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CYCLIC CONTRACTION ON S- METRIC SPACE

ANIMESH GUPTA

ABSTRACT. In this paper we introduced the concepts of cyclic contraction on
S- metric space and proved some fixed point theorems on S- metric space. Our
presented results are proper generalization of Sedghi et al. [14]. We also give
an example in support of our theorem.

1. INTRODUCTION AND PRELIMINARIES

Metric space is one of the most useful and important space in mathematics. Its
wide area provides a powerful tool to the study of variational inequalities, opti-
mization and approximation theory, computer sciences and so many. Recently the
study of fixed point theory in metric space is very interesting and attract many
researchers to investigated different results on it.

On the other hand, some authors are interested and have tried to give general-
izations of metric spaces in different ways. In 1963 Gahler [3] gave the concepts of
2— metric space further in 1992 Dhage [2] modified the concept of 2— metric space
and introduced the concepts of D— metric space but in 2005 Mustafa and Sims [4]
pointed out that these attempts are not valid and introduced the concepts of G—
metric space and proved fixed point theorems in G— metric space. Many authors
proved different fixed point theorems in G— metric space in different ways see in
[13] and references theirin. Sedghi et al. [12] modified the concepts of D— metric
space and introduced the concepts of D*- metric space also proved a common fixed
point theorems in D*- metric space.

Recently, Sedghi et al [14] introduced the concept of S- metric space which is
different from other space and proved fixed point theorems in S-metric space. They
also gives some examples of S- metric spaces which shows that S- metric space is
different form other spaces. In fact they gives following concepts of S- metric space.

Definition 1. Let X be a nonempty set. An S- metric space on X is a function
S : X3 —[0,00) that satisﬁes the following conditions, for each x,y,z,a € X,

(1) S(z,y,2) >

(2) (J:y,)—Ozfandonlyzfm—y—z

(3) S(,y,2) < S(z,2,a) + Sy, y,0) + 5(z, 2, a).
The pair (X, S) is called an S- metric space.
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Examples of such S - metric space are as follows,

Example 2. Let X =R"™ and || . || a norm on X, then S(x,y,2) =|| y+ 2z — 2z ||
+ |y —z| is an S- metric on X.

Example 3. Let X =R" and || . | a norm on X, then S(z,y,z) =||z—z || + ||
y—z | is an S- metric on X.

Example 4. Let X be a nonempty set, d is ordinary metric on X, then S(x,y, z) =
d(z,z) +d(y, z) is an S- metric on X.

Lemma 5. Let (X,S) be an S- metric space, then we have,

S(z,z,y) = S(y,y, )

Proof. By the third condition of S- metric, we have
S(%fﬂay) S S($7.’L'7$) +S({E7.’L',£L') +S(y7y,fl})

and similarly
S(y,y,7) < S(y,y,y) + S, y,y) + S(z,2,9)

which implies that
Sz, x,y) = S(y,y, )

Definition 6. Let (X,S) be an S- metric space.

(1) A sequence {xy} in X is said to be converges to x if and only if S(xy, xp,x) —
0 as n — oo. That is for each € > 0 there exists ng € N such that for all
n > mng, S(Tp, Tn,x) < € and we denote this by lim,_coy = T.
(2) A sequence {x,} in X is said to be Cauchy sequence if and only if S(xy, Tpm, x) —
0 as n,m — oo. That is for each € > 0 there exists ng € N such that for
all nym > ng, S(xn, Tm,x) < €.

Definition 7. The S- metric space (X,S) is said to be complete if every Cauchy
sequence is convergent.

Every S- metric on X defines a metric dg on X by
(1.1) ds(z,y) = S(x,z,y) + S(y,y,2) Vr,y € X.

Let 7 be the set of all A C X with € A if and only if there exists r > 0 such
that Bg(z,r) C A. Then 7 is a topology on X. Also, nonempty subset A in the S-
metric space (X, S) is S- closed if A = A.

