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SOME NEW ESTIMATES OF HERMITE-HADAMARD INEQUALITIES FOR
HARMONICALLY CONVEX FUNCTIONS WITH APPLICATIONS

WEN WANG2* AND JIBING QI'

ABSTRACT. In this paper, we first establish an integral identity. Further, using this identity, some
new estimates for Hermite-Hadamard inequalities for harmonically convex functions are established.
Finally, some applications to special mean are showed.

1. INTRODUCTION

In this article, let R = (—o00, 00), R4y = (0,00).

Theory of convex functions and theory of inequalities are closely related to each other. Therefore,
some literature on inequalities can be found for convex functions.

One of the most extensively research on inequalities is Hermite-Hadamard type inequalities.

Definition 1.1 ( [1,2]) A function f:I C R — R is convez function on I, if

flz+ (1 —-t)y) <tf(x)+ (A -0)f(y), Ve,yel,tel01]. (1.1)

f is concave function if —f is convex function.
Let f : I C R — R be a convex function. The following inequality is the well-known Hermite-
Hadamard’s inequality

b I b
I ot < / f(x)szM, a,b € I with a <b. (1.2)
2 b—a /, 2
Estimates for Hermite-Hadamard inequality for convex functions are studied in a rich literature
8-16].
Theorem 1.2 ( [1]) Let f : I° C R — R be a differentiable mapping on I° and a,b € I° with a < b.
If |'(z)|? is a convex function for ¢ > 1, then

@i 1
e R

(b —a)(|f" (@) + £ (b))
. < . . (1.3)

Recently, Iscan [3] introduced the concept of harmonically convex functions and established Hermite-
Hadamard type inequality for harmonically convex functions.

Definition 1.3 ( [3,4]) A function f : I C R\{0} — R is said to be harmonically convex function
on I, if

s (ml _ (1 _ t)y1> <tf@)+(1-Dfy), Vayeltelo ] (1.4)

f is said to be harmonically concave function if —f is harmonically convexr function.
Theorem 1.4 ( [3,4]) Let f : I C R\{0} — R be a harmonically convex function a,b € I with

a<b. If f € Lla,b] , then
2ab ab [ f(x) f(a)+ £(b)
f<a+b>§b_a/a gde < 5 . (1.5)
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Theorem 1.5 ( [3,4]) Let f : I C R\{0} — R be a harmonically convez function a,b € I witha <b
and f' € Lla,b]. If |f'(x)|? is harmonically convexr on [a,b] for ¢ > 1, % + % =1, then

fla)+f(b)  ab [* f(x)
‘ 2 = a/a x? d

< “b(b{ - <pi 1) (| (@) + ol f(B)[9)7 (1.6)
where
[a2720 4 p129[(b — a)(1 - 2q) — a]
= 20—a)2(l—q)(1—29)
B [aQ 20 4 pl=29[(b — a)(l—Qq)—b]]
S T T [

For many recent results related to Hermite-Hadamard type inequalities for harmonically functions,
see [3-7].

The aim of this paper is first to establish a integral identity. Then, using this identity, some new
estimates for Hermite-Hadamard inequalities for harmonically convex functions are established by 1.
Iscan in [3] are derived.

2. SOME LEMMAS

In order to prove our main results we need some lemmas.
Lemma 2.1 Let f: I C R\{0} — R be a differentiable function on I° and a,b € I° with a < b. If
1/ € L[0,1], then for A € [0,1], one has

(1=Nf ((1_;;”) +Af ((1 —Aa)l;+xb> B b(iba /ab f;a;)dz

- bc:TG [/01_A [th=1 + (f —t)a1] f (tb_l + (i - t)a_1> “

1 -1 ! 1 dt 2.1
_/14 [tb*l—k(l—t)a*l]f <tb1+(1—t)a1> } (2.1)
Proof. Let x = m, t €10,1] and z € [a, b], then
11\ [
<ab>/0 (tb=1 + (1—t —1)2 (tb Ty (1-t)a )dt
1
:tf<tb—1+(1— > / x2 b
B ab f(z )
=(1=N7 ((1)\)a+)\b) bfa/ 1’2 (22)
and

(11> - i) /1; 1+ (1t7 ! (tbl n (i - t)al) dt
1 b
=t <tb—1+(i—t)a—1> Ly

22 b—a
Af((l—)\a)l;—&—)\b> / L 23)

where u = m. So (7) follows from (8) and (9).00 O

u
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Remark 2.2 From (7) we derive the following two identities.
2ab 2ab [ f(x)
- d
f (a + b) b—a /a 2z
a) 3

= Q(ba; l/o i1 +(1f —na (tbl +<i‘t>a1> !

