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SOME RESULTS ON FIXED POINT THEOREMS IN BANACH ALGEBRAS

DIPANKAR DAS!, NILAKSHI GOSWAMI! AND VISHNU NARAYAN MISHRA?3:*

ABSTRACT. Let X be a Banach algebra and D be a nonempty subset of X. Let (T1,72) be a pair
of self mappings on D satisfying some specific conditions. Here we discuss different situations for
existence of solution of the operator equation v = ThuT2u in D. Similar results are established in
case of reflexive Banach algebra X with the subset D. Again, considering a bounded, open and
convex subset B in a uniformly convex Banach algebra X with three self mappings Ty, T, T5 on B,
we derive the conditions for existence of solution of the operator equation u = TyuTou + Tsu in B.
Application of some of these results to the tensor product is also shown here with some examples.

1. INTRODUCTION

In 1988, Dhage initiated application of fixed point theorems in Banach algebras. Many papers
( [4], 5], [6]) of Dhage deals with the study of non-linear integral equations via fixed point theorems
in Banach algebras. In 2010, Amar et al. [1], introduced a class of Banach algebras satisfying certain
sequential conditions and gave applications of non-linear integral equations using fixed point theorems
under certain conditions. In 2012, Pathak and Deepmala [24], defined P-Lipschitzian maps and derived
some fixed points theorem of Dhage on a Banach algebra with examples. In [12], Kilbas et al. gave
many applications in the field of integral equations. In [20] different application of convergent sequence
can be seen. Many researchers viz., Mishra et al. ( [13], [14], [15], [16], [17], [18]), Deepmala ( [8], [9]),
Mishra [19] etc., proved some results concerning the existence of solutions for some nonlinear functional-
integral equations in Banach algebra and some interesting results.

In 1982, Hadzic [11] proved a generalization of Rzepecki fixed point theorem for the sum of operators
in Hausdorff topological vector space. In ( [25], [26], [27]), Vijayaraju proved the existance of fixed
points for asymptotic 1-set contraction mappings in real Banach spaces and also for the sum of two
mappings in reflexive Banach spaces.

In this paper, for a Banach algebra X with a subset D, we take a pair of self-mappings (T3, 7T») on
D and study the conditions under which the operator equation u = TyuT5u has a solution in D. An
application of the results to the tensor product of Banach algebras is also discussed here with some
suitablle examples. Also, give an apllication for nonlinear functional-integral equation.

PRELIMINARIES

Def. 1 [3] Let X be a Banach space and f be a continuous (not necessarily linear) mapping of X into
itself. The mapping f is said to be completely continuous if the image under f of each bounded set of
X is contained in a compact set.

Def. 2 Let X be a Banach algebra and 17, T, be two self mappings on X. Then 77,75 are said to satisfy
the nonvacuous condition if for every sequence {z,} C X the operator equation lim,, o, 71 (u)T2(x,) =
u, u € X has one and only one solution (z,,)° in X.

Def. 3 [21] T is demiclosed if {x,} C D(T), , — = and T(x,) — y (weakly) implies € D(T') and
Tx =y.

Def. 4 [21] T is closed if if {z,,} € D(T), x,, = x and T(z,) — y implies « € D(T) and Tz = y.
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Def. 5 [22] T is said to be demicompact at a if for any bounded sequence {x,} in D such that
Tn — Ty, — a as n — 00, there exists a subsequence x,, and a point b in D such that z,, — b as
i—ooand b—T(b) =a

Def. 6 ( [10], [23]) Let T : D — D be a mapping.