Lemma 8. Let (X,S5) be a S- metric space and A is a nonempty subset of X. A
is said S- closed iof for any sequence {x,} is A such that x,, — x as n — oo, then
x € A.



CYCLIC CONTRACTION ON S- METRIC SPACE 121

2. MAIN RESULTS

In this article we introduce the concept of cyclic contraction in S- metric space
and proved some fixed point theorems in S- metric space.

Definition 9. Denote by ® the set of functions ¢ : [0,00) — [0,00) satisfying,

(1) ¢ is non-decreasing,
(2) there exist ko € N, a € (0,1) and a convergent series of nonnegative terms
322 v such that

¢H(t) < ad®(t) + v
for k> ko and any t > 0.

Then ¢ € @ is called a (c)- comparison function.

Lemma 10. If ¢ € ®, then the following properties hold:

(1) (@™(t))nen converges to 0 as n — oo, for allt > 0,
(2) ¢(t) <t for anyt >0,

(3) ¢ is continuous at 0,

(4) the series 22 (¥ (t) converges for any t > 0.

Lemma 11. If ¢ € ®, then the function p : (0,00) — (0,00) defined by
(2.1) p(t) = Zio0" (1), t>0,
is non decreasing and continuous at 0.

First, we consider the Picard iteration {z,} defined by

(2.2) Tpt1 = Tx,, VN >0.
Our first result is the following.

Theorem 12. Let (X, S) be a S- complete S- metric space. Let {A;}it, be a family
of non empty S- closed subsets of X, m a positive integer and ¥ = U2, A; . Let
T:Y =Y be a mapping such that

Suppose also that there exists ¢ € ® such that

(2.4) S(Tx,Ty,Tz) < ¢(S(x,y,2))
For all (x,y,2) € A; X A; X Ajyq for alli=1,2...m. Then

(I) T has a unique fized point, say u, that belongs to N, A;,
II) the following estimates hold:
( g

(2.5) S(xp, p,u) < p(@" (S(wo, 0, 71))), n>1,

(26) S(xn,xn,u) < p(S(xnaxn7$n+1))7 n>1,
(I1I) for anyz €Y,

(2.7) S(z,x,u) < p(S(z,x,Tx)),

where p is given in 2.1 in Lemma 11.
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Proof. Let zp € Y = U™, A;,. Without loss of generality, let o € A;. Consider
the Picard iteration {z,} defined by 2.2 and starting from z.

If for some integer k, 2 = k41, so {x,} is constant for any n > k then {z,} is
S-Cauchy in (X, S).

Suppose that x,, # x,41 for all n > 0. For any n > 0, there us i, € {1,2....m}
such that x, € 4, and z,4+1 € A; 11 . By 2.4, we have

(28) S(zn-‘rla Tn41, xn+2) = S(Txvu Ty, Tfrn-&-l) < gb(S(xn, T, xn—i—l))

The function ¢ is non decreasing, so by induction

(2.9) S(Tny Tny Tnt1) < @"(S(xo,20,21))V n > 0.
By rectangle inequality and 2.9 , for > 1

S(Inaxmxn+r) < S(znaxmxn+l)+S(xn+17$n+171’n+2)

+ + S(xn+r—17xn+r—1>$n+r)
< ¢"(S(wo, w0, 1)) + ¢" (S (w0, x0, 1))
+ +¢n+r71(5(l’0,1’0,131))
Denote
6 = X0_00"(S(z0,z0,21)), n>0
Therefore
(210) S(xn, Tn, xn+r) < 5n+p—1 — Op—1

Since the function ¢ € ® and S(zg, zg,x1) > 0, so by (4) of Lemma 10, we get
that

120:0¢k(5(x07x0?x1)) < 00,

Which implies that there exists a positive real S such that lim, ..., = §. Thus,
from 2.10 we have

lzmnﬁoos(xna Tn, xn+r) =0

This yields that {z,} is S-Cauchy sequence in (X, S).

