har e (B a0 <b>\

. T/q

Fy (- Lig+2:—1) ——
+{2 1 (—q,q+1;9+2;-1) |

’ (b)” dt

(b)” dt} . (2.24)

IN

I3 (a)‘} . (2.25)
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Similarly, one has

Al[u+¢wifu—¢ﬂlgp(l2t>jjwﬂ*t(l+t) H
1 2q q-1 1-1/q

< (/0 [(1+t)a21b(1—t /( )dt>
x{[/onq(lgt)th}”q Ff[[ o (Y 4

(22 ktwar (B a0 )

ol

+ {zFl (g g+ 13 +2—-1) - 1} v ‘f’ (b)‘} . (2.26)

qg+1

Using (2.25) and (2.26) in (2.24), we obtain the required inequality (2.23). O

Corollary 2.6. Under the assumptions of Theorem 2.4, if g(x) = % for all © € [a,b], then the
following inequality holds

|f(b)42r a) b_a/f

<3 (555) 2 (somar = {mar oy o

! (a)\}

+lc i {(B g+ Lg+ 1|1 (o)

1 1/¢1
4+ |2F1 (—q,q+1;9+2;—-1) - ——
[2 1(—q¢,q+1;q ) q+1]

- {2F1 (—¢,q+19+2;-1) - qil}l/q )f/ (@‘}) ,(2.27)

where B (-, +) is the Beta function, oFy (-, ;) is the hypergeometric function and ¢ (-, -;-) is defined in
Theorem 2.4.

Theorem 2.5. Let f : I C (0,00) — R be a differentiable function on I° and a, b € I° with
la

0<a<b<landletg:abl — [0,00) be continuous positive mapping and harmonically symmetric

to L“b such that f € L([a,b)). If ’f' is harmonically-convex on [a,b], then the following inequality
holds for qg>1

|f(b);f(a) /bg<§>dx_/bwdx <;<bz>2”gn
a T N T > pny -
x {[u (a.b:g)]' /" (quw 1 o)+ (2";11>” '

1 1/q , 2q+1 -1 1/q
(72) 1@l (5557)

qg+1

/ (a)”

y (b)\] } (2:28)

+[v (bya;q) 1
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where
F(fm’:l) - 2% 2¢—1 2¢—1 bla—b
V(avb7Q) - = sz_llQFl 1 ) 1 5 1 ; (a )
F(3q—2) g—1 ¢q—1"qg—1" a+b
q—1
q= 2 2g—1 2q—1 —-b
—aT 5 F, 7.2 u ;a(a ) ;
g—1 qg—1"qg—1" a+b
T () is the Gamma function and oFy (-, +;+;+) is the hypergeometric function.

Proof. From (2.5) and by using the harmonic-convexity of ‘ f/‘ on [a, b], we have

|f(b)42rf(a)[lbg(f)dx_/bf(rlg(m)d
< (%) Wl [ [ @? | W]+ ew o]y el e
< (%) o [ wor [ (S |7 @] e (5|7 @ @
+/01(L(t))2[ (lt) | @]+ (Ht) FC Hdt}. (2.29)

Application of Holder integral inequality yields

/01 [(1—t>a2ib<1+t>bﬂ (Ht) £ @]+ (1;) ‘f/(b’” i
q/(g—1 1-1/q
< (/0 1a/(a=1) [(1—15) GQib(lth)br . )dt>
AU ol [ (5] ol

2 g | () f’<b>\+(2q;1+‘11)1/q\f’<a>)]. (2.30)

Similarly, one has

[ [eemeta=an) [(F)lrwlse(50) 17 o] a
= </01 o | e o) o dt) h
(L Ryl e 02 ol
(2 o | () @] (BR) ) “’ﬂ' (2:31)

2\a+b
Using (2.30) and (2.31) in (2.29), we obtain the required inequality (2.28). O
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Corollary 2.7. Suppose the assumptions of Theorem 2.4 are satisfied and if g(x) = % for all
x € [a,b], then the following inequality holds

£ [ A <13 62
(7)ol () "]

1 1/q , 2q+1_1 1/q
<q+1) f(a)‘+( q+1 >

Remark 2.1. Some further results can be obtained from (2.24) but we omit the details for the interested
readers.

x {[u (a,b;q)]"

+[v (bya;q)) 1

where v (-, ;) is defined in Theorem 2.5.