(1) T is said to be uniformly L-Lipschitzian if there exists L > 0 such that, for any z,y € D

[T"x =T "yl < Ll|lz —yl| VR €N
(2) T is said to be asymptotically nonexpansive if there exists a sequence b,, C [1,00) with b, — 1
such that, for any z,y € D

[T"z =T y|| < bnllz =y Vn eN
Algebric tensor product: [2] Let X,Y be normed spaces over F with dual spaces X* and Y*

respectively. Given x € X,y € Y, Let © ® y be the element of BL(X™*,Y*; F') (which is the set of all
bounded bilinear forms from X* x Y* to F'), defined by

r@y(f,9) = f(x)g(y), (f € X*,geY™)
The algebraic tensor product of X and Y, X®Y is defined to be the linear span of {z®y : z € X,y € Y}
in BL(X*,Y*; F).
Projective tensor norm: [2] Given normed spaces X and Y, the projective tensor norm v on X ® Y’
is defined by

lully = inf 0 Nlilllyill : w =" @i © 1y}
% i

where the infimum is taken over all (finite) representations of w.

The completion of (X ® Y, ) is called projective tensor product of X and Y and it is denoted by
X®,Y.

Lemma 1: [28] Let X and Y be Banach spaces. Then + is a cross norm on X ®Y and ||z®y/||, = ||z||||y|l
for every x € X,y €Y.

Lemma 2: [2] X ®, Y can be represented as a linear subspace of BL(X™*,Y™*; F') consisting of all
elements of the form v = ), x; ® y; where Y . [|a;||||yi]| < co. Moreover, |lully = inf{>", [|a:||||v:|}
over all such representations of .

Lemma 3: [2] Let X and Y be normed algebras over F. There exists a unique product on X @ Y
with respect to which X ® Y is an algebra and

(a®Db)(c®d) =ac®bd (a,c € X,b,d€Y)

Lemma 4: [2] Let X and Y be normed algebras over F. Then projective tensor norm on X ® Y is an
algebra norm.

Clearly, we can conclude that if X and Y are Banach algebras over F then X ®. Y becomes a Banach
algebra.

2. MAIN RESULTS

Theorem 1: Let D be a non-empty compact convex subset of a Banach Algebra X and let (T, T5)
be a pair of self-mappings on D such that

(a) T1 and T3 are continuous,
(b) ThuTyu € D for all uw € D

Then the operator equation u = TiuTu has a solution in D.

Proof. We define J : D — D by J(u) = ThuTsu. Let {g,} be a sequence in D converging to a point
q. So, q € D as D is closed. Now,

|J(u) — J(v)|| = || TiuTeu — TyvTav||
< | Thvu = T[Tl + [Tl | T2u — Tov||

Since 77 and T are continuous so, J is continuous. By an application of Schauder’s fixed point theorem
we have fixed point for J. Hence the operator equation u = TyuT>u has a solution. O
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Corollary 1: Let Dx, Dy and Dx ® Dy be closed, convex and bounded subsets of Banach algebras
X, Y and X ®, Y respectively. Let (T, T%) be a pair of self mappings on Dx ® Dy such that

(a) T1 and T5 are completely continuous
(b) ThuTyu € Dx ® Dy for all u € Dx ® Dy

then the operator equation u = TiuTsu has a solution in Dx ® Dy.

Example 1: Let D;1, Dk and D;i ® Dk be subsets of Banach algebras I, K and {! ®~ K respectively.
Define

Dp ={z € Dp : |[z]| < My} and Dg = {y € Dx : [ly|| < M2}
then clearly D;:1, Dx and Djn ® Dk are closed, convex and bounded.
We define Tl,TQ : Dll ®.y Dg — Dll ®’y Dx by Tl(zl a; ® xl) Z {

a; = {ai, }n- [1' ®y X =11(X) by [28]].
To show that T is compact:
Let T1,, : Dpn ®y Dx — Djn @4 Dg be defined by

CLZHLL'Z

b =To(>, a; ® x;), where

Then each T1,, is linear, bounded and compact [7]. Also,

;s X; Qi T a; X;
TlTYL - Zal ® xl | - || Z{allx'L? - 747 l:é Z7 """ b b 1707 07 0’ ""}
m
a;, T a;. T a; X a X
—Z{anxz, I S, B St Y
3
@i Ti Qi T
= 0,0,...... 0, —24L mt2
IIXi:{,, 0, -t St
<> Z flawllxz|< +1Z Z ||l
i j= m+1 i j=m+1
1
D) B SEt  PNRE
i g=1 7

So, taking the projective tensor norm,

1
- Ez i E i i
H(jlm 71)( i a ®x)|| < 1|| i a; ®x H

Therefore, T1,,, — 11 and so, T} is compact. Similarly, 75 is compact. Since every compact operator in
Banach space is completely continuous, so 71 and 75 are completely continuous. Then, by Corollary
1, the operator equation has a solution.