Since (X, S) is S- complete, hence there exists u € X such that
(2.11) 1iMy— ooy, = U

We shall prove that
(2.12) wen™, A

Since ¢ € Ay, we have {x,, }n>0 € A1. Since A; is S- closed and 2.11, by
Lemma 8, we have u € A;. Again, {2, 41}n>0 € A2. Since Ay is S- closed and
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2.11, by Lemma 8, we have u € As. Continuing this process, we obtain 2.12.

We claim that u is a fixed point of 7. We have that for any n > 0 there exists
us i, € {1,2....m} such that x,, € 4; . Also form 2.12, u € A; 41, so applying 2.4
for x =y = z,, and z = u, we get that

(2.13) S(@nt1, Tnr1,u) = ST, Try, Tu) < ¢(S(zh, Tn, u))

Since ¢ is continuous at 0 and limy,—c0S(Tn, Ty, u) = 0, so

liman—00S(Tnt1, Tnt1, u) < ¢(0).

But, since ¢(t) < ¢t for all ¢ > 0 and again ¢ is continuous at 0, hence we get
that ¢(0) = 0. We deduce from the above inequality, x,,41 — Tu as n — co. By
uniqueness of limit, it follows that Tu = u.

Now, we prove that u is the unique fixed point of T. Assume that v us another
fixed point of T, that is, Tv = v. We have v € N2, A,. Suppose that v # v, so
S(u,u,v) > 0. Taking x =y = u and z = v in 2.4, we get that

0 < S(u,u,v) =STu, Tu, Tv) < ¢(S(u, u,v)) < S(u,u,v),

Which is a contradiction. We deduce u is the unique fixed point of 7. This
completes the proof of (I).

We shall prove (IT). From 2.10, we have

S(l'n» Tn, anrr) S ZZizilﬁbk(S(xOv Zo, xl))
Letting » — oo in above inequality, we get the estimate 2.5.
For n > 0 and k > 1, we have

S(@pgi, €A ) n k1) = S(TZnik—1, Tng k-1, TTntr) < O(S(Tnth—1,Tnth—1,Tntk))
And for k£ > 2,

S(@ntk—1, Tntud2,0)41) = S(Txntr—2, TTnir—2,TTnik-1) < O(S(Tntk—2, Tntk—2, Tntk—1))

By monotonicity of ¢, 2.14 and 2.15 imply that

(216N Tt ks Tt ks T ks 1) < A2 (S(Toth—2y Tngb—2, Tnik-1)), n >0, k>2.

By induction we get that

(217) S(xn+k7$n+kyxn+k+l) < ¢k(5(xn7wn>xn+1))7 n>0, k>0.

But by rectangle inequality

S(.’L‘n, Tn, xn-&-r) < S(xnv Tn, mn-&-l) + S(xn+17 Tn+1, xn+2) + o + S(mn-&-r—la Tntr-1, xn-&-r)

Hence, form 2.17, we have
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S(Tn, Ty Tpgr) < ZZigil(bk(S(xm T, Trg1))

Letting » — oo in the above inequality, we get that

(2.18)  S(zn,Tn,u) < Ezczo(bk(s(mmxmxwrl)) = p(S(Tn, Tn, Tni1))
This yields (IT).

Now we will prove (I1). Let x € Y. Form 2.18, for 2y = x, we have

S(z,x,u) < 209" (S(x, 2, Tx)) = p(S(z,z, Tx))
Which is the estimate 2.7. (Il
As consequences of Theorem 12, we have the following results.

Theorem 13. Let T : Y — Y be defined as Theorem 12. Then

(2.19) ¥ S(T"x, T"x, T" ) < 00, Vz €,
That is,T is a good Picard operator.

Proof. Let © = xg € Y. If for some integer k, T*zy = T**'zy so the sequence
{T™xo} is constant for all n > k, hence obiviosly 2.19 holds. Otherwise, assume
that TFxy # TFtlzg for all n > 0. By 2.9 in the proof of Theorem 12, we know
that

STz, T2z, T" ') = S(zn, Tn, Tny1) < &(S(z0, 20, 1)), ¥n > 0.
Then

fozOS(T”a:,T”x,T”Hz) <32 00(S(xo, o, 1)) = p(S(x0, 20, 21)).