3. APPLICATIONS TO SPECIAL MEANS

In this section we apply some of the above established inequalities of Hermite-Hadamard type
involving the product of a harmonically convex function and a harmonically symmetric function to
construct inequalities for special means.

For positive numbers @ > 0 and b > 0 with a # b

a-+b b—a

 L(ab) = 200

a+b

Ala,b) = G (a,b) = Vab, H (a,b) =

Inb—1Ina’
and
1
pPtl_grt1 ]
[7@“)@_&)} » p# L0
L,(a,b)=<¢ L(a,b), p=—1

1
A=
: (”*) ., p=0
are the arithmetic mean, the logarithmic mean, geometric mean, harmonic mean and the generalized
logarithmic mean of order p € R respectively. For further information on means, we refer the readers
to [1] and the references therein.
Let g : [a,b] — Rg be defined as

g(x) = (C‘Q;b - ;)2:5 € lab].

It is obvious that

SEp

1
a
for aél b:r € [a,b]. Hence g(x) = (‘%b — %)2, x € [a,b] is harmonically symmetric with respect to
J— a
— atb”
Throughout in this section we will also assume that
b—a
la,b) = 2ab

Now applications of our results are given in the following theorems to come.
Theorem 3.1. Let 0 < a < b. Then the following inequality holds
AZ% (a,b) + 2G* (a,b)  A(a,b)

3G? (a,b) L (a,b)

G(a’z))+u2(a,b)G’2 (@b)]. (3.1)




FEJER TYPE INEQUALITIES FOR HARMONICALLY-CONVEX FUNCTIONS 13

Proof. Applying Theorem 2.1 to the functions
f(z) =z forz>0

and

s = (5 - 1)2@ & [o,]

xT

we get the desired result. O

Theorem 3.2. Let 0 < a <b. Then for g > 1, we have the following inequality holds

1/q
|4 (a2,0%) — G*(a,b)| < (;) 1 (a,b) H (a, b)

X {[)\1 (a, )"/ [2)\1 (a,b) A (a%,b%) — g (b— a) Az (a,b) LI~ (a, b)] e

1-1/q -1 1/q
+ D (b)Y 200 (0,0) A (@6 + g (b - a) X () L} (a)] L (3:2)
where A1 (+,+) and Az (-, ) are defined in are defined in Lemma 2.2.
Proof. The assertion follows from the inequality proved in Corollary 2.2 for f(z) = 22 for x > 0. O

Corollary 3.1. If we take ¢ =1 in Corollary 3.1, then the following inequality holds valid

G (a,b)
Ala,b)

|A (a®,b%) — G (a, b)| < 2u(a,b) H? (a,b) A(a,b) [3 In ( > + 242 (a,b) G* (a,b)} . (3.3)

Theorem 3.3. Let 0 <a<bandqg>1. Then

G (a,b) ’ < 2a=2"""u(a,b)
L(a,b) (2¢—1) (b—a)"/?
X {[A (a,b) H (a,b) — a2®] " + [ab?® — A (a, b) H* (a,b)]"/ q} . (34)

A (aab) -

Proof. Applying Corollary 2.4 to the function
f(z) =z for z > 0,

we get the desired result. O
Theorem 3.4. Let 0 < a <b andr € (—1,00)\{0}. Then
|A (a"t2,0"2) — G? (a,b) L (a,b)| < (r +2) pu(a,b) H? (a,b)
X {A( T2yt {n(A ) +G2(a,b)u2(a,b)}

igz Zi) +G*(a,b) p* (a, b)] } (3.5)

+(r+1)A(a,b) L] (a,b) {2111 (
Proof. Applying Corollary 2.3 to the function

f(z)=2"" for x> 0,r € (—1,00) \ {0},
we get the required result. O

Theorem 3.5. Let 0 <a <bandq>1. Then

(3.6)

A2(a,0) 4267 (@) Alb)| _ (a-1\'7V" (b—a)? G¥1(ab) L5 5" (a,h)
3G2 (a,b) L (a,b) 2g—1 b+a H?(a,b)
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Proof. Applying Theorem 2.3 to the functions

f(x)==xforx >0

and )
a+b 1
s = (G5 -3) el
we get the desired result. O
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