Theorem 2: Let X be a non-empty Banach Algebra and let T7,7T5 be three self mappings on X such
that

(a) S is a homomorphism and it has a unique fixed point
(b) T1S = STl and TQS = ST2

then the unique fixed point of S is a solution of the operator equation v = TiuTou in X.
Proof. Defne J : X — X by J(u) = ThuTsu. Let a be the unique fixed point of S. Now,
J(S(u)) = T1(S(u)T2(S(w) = S(T1(v)S(T2(u) = S(TruTru) = S(Ju)

Hence, S(Ja) = J(S(a)) = Ja so Ja = a as S has unique fixed point. Hence the operator equation
u = ThuTsu has a solution. O
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1
Example 2: Given a closed and bounded interval I = [10, 10] in R the set of real numbers, consider
the nonlinear functional integral equation (in short FIE)

w(s) = [z(a(s))*[als) + /OSg(t,ﬂﬂ(ﬁ(t)))dﬂ2 (2.1)

forall s€ I, where a,8:1—1I,q:1 — Rt and g:I x RT — R* are continuous.

By a solution of the FIE (1) we mean a continuous function x : I — R* that satisfies FIE (1) on I.
Let X = C(I,R") be a Banach algebra of all continuous real-valued functions on I with the norm
|z|| = sup,cs|z(s)|. We shall obtain the solution of FIE (1) under some suitable conditions on the
functions involved in (1).

Suppose that the function g satisfy the condition |g(s,z)| < 1 —gq,|lq]| < 1 for all s € I and z € R™.

Consider the two mappings 71,75 : X — X defined by

Tiz(s) = [x(a(s))]?, s €I and Toa(s) = [q(s) + /Osg(tvx(ﬂ(t)))dt]z,s el

Then the FIE (1) is equivalent to the operator equation z(s) = Tyx(s)Tax(s), s € I. Let S: X — X
defined by S(y) = /¥, y € X, where \/y(t) = \/y(t), (positive squareroot) t € I . Clearly, S is a

homomorphism and it has a unique fixed point 1, where 1(s) =1, s € I. It is obvious that T1.5 = ST}
and T5S = ST,. So, 1 is a solution of FIE(1).

Theorem 3: Let D be a non-empty compact convex subset of a Banach Algebra X and let 13,75 :
D — D be two continuous self maps such that 77 and T, satisfies nonvacuous condition, then there
exists a solution of the operator equation u = ThuTbu in D.

Proof. We define J : D — D by J(z,) = (x,)°. First we show that J is continuous. Let {y,}, be
a sequence in D such that y, — y as n — oo. Since, T} and T, satisfies nonvacuous condition so we
have

J(yn) = (Z/n)o = nlggo Ty (yn)OT2(yn)

n—oo

So, lim,, o0 J (¥ ) is a solution of the equation lim, oo T1(u)To(z,) = u, u € X. Now,
. o 0_ (N0 _
Jim J(yn) = (lim yn)" = (y)" = J(y)

Therefore, J is continuous. For u € D, Ju = u® = Ty (u°)Ty(u). Clearly, we get J has a fixed point by
Schauder’s theorem, say « in D. Therefore, « = J(«a) = ThaTsa. Thus, « is a solution of the equation
u="Tiulsu € D O

Theorem 4: Let D be a nonempty closed bounded and convex subset of a weakly compact Banach
algebra X. Let T : D — D and Ty : D — X be two mappings such that
(a) Ty satisfies asymptotically nonexpansive mapping and lim,, o [sup ||T1x — Tzl : « € D] =0
(b) T is completely continuous and M = | T>(D)|| < 1
(¢) I =T 0Ty is demiclosed and TuTyv € D for u,v € D andn € N

then there exists a solution of the operator equation u = TyuTsu(= (T1 ¢ T2)u) in D.