) /; R (tbl s t)al) dt] | 24
f(a)-;f(b) B bciba /ab fa(;)dx
- b2;ba [/01 [t + (i - t)a—l]f/ (tb—l T (i - t)a—l) dt
- /o1 (b1 +t(zi a1 (tb—l n (i - t)a—l) dt} : (2.5)

Proof. Take A = 1 in (7), we can derive (10).
We respectively take A =0 and A =1 in (7) and add two inequalities, then (11) is obtained. O

Lemma 2.3 By integral calculation, then

1-X
Cy(a,b,\) = /O t(L=t)[tb+ (1 — t)a)?dt

— (1= %(b _ Q21— A2+ %a(b _a) (1= )+ ;)\2} : (2.6)

1-X
CQ(a,b,)\):/ t2[tb + (1 — t)a)?dt
0

=(1-\)? (210 + éx) (b—a)*(1—N)*+ (é + ;)\> alb—a)(1—\) + <é + ;)\> )\2} ;
) (2.7)
1 A
Cy(a,b, \) = /Ht(l _ b+ (1 —t)a}zdt:/o (1 = wul(1 — w)b + ual2du
1 2 1 2 2 1 2 1 242,
=—z(b—a) 2° + (e 436" — 4ab)\* + g(2ab —3b5)\3 + SN (2.8)
1 A
Cy(a,b,\) = /1_/\(1 —1)?[tb+ (1 — t)a)?dt = /0 u?[(1 — u)b + ua)*du
1 2 1 4 1 2
=z(b—a) A+ Fbla =X +2b A, (2.9)

where u =1 —t.

3. MAIN RESULTS

Our main results are stated as follows.
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Theorem 3.1 Let f : I C R\{0} — R be a differentiable function and f' € L[a,b]. If |f'(x)|? is
harmonically convex on [a,b] with 0 < a <b for g > 1, then

01 (o) M () - b—a/f

< bab {(Cl<a b, ) T [1F(B)]9Cs (a,b,\) + | £(a)[*Ca(a, b, \)]

+ (Caa,b, 1) 7F 17 (0)7Cyla,b,\) + | (@)]"Cala, b, N)] 7 }. (3.1)

Q=

Proof. From Lemma 2.1 and using Holder inequality, further, since |f/(x)|? is harmonically convex on
[a, b], we have

== (U—ACL)IZHMJ A ((1 - Aa)l:z+xb> - biba f;iz)
<23 | g (=)

! 1—t , 1

IR ==t (tbl gl t)a-l)dtH

b—a 1=A t
= e {(/0 T+ (1=t dt) A T T

! 1—t ! lft , 1

*(/H T+ (1— > N o g |/ (tb—1+<1—t>a—1>

boa | “ttlf DI+ (1= 8l @] ]
= ab {(/0 [tb—1 + 1—t dt) l [tb=1+ (1 —t)a ]2 dt]

+(/11)\ - 1(1__75 ) /11A (1-1)[ ;I)fl |q1+_115)_t)]fl< a)|? ]dtr}'

Noticing that [tb=! + (1 — t)a=1]7 < ta+ (1 — )b, and using (12-15), then, from above inequality we
have

b—a 1-A o =0T 1-a EPTTR P
[<— {(/0 t[th + (1 t)}dt) VO ttb + (1 — t)al> [t £ (B)|” + (1 — 1)|f'(a)| dt]}

1—1

1 B B a2 q 1 B - a2 ) , B /aq %
*(/H“ Hlb+( t”‘“) UHO [t + (1~ 1)l [t] £ ()] + (1 t>|f<>|]dt”

1

q q
dt

r (tb‘1 + (i — t)a_1>

q
dt¢

1

— {<01(a,b,x>>1—3 [/0 T @FR+ 0= 0a? + 1P @[ = D+ (- a]ae|

ab

Q- —

+(Cs(a, b, \) 7 [/14 [|f’(b)|qt(1 —)[tb+ (1 = t)a)® + | f'(a)|2(1 — t)*[tb + (1 — t)aﬂdt] }