By Lemma 11, it follows that %20 ,S(T"x, T"x, T"'x) < oo, so T is a good
Picard operator. ([l

Theorem 14. Let T : Y — Y be defined as in Theorem 12. Then

(2.20) STz, T"z,u) = S(Tn, Tn, Tnt1) < G(S(x0,T0,21)), Vn>0.
That is, T is a special Picard operator.

Proof. If x = u, then cleary 2.20 is true. Suppose x # v and x € Y. We rewrite
2.13 with Tu = u.

S(T" e, T e u) = S(T" e, T e, Tu) < ¢(S(2n, 0, u))

By induction and considering the monotonicity of ¢, we obtain

S(T"x, T"z,u) < ¢"(S(z,z,u)), Vn>0.

Therefore
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S oS8T e, T x,u) < 302 1" (S(z, z,u)) = p(S(x, z,u)),
Consequently, X0 (S(T"x, T"x,u) < oo, so T' is a special Picard operator. [
Definition 15. Let X be a nonempty set. A fixed point problem of a given mapping

f:X — X on X is called well-posed if F(f) is a singleton and for any sequence
{an} in X with 2* € F(f) and limp_inftyS(an, an, fa,) implies £* = lim, 00, .

Theorem 16. Let f : Y — Y be defined as in Theorem 12. Then the fized point
problem for T is well posed that is, assuming that there exists {z,} € Y, n € N
such that limpy 00 S(2n, 2n, f2n) implies z = limy, i fry2n.

Proof. Let {z,} € Y, n € N such that lim,_00S(2n, 2n, T2,) = 0. Applying 2.7
for x = z,, and u = z then we have

(2.21) S(zns 2n, 2) < p(S(2n, 2n, T2n)).

Having the mind from Lemma 11 that p is continuous at 0, so letting n — oo in
2.21, we have

llmn—)oos(zna Zns Z) =0,
So z = limy,_so02,. Hence the fixed point problem for T is well posed. O

Theorem 17. LetT : Y — Y be defined as in Theorem 12. Let f : Y — Y such
that

(1) F has at least one fized point, say zy € F(f)

(2) there esists v > 0 such that
(2.22) S(fx, fz,Tx) <y, VxeY.

Then S(zf, z¢,21) < s(v) where F(T) = zp.

Proof. Assume z; # Zy. Otherwise the proof is completed. We apply 2.7 from
Theorem 12 for x = x5 to have

(2.23) S(zp, 25, 2r) < p(S(zp, 25, T2p) = p(S(f25, f2r, T2y)
By Lemma 11, then function p is non decreasing, so by ??ith x = zy, it follows
that

(2.24) S(zg,zp,27) < s(v).

3. CycLIC (¢ — ¢) - CONTRACTION ON S- METRIC SPACE

Denote by ¥ the set of functions v : [0, 00) — [0, 00) satisfying

(11) 1 is continuous,

(12) ¥ is non decreasing,

(13) ¥(t) =0 if and only if t = 0.

Also, denote by ® the set of functions ¢ : [0, 00) — [0, 00) satisfying
(¢1) ¢ is lower semi- continuous,
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(¢2) ¢(t) =0 if and only if t =0
The object of this section is to give some more general classes of mappings involv-
ing cyclic (¢p — ¢)- contractions. Note that, in our result the monotony property
of the function ¢ is omitted and the continuity property of ¢ is replaced by lower
semi-continuity.

The main result of this section is the following.

Theorem 18. Let (X, S) be a S- complete S- metric space. Let {A;}75, be a family
of non empty S- closed subsets of X, m a positive integer and ¥ = U~ A, . Let
T:Y —Y be a mapping such that

Suppose also that there exists ¢ € ® such that

(3/”2;;(/11377 Ty7 TZ)) < 1/1(5(1’7 Y, Z)) - qS(S(x, Y, Z)), V(l’, Y, Z) € A’L X Az X Ai+1

Fori=1,2....m. Then T has a unique fized point that belongs to NI*A;.
Proof. Let x¢p € A;. Consider the Picard iteration {z,} defined by z,+; = T, for
all n > 0.