Proof. First we show that I — T} ¢T5 is closed. Let ¢ € I —T; ©T5. Then there exists a sequence
{en} €I —Ty 0T such that ¢,, - casn — oco. Since ¢,, € I =Ty 075 so ¢,, = (I — T ©T»)z, for some
z, € X. Since X is weakly compact so for every sequence {z,} in D there exists weakly convergence
subsequence {z,,} i.e., z,, = z as n — co. Now,

zn; —Th 0Tz, =+ casn — o0

Since I — Ty ¢ Ty is demiclosed so ¢ = (I — T ¢ T3)z. Therefore ¢ € I — Ty ¢ Ty. Hence I — Ty o Ty is
closed.
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1-—1
For u,v € D, we define J,, : D — D by J,(u) = ¢, T{*uTv. where ¢, = ( 2 w) and {b,} > lasn —

n

oo. Now,
[0 (u) = ()| = lgn T uTov = gnT'PTov|| = gu| Tov|| [ 11w — Ti||
1
S anbnMju = pll = (1 = —)M|lu = pl| < Mlu - p|
Since J, is contraction and so it has unique fixed point K, (v) € D (say), where K, (v) = J, (K, (v)) =
anT7 (K, (v))Tov. Now, for any v,y € D we have
1K (0) = Kn (@)l = lgaT7" (Knv)T2v = ¢uT1 (Kny) Toy |

< @[TV (Knv) =TT (Kny) | Tov || + | 7 (Kny) [ T20 — Toy|| (2.2)

For fixed a € D, we have
177 ()]l = 77" (u) = T (@) + T7 (a)
<bullu—all +[T7(a) || = d(say) < oo

From equation (2), we have

dgn,
1—-M

[Kn(v) = Kn(y)]l < T2 — Tyl

So, K, is completely continuous as T is completely continuous. By Schauder’s fixed point theorem
K,, has a fixed point z,, say in D. Hence z,, = K,,z, = Jp(z,) = ¢, 17 (xn)Tox,. Now,

Tp — TT @, Tow, = (¢ — V)IT' @, Tox, — 0asn — oo (2.3)

||In - Tlan2:17n|| g Hxn - TlnznT2xn|| + ||T1nan2xn - Tlanan”
= |zn — TV 2nTown || + | Tozn|[| 11 @0 — Thza||
— 0 asn — oo (by (3) and condition (a))

So,0€I—Ty 0Ty as I — Ty Ty is closed. Hence there exists a point r such that 0 = (I — T3 o T2)r.
Hence the theorem follows. 0

Theorem 5: Let D be a nonempty closed bounded and convex subset of a reflexive Banach algebra
X.Let Ty : D — D and Ty : D — X be two mappings such that
(a) T satisfies uniformly L—Lipschitzian mapping and lim,, o [sup ||Thz — T7'z|| : * € D] =0
(b) T is completely continuous and M = ||T>(D)|| such that LM < 1
(¢) I =Ty 0Ty is demiclosed and TT'uTyv € D for u,v € D andn € N
then there exists a solution of the operator equation u = TyuTsu(= (T} ¢ T2)u) in D.
Theorem 6: Let Dx, Dy and Dx ® Dy be closed bounded and convex subsets of a Banach algebras
X,Y and X ®, Y respectively. Let (71,T%) be a pair of self mappings on Dx ® Dy such that
(a) Ty satisfies uniformly L—Lipschitzian mapping and lim, oo [sup ||Thz — T7'z|| : = € Dx ®
Dy]=0
(b) T is completely continuous and M = |T>(Dx ® Dy )|| such that LM < 1
(¢) if {zp} C Dx ® Dy with z,, — Ty 2, Tox, — 0 as n — oo then there exists b € Dx ® Dy such
that 0 = (I — Ty ¢ T2)b and T{uTv € Dx ® Dy for u,v € Dx ® Dy andn € N
then there exists a solution of the operator equation u = TyuThu in Dx ® Dy.