= b;ba {(Cl(a,b,)\))l—% (1 (8)]7C (a, b, \) + \f’(a)|q02(a,b,)\)]%

+(Calab, )7 (L) 7Cala,b.0) + | (@) “Caa.b. 1))+ ).
So the proof is complete. O
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Corollary 3.2 Assume that all the assumptions of Theorem 3.1 are satisfied. If we take ¢ =1 and
M = max{|f'(a)[,[f'(b)[}, then

=01 (=) () - [

Corollary 3.3 Assume that all the assumptions of Theorem 3.1 are satisfied. If we take A =q =1
and M = max{|f'(a)l, ' (B)|}, then

‘f(a) - bciba f;iz)

dz| <

Mb—“) {1@ a2 éb(b - 4a)} . (3.3)

a 4

Corollary 3.4 Assume that all the assumptions of Theorem 8.1 are satisfied. If we take X = 0,
g =1 and M = max{|f'(a)|,|f'(b)|}, then

| f

b—a

(a; a) [i(b . a)2 + %a(b _ a)] . (3.4)

Corollary 3.5 Assume that all the assumptions of Theorem 3.1 are satisfied. If we take A\ = %,
g =1 and M = max{|f'(a)l,|f'(®)]}, then

2ab ab [ f(z) M —a)
'f<a+b>_b—a/a 2z 4 ab
« {Cl(a,b,;)[Cl(a,b,;) + Cola, b,%)} + Cyla b,%)[(]g(a,b,%) +Cula b,;)}}. (3.5)

Remark 3.6 By (18) and (19) we obtain the following inequality

fla) +f(b)  ab [° f(x)
’ 2 7b—a/a x2d

< W {112(4172 — 6ab — aQ)} . (3.6)

4. SOME APPLICATIONS FOR SPECIAL MEANS

Let a,b are two nonnegative number with a < b. Let us recall the following special means of a and
b.

(1) The arithmetic mean A = A(a,b) := %t2;  (2) The geometric mean G = G(a,b) := Vab;

(3) The harmonic mean H = H(a,b) := %; (4) The logarithmic mean L = L(a,b) = —2=t—;

(5) The -logarithmic mean
— gbt?!

pp+l
S (=

These means are often applied to numerical approximation and in other areas. However, the fol-
lowing simple relationships are known in the literature:

) 7a7ébap€Rap7éO771'

H<G<L<A. (4.1)

It is also known that L, is monotonically increasing respecting to p € R, denoting Ly = I and
L =1L
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Proposition 1. Let 0 < a < b. Then we obtain the following inequalities:

G? b—a
H-—|<
L~ ab

1 1 1 1 1 1
X {Cl(avbv 5) [Cl(av bv 5) + CQ(a7b7 5)] + C3(a7b7 5) [03(a7 bv 5) + |C4(a7 ba 5)] } 5
T

b—a
<

A
~ ab

L

1
—(4b% — 6ab — a?
12

Proof. The assertion follows from inequalities (20) and (21), respectively, for f(z) =z, z € Ry4. O

Proposition 2. Let 0 < a < b. Then we derive the following inequalities:

’H2—G2‘ < 2(b—a)
a
1 1 1 1 1 1
X Cl(avbvi)[cl(avl%i)+C’2(a7b7§):| +03(a7b7§)[03(a7b7§)+|C4(a7b7§)] 5
G? 2(b—a) [ 1
2 72\ _ s\ 2 .2
’A(a,b) s — {12(419 6ab — a®)

Proof. The assertion follows from inequalities (20) and (21), respectively, for f(z) = 2%, 2 € Ry,. O

Proposition 3. Let 0 < a < b. Then we have the following inequalities:

|Hp+2 _ LpG2‘ < 267+2(b — a)

L ab

1 1 1 1 1 1
X Cl(a7b7§)[cl(a7ba§)+02(a7b7§):| +C’3(a,b,§)[C’3(a,b,§)+|C4(a,b,§)] )
20 2(b—a) [ 1
p+2p+2_p2< T (AR2 2

|A(aP*2, 0P F2) G | < — 12(41) 6ab — a®)
Proof. The assertion follows from inequalities (20) and (21), respectively, for f(z) = 2P*?, 2 € R4y
and p € (—1,00)\{0}. O
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