If for some integer k, x; = Tj41, so {z,} is constant for any n > k, then {z,} is
S- Cauchy sequence in (X, S).

Suppose that x,, # x,41 for all n > 0. For any n > 0, there is i, € {1,2,.....m}
such that x, € A4; and z,4+1 € A; 11 . By 3.2, we have

¢(S($n+1,$n+1,$n+2)) = z/J(S(Tmn,Txn,Tan))
< Y(S(wn, T, Tngr)) — O(S (T, Tns Tnt1))
(3.3) V(S (Tnt1, Tng1, Tng2)) < U(S(Tn,Tn, Tng1))

The function % is non-decreasing, so we have

(34) S(anrla LTn+1, xn+2) < S(:L'n; Tn, anrl)a n > 0.

Therefore the sequence {S(xy,Tn,Zn41)} is non-increasing, so it converges to
some real 7 > 0. Letting n — oo in 3.3, using the continuity of ¥ and the lower
semi-continuity of ¢, we get that

Y(r) < ¢(r) — o(r).
which implies that ¢(r) = 0. By (¢2), we have r = 0, that is,

(3.5) limy— 008 (Tny Ty Trg1) = 0.

Since S(z,z,y) = S(y,y,z) for all z,y € X, hence by 3.5, we have

(3~6) Limn—>oo5($n+1,$n+1,$n) =0.



CYCLIC CONTRACTION ON S- METRIC SPACE 127

Now, we prove that {z,} is a S- Cauchy sequence. We argue by contradiction.
Assume that for {z,} is not a S- Cauchy sequence. Then, following Definition 6,
there exists e > 0 for which we can find subsequences {x,()} and {2} of {z,}
with n(k) > m(k) > k such that

(3.7) S(Zn(k), Tn(k), Tm(k)) > €

Further corresponding to m(k), we can choose n(k) in such a way that it is the
smallest integer with n(k) > m(k) > k and satisfying 3.7. Then

(3.8) S(Tp(k)—15 Tr(k)—1> Tm(k)) < €

Using 3.8 and property of S- metric space we have

€ < S(Tnk) Tk Tmk)BDS (Tn(k), Tn(k)s Tnk)—1) + S(Tnk) Tnk), Tky—1) + S(@mk), Tm(k)> Tn(k)—1)

€ < S(Tnk) Tr(k), Tmk)) < €+ 28(Tn(k)s Trk) Tr(k)—1)
Letting £ — oo in 3.9 and using 3.6, we find

(310) limk%oos(xn(kbxn(k)wrn(k)—l) =€

On the other hand, for all k, there exists j(k), 0 < j(k) < m, such that n(k) —
m(k) +j(k) = 1(q). Then 2, (x)cj(k) (for k large enough, m(k) > jCk)) and x, )
lie in different adjacently labeled sets A; and A;y; for certaing i = 1,2, ....m. From
3.2, we have

V(S (Trk)+1> Tnk)+15 Tmk)Citk)+1)) = VS (TTnwy, TTpiy, TTmycicr)))

’(/J(S(Tl‘n(k),T$n(k),(T3t711kk)Cj(k))) < w(s(xn(k:)amn(k)axm(k)*j(k))) - ¢(S(xn(k)7 Tn(k)s xm(k)*j(k)))

By using the property of S- metric space and as n — oo we have

(3.12) limkﬁooS(xn(k),xn(k),a:m(k)_j(k)) = €.

Similarly by using the property of S- metric space , 3.6, 3.7, 3.12 and as k — oo
we find

(3.13) limg 00 S(Tn(k)+15 Tr(k)+1> Tm(k)Cj(k)+1) = €.
Now letting kK — oo in 3.11 and using 3.12, 3.13 we get that

(3.14) P(e) < P(e) — d(e)
Which yields that ¢ = 0, a contradiction.