Example 3: Let D;:, Dr and D;: ® Dy be subsets of Banach algebras !, R and I ®~ R respectively.
Define

Dp={zeDp:|z|| <1} and Dr ={y € Dr: |ly|| <1}

then clearly D;:1, Dr and D;i ® Dg are bounded closed and convex.
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We define T3 : Djp ®y Dr — D ®. Dr is defined by
Tl(z a; ® x;) = Tl(Z{(az'n)l’i}n)
Z ~ T(u), (say) = —u

where if u = {y1,y2, ...} then —u = {—y1, —y2,...}.
It is easy to see that 77 satisfies uniformly L—Lipschitzian (where L = 1) whether n is odd or even.
But

lim [sup || Thix —T{'z||: © € Dp @ Dg] =0
n—roo

only when n is odd. Hence condition (a) of Theorem 6 is satisfied.
Q;,, Ty

1
Now, let T5 : Dji @y Dr — Dy ®., Dy be defined by T5 (>, a,®@x;) = 3 > tn, where a; = {a;, }n.

n
1
Clearly, condition (b) of Theorem 6 is satisfied with M = ||T2(Dp ® Dg)|| < 3 hence LM < 1.

Proceeding as in Theorem 4, we have, for {z,} C Dp ® Dgr
r, — Thep,Tox, — 0asn — oco.

Now we can take b as the constant sequence {0,0,0,...} for which 0 = (I — T1 ¢ T2)b and T{"uTsv €
Dyp @ Dy for u,v € Dip ® Dg. So, the condition (c) of Theorem 6 is satisfied. Hence the operator
equation u = ThuTsu has a solution.
Theorem 7: Let B be the bounded, open and convex subset with 0 € B in a uniformly convex Banach
algebra X. Let (T1,T%,T5) be three self mappings on B such that

(a) Ty satisfies uniformly L—Lipschitzian mapping on B and lim,,_,[sup || T1z —T7z|| : = € B] =

0
(b) Ty is demicompact on B and M = || Ty(B)|| such that LM < 1
(¢) T3, T3 are completely continuous and T7*uTov + Tsv € B for u,v € Bandn € N

then there exists a solution of the operator equation u = ThuTsu + Tsu(= (11 © To)u + Tsu) in B.

Proof. Since Ty is a completely continuous, it is demicompact on B. Also T is demicompact by (b).
So for a sequence {c,} € B such that ¢, — Ticn, — a, ¢n — Tac, — b as n — oo in B, there exists
subsequence {c,, } such that ¢,, — c as k — oo, where ¢ € B.
Since 11, T and T3 are continuous so Ticy,, — Tic, Tacy, — Tec and Tsc,, — T5¢. Now we show that
I —T, 0Ty — T3 is closed.
Let z € I — Ty ¢Ty — T5. Then for {z,} C (I — Ty ¢ Tz — T3)c, such that z, — z as n — co. We have
as in Theorem 4,

Cny — 11 ©Toeyn, —T3cy, — zasn — 00
Since I — Ty o Ty — T3 is continuous so ¢ € [ — T7 ¢ T5 — T3. Hence I — Ty o Ty — T3 is closed.
Define J,, : B — B by J,(u) = ¢, (T7uTyv + T3v), where {q,} — 1 as n — oo. Now,

[ Jn(w) = Jn(P)I| < gn LM |[u — p]|

Since J,, is contraction and so it has unique fixed point K, v € E(say)
Kpov = Jp(Knv) = ¢ (T (Kpv)Tev 4+ T3v). Now, for any v,y € B we have

