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ON THE GENERALIZED OSTROWSKI TYPE INTEGRAL INEQUALITY FOR
DOUBLE INTEGRALS

MUSTAFA KEMAL YILDIZ»* AND MEHMET ZEKI SARIKAYA?

ABSTRACT. In this paper, we establish a new generalized Ostrowski type inequality for double inte-
grals involving functions of two independent variables by using fairly elementary analysis.

1. INTRODUCTION

In 1938, the classical integral inequality was established by Ostrowski [5] as follows:

Theorem 1.1. Let f : [a,b]— R be a differentiable mapping on (a,b) whose derivative I (a,0)— R

is bounded on (a,b), i.e., |f'||., = sup |f'(t)| < co. Then, the inequality holds:
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for all x € [a,b]. The constant i 18 the best possible.

In a recent paper [3], Barnett and Dragomir proved the following Ostrowski type inequality for
double integrals:

Theorem 1.2. Let f : [a,b] x[c, d]— R be continuous on [a,b] x[c,d], f; , = ;%gy exists on (a,b) x (¢, d)
and is bounded, i.e.,

*f(x,y)

Oxdy

foull, = sup
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Then, we have the inequality:
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//f(s,t)dtds—(d—c)(b—a)f(x,y)

d b
_ (b—a)/f(x,t)dt+(d—c)/f(s,y)ds (1.2)

< [fo-or+ -] [fa-orr o= 02 I

for all (z,y) € [a,b] x [c,d].

In [3], the inequality (1.2) is established by the use of integral identity involving Peano kernels.
In [7], Pachpatte obtained an inequality in the view (1.2) by using elementary analysis. The interested
reader is also refered to ( [3], [4], [6]- [13]) for Ostrowski type inequalities in several independent
variables and for recent weighted version of these type inequalities see [1], [2], [9] and [11].
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Meanwhile, in [11] Sarikaya and Ogunmez gave the following interesting identity and by using this
indentity they establised some interesting integral inequalities:

Lemma 1.1. Let [ : [a,b] X [¢,d]— R be an absolutely continuous function such that the partial

derivative of order % exists for all (t,s) € [a,b] X [¢,d] and the weight function w : [a,b] — [0, 00)
18 integrable, nonnegative and

b
m(a,b) = /w(t)dt < 0. (1.3)

Then, we have

b
1
faw) = s [+ s [ ois

where
t
pi(a,t) = [wu)du, a<t<z
p(z,t) = )
p2(b,t) = [w(u)du, z<t<b
b
and
qi(c,s) = [w(v)dv, c¢<s<y
q(y, s) = .
= [w)dv, y<s<d.
d

The main aim of this paper is to establish a new generalized Ostrowski type inequality for double
integrals involving functions of two independent variables and their partial derivatives.

2. MAIN RESULT
We begin with the following important result:
Lemma 2.1. Let f : [a,b] X [c,d]= R be an absolutely continuous function such that the partial

deriative of order % exists for all (t,s) € [a,b] X [¢,d], and the function p : [a,b] X [¢,d] — [0, 00)
1s integrable. Then, we have

b

/b/dp(wv)dvdu f(%y)—//dp(t,v)f(t,y)dudt (2.1)
b d
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where
fjp(u,v)dvdu, a<t<z, c<s<y
jfsp(uav)dvdw a<t<z y<s<d
P(x,t;y,8) =4 %44
[ [p(u,v)dvdu, z<t<b, c<s<y
b c
ftjp(u,v)dvdu, z<t<b y<s<d
b d
Proof. By definitions of P(z,t;y,s), we have
b d 2 x Y t s s
ffp(x,t,y,S)a d dt = ff [f [ p( u,v)dvdu} 8];(;; )dsdt
xd[t s 2 s byrt s 2 5
w[{dfpwmdu}aé% it [ ] 5
bdft s f( )
—|—{yf bf{p(u v)dvdu 5t dsdt.
Integrating by parts, we can state
1] 248
= F|(J ot oravan) 2282 F( ot syan) 228 as) a ”
= <f fp(u,v)dvdU) flay)— [ (fp(t, v)dv> F(t,y)dt
*fy <fp(u7s)dU) f(z,s)ds +ffyp(t s)f(t, s)dsdt,
zd[t s
afyf[afdfp(u,v } a %) dsat
T LY 0 d/t 0 s
== J|(§ i) fé 2 (ot ae) 25
z d d (23)
(ffpuvdvdu) <fptv)dv>f( y)d
e jd /
-/ <fp(u s dU) fz,s)ds+ [ [ p(t,s)f(t,s)dsdt,
byt s 2 s
ff Lff‘P(U,v)dvdu] a(;;(at’s )dsdt
- —jb’ l(fﬁp(u, v)dvdu) _fy (fﬂu’s)du) 8fétt, s) ds] dt
vy vy (2.4)
= (f [ p(u, v)dvdu) -/ (fp (t,v dv> ft,y)dt
Y b by
—f<fp(u,8)du> (z,8)ds + [ [ p(t,s)f(t,s)dsdt,
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“ ; O*f(t.s)
xfyfbdfpuvdvdu} 508 —— "7 dsdt
(3 o) 210 ) 209