This shows that {x,} is S- Cauchy sequence in (X, S).

Since (X, S) is S-complete, hence there exists u € X such that
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(3.15) limy oo Ty = U.

We shall prove that

(316) u e ﬂ?;lAi

Since g € A1, we have {zn;}n>041. The fact that A; is S- closed and 2.11
yield that u € A;. Again, {zni4+1}n>042. Since As is S- closed and 3.15 yield that
u € As. Continuing this process, we obtain 3.16.

We claim that u is a fixed point of 7. We have in mind that for any n > 0, there
exists i, € {1,2,....m} such that x,, € A; . Also, form 3.16, u € A; 11 so applying
3.2 for x =y = x,, and z = u, we get that

Y(S(Tnt1, Tny1, Tw)) = P(S(Tan, Txy,, Tu))
< w(s(xm Tn, u)) - w(S(:L‘n, L, u))

Letting n — oo in above inequality, we obtain

$(S(u,u, Tu)) < (o) = ¢(0)

Which implies that ¥(S(u,u,Tu)) = 0, so S(u,u,Tu) = 0. It follows that
Tu =u.

Now, we prove that u is the unique fixed point of 7. Assume that v is another
fixed point of T', that is Tv = v. We have v € N2, A;. Takingz =y =wand z =v
in 3.2, we get that

(3.17) (S (Tu, Tu, Tv)) < (S(u, u,v)) — ¢(S(u, u,v)),

So that ¢(S(u,u,v)) =0 that is u = v. O
Example 19. Let X = [0,00) be equipped with the S- metric space S given as
follows

S(x,y,2z)=lz—z|+|y—z|

(X.S) is S- complete metric space. Consider A; = {0,1}, Ay = {1,4} and Y =
A1 U Ay, It is obvious that Ay and As are S- closed subsets of (X, S). We define
T:Y =Y by

T0=1,T1=1 and T4=0
We have T(Ay) € Az and T(A2) C Ay. Define ¢(t) = t and ¢ = 3t. We shall
prove that (x,y,z) X Ay x Ay x Ay and (z,y,2) X Ay X Ay X Ay. To check this we
have following conditions:

(1) If (z,y,2) x A1 x A1 X Ag then,

Case - 1: Ift =y =0 and z = 1 in this case
S(Tx,Ty,Tz) =0.
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Case - 2: Ifr=0,y=1andz=4 orxz =1,y =0 and z =4 in this
case 18 true and from 3.2 we have

1
STz, Ty, Tz)=2< §S(x,y,z)

which is true.
Case - 3: Ifx =y =2z =1 in this case 18 true and from 3.2 we have

S(Tx,Ty,Tz) =0.

Case - 4: If xt =y =0 and z = 4 in this case 18 true and from 3.2 we
have

1
S(Tx,Ty,Tz)=2< §S(x,y,z)

Case - 5: Ifx =y =1 and z = 4 in this case 18 true and from 3.2 we
have

SHMT%TQZ2Séﬂ%%@

Case - 6: If t =y =4 and z =1 in this case 18 true and from 3.2 we

have

S(Tx, Ty, Tz) =2 < =S(z,y,2)

W=

If (z,y,2) x Ay x Ag x A; then,
Case - 7: Ift =y =1 and z = 0 in this case
S(Tz,Ty,Tz) =0<2=_8(z,y, 2).

Case - 8: Ifr=1,y=4andz=0o0orx =4,y =1 and z = 0 in this
case 18 true and from 3.2 we have

1
S(Tz, Ty, Tz)=1= gS(m,y,z)

which is true.
Case - 9: Ifx =y =4 and z =0 in this case 18 true and from 3.2 we
have

1
STz, Ty, Tz) =2 < 15(%1172)

Case - 10: If x =y =4 and z = 1 in this case 18 true and from 3.2
we have

SU%T%TAZ2S%ﬂ%%d
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