1K (v) = Kn(y)l| < gnllT7 (Knv) = TT (Kng) [ T2 [l + gl T (Kny) [ T2 — Tyl + [[Tsv — Tsy(ll )
2.4

For fixed a € B, we have
177" (w)|| < Lllu = al| + [[T1*(a)|| = d(say) < oo

From equation (4), we have

dqn qn
K - K, < ———||Thv = T¢ ——||T5v — T
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So, Ky, is completely continuous as 7> and T3 are completely continuous. By Schauder’s fixed point
theorem K, has a fixed point z,, say in B. Hence z,, = Kz, = Jp(2n) = ¢ (T7 (zn) T2z, + T3(xy)).
Now,

Tp — Tl @, Towy, — Tz, = (qn — 1) (T xnTox, + T32,) — 0asn — 0o (2.5)

lzn — ThznToxy, — T3z, || < ||zn — T @nTox, — Taxn|| + | Tozn ||| 17 20 — T12n]|
— 0 asn — oo (by (5) and condition (a))

Since, 0 € I — Ty o1y — T3 and I — Ty ©T5 — T3 is closed. Hence there exists a point r such that
0= (I —TyoT5—Ts)r. Hence the theorem follows. O

If 0 ¢ B in the above Theorem 7.
Theorem 8: Let B be the bounded, open and convex subset in a uniformly convex Banach algebra
X. Let (T1,T3,T3) be three self mappings on B such that

(a) there exists r € B such that r = Tyc + Tac for some ¢ € B
(b) all the conditions of above Theorem 7

then there exists a solution of the operator equation u = ThuTbu + Tsu(= (T1 © Tz)u + T5u) in B.

Proof. Suppose that K = B—r = {& —r : z € B}. Since B is open and bounded, so is K, and
K=B-rand0ecK.

Define (11,75, T3) are three self maps on K by

Ti(c—r)=Tic—r, To(c—7r) = Toc—r and T3(c—r) = Tsc—r. Hence (T3, Ts, T3) are three continuous
self mappings in K and I — Ty oT» — T3 is closed in K. Then

(i) T satisfies uniformly L—Lipschitzian mapping and

ILm [sup | Th(z —7) =T (xz —71)||: z—r € K] =0

(ii) Since T} is demicompact in B, so Ty is demicompact in K. Also, LM < 1.

Similarly, since T, and T3 are completely continuous in B, so T» and T3 are completely continuous in
K.

(iii) Clearly T7"(u — r)To(v — 1)+ T3(v —r) € K foru —r,v —r € K andn € N.

Hence all the conditions of Theorem 7 satisfied so, there exists a solution m — r such that

m—r=T1(m—r)Te(m—7r)+T5(m—1) (2.6)

Ti(a—7r)Ta(a—7)+T3(a—r) = [(Ti(a) — r][Te(a) — r] + T3(a) — r
= TyaTha + Tza — v — [r(Tia + Tha) — 1]
without loss of generality if r = Tym + Tom, m € B we have
Ti(m—7r)Te(m —71)+Ts(m —71) = T1(m)To(m) + T3(m) — r

Then from equation (6) we have a solution of the equation u = TyuTou + T3u. O

Theorem 9: Let B be the bounded, open and convex subset in a uniformly convex Banach algebra
X. Let (T1,T3,T3) be three self mappings on B such that

(a) Ty satisfies uniformly L—Lipschitzian mapping on B, there exists 7 € D such that
lim,, o0 [sup |71 (z) — I7'(z)|| : « € B] =0 and r = Tyc + Thc for some ¢ € B

(b) Ty and T3 are completely continuous M = | T»(B)|| such that LM < 1 and T{uTyv + T3v € B
for u,v € Bandn € N

(c) if {z,} € B with x,, — Tz, Tow, — T3, — 0 as n — oo then there exists b € B such that
0= (I—Tl <>T2 —Tg)b

then there exists a solution of the operator equation u = ThuTsu + Tsu(= (11 © To)u + Tsu) in B.
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