Ibdty b 5 t (2.5)
(ffpuvdvdu) (z,y) f(fp ) t,y)dt

d Z Zdy

f(fpusdu) (z,s)ds+ [ [ p( s)dsdt.

Adding (2.2)-(2.5) and rewriting, we easily deduce required identity (2.1) which completes the proof.
O

Remark 2.1. If take p(.,.) =1 in Lemma 2.1, we get

fley) - ﬁ /b F(t,y)dt
/d (& 5)dsdu+ _C//ftsdsdt

b d

= b—a)( _C//thy, g(a )ddt

where
(t—a)(s—c), a<t<uz, c<s<y
) ) t-a)(s—d), a<t<z, y<s<d
Plz,ty, s) = t=b(s—c), z<t<b c<s<y
(t—=0)(s—d), x<t<b y<s<d.

which is given by Barnett and Dragomir in [3].

Remark 2.2. If take p(u,v) = w(u)w(v) in Lemma 2.1, then the Lemma 2.1 reduces to the Lemma
1.1 which is proved by Sarikaya and Ogunmez in [11].

Theorem 2.1. Let f : [a,b] X [¢,d]= R be an absolutely continuous function such that the partial

derivative of order a;’;g;s) exists and is bounded, i.e.,
Pl o [P
Otds 00 (t,5)€(a,b)x(c,d) Otds

for all (t,s) € [a,b] X [¢,d], the function p: [a,b] X [c,d] — [0,00) is integrable. Then, we have

b d b od
(/ / p(“’”)d”d“) fla,y) - / / p(t,v) f(t,y)dvdt

—/b/dp(u,s)f(x,s)dsdu—i—/b/dp(t,s)f(t,s)dsdt (2.6)
< ’ % Lo/m(w —u)A(u,y)du + /b(u —z)A(u,y)du

where
d

Aluy) = / (v — v) [p(u, v)| dv + / (v~ 9) [p(u, v)| do.

Y
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Proof. From Lemma 2.1 and using the properties of modulus, we observe that

b d b
(//p(u,v)dvdu) flx,y) — //p(t,v)f(t,y)dvdt

b od X
_//p(u78)f(m’8)d8du+//p(t’s)f(t,.?)dsdt
/b/d|P(z,t;y,S)| O2f(t, s)

Otds
b d
‘ ’ //|P(ac,t;y,s)|dsdt

‘ . {77 [/t/slp(u,v)ldvdu] dsdt
+]] [/t/d|l9(u,v)|dvdu] dsdt—i—/b/y [/b/s|p(u,v)|dvdu] dsdt

a a S

+/b/d [/b/d|p(u7v)|dvdu] dsdt}
3

0%f(t,s)
Now, using the change of order of integration we get

IN

dsdt (2.7)

0%f(t,s)
OtOs
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*f(t,s)
Otds
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[t

Ji = ]/y //8|p(u,v)|dvdu] dsdt

a

M v

]j //S|P(u,v)|dvds] dudt

c

]/ /y(y—v) |P(va)dU] dudt

- /y [j/t(y — ) |p(u, )] dudt] dv (2.8)
— ]/y(x —u) (y —v) |p(u, v)| dvdu

and similarly,

(x —u) (v —y) |p(u, v)| dvdu, (2.9)

N
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b d
// w— 1) (v — y) p(u, v)| dvdu. (2.11)

x

Thus, using (2.8), (2.9), (2.10) and (2.11) in (2.7), we obtain the inequality (2.6) and the proof is
completed. O

Remark 2.3. If we choose p(.,.) =1 in Theorem 2.1, then the inequality (2.6) reduces the inequality
(1.2) which is proved by Barnett and Dragomir in [5].

Remark 2.4. If take p(u,v) = w(u)w(v) in Theorem 2.1, then the inequality (2.6) reduces
b

fa) = s [utse.pae
/d flx,s)ds + i, cd// f(t,s)dsdt
< Hygg’:) L j(x — W) A, y)du + /b(u — 2)A(u, y)du

where
y

d
Aluy) = / (v — v)w(wyw(v)do + / (v — )w(wyw(v)dv.

(&

which is proved by Sarikaya and Ogunmez in [11].
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