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SOME EQUIVALENCE THEOREMS ON ABSOLUTE SUMMABILITY METHODS

HIKMET SEYHAN OZARSLAN*

ABSTRACT. In this paper, we obtained necessary and sufficient conditions for the equivalence of two
general summability methods. Some new and known results are also obtained.

1. INTRODUCTION

Let > a,, be a given infinite series with partial sums (s,,). Let (p,) be a sequence of positive numbers
such that

n
Pn=ZpU—>oo as n—oo, (Pj=p_;=0, ¢>1). (1.1)
v=0

The sequence-to-sequence transformation

1 n
th =5 > puss (1.2)
™ y=0

defines the sequence (t,) of the Riesz mean or simply the (N, p, ) mean of the sequence (s,,), generated
by the sequence of coefficients (p,) (see [7]). The series > a, is said to be summable | N,p,;6 |,,
k>1and é >0, if (see [5])

oo P Sk+k—1
(") | At, 1 [F< oo, (1.3)
=1 \Pn
where
p n
Aty 1=——""-—3 P,_1a,, > 1. 1.4
! PnPnfl ; L "= ( )

If we set § = 0, then we obtain | N,p, |, summability (see [1]). In the special case p, = 1 for all
values of n, then | N,p,;d |, summability is the same as | C,1;4 |, summability (see [6]). Also if we
take § = 0 and k = 1, then we get | N, p,, | summability.

Let (¢,) be any sequence of positive real numbers. The series > a,, is summable ¢ — | N, p,; 8|p, k& > 1,
if (see [8])

> R AL, o |F < oo (1.5)
n=1

If we take ¢, = 5—”, then ¢ — |N, p,; 8|x summability reduces to |N,p,; 6|, summability. Also, if we
take d = 0 and ¢,, = 5—“, then ¢ — [N, p,; 0| summability reduces to |N,p,|x summability.
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2. KNOWN RESULTS

We say that two summability methods are equivalent if they sum the same set of series (not nec-
essarily to the same sums). Bor and Thorpe proved the following theorems about the | N,pn | and
| N, gy |r summability methods.

Theorem 2.1 ( [2]). Let (p,) and (g,) be positive sequences and k > 1. In order that | N,p, |x
should be equivalent to | N, q, |5 it is sufficient that

GnPn

Qnpn ) 1)
and 0

PnQn

Pogn o(1) (2.2)
hold.

Theorem 2.2 ( [4]). Let (p,) and (g,) be positive sequences and k > 1. In order that every | N, p, |x
summable series be | N, g, |; summable it is necessary that (2.1) holds. If (2.2) holds then (2.1) is
also sufficient for the conclusion.

Theorem 2.3 ( [4]). Let (p,) and (g,) be positive sequences and k > 1. In order that ’Nmn
equivalent to | N, q, | it is necessary and sufficient that (2.1) and (2.2) hold.

|k be

3. MAIN RESULTS

The aim of this paper is to generalize Theorem 2.2 and Theorem 2.3 for the general summability
methods. Now, we shall prove the following theorems.
Theorem 3.1. Let k£ > 1 and 0 < § < 1/k. (¢n), (pn) and (gn) be sequences of positive numbers,
and let

m+1 (p6k+k 1qk S 1q -1
e ——— zO{go = } as m — 00. (3.1)
Qﬁanl ! Qﬁ

n=v+1

In order that every p— | N,p,;d |x summable series be ¢o— | N, ¢,; 0 |x summable it is necessary that
(2.1) holds. If (2.2) holds then (2.1) is also sufficient for the conclusion.

It should be noted that if we take ¢, = %, § =0 for op— | N,pp;6 | and ¢, = %, 0 = 0 for
©— | N, qn;6 |k, then Theorem 3.1 reduces to Theorem 2.2. In this case condition (8) reduces to

m—+1

Z M“_O<Qv) as m — 00, (32)

n=v+1

which always exists.

It is also remarked that if we take ¢, = % and ¢, = 1 for all values of n, then the condition (8) fulfils.
We need the following lemma for the proof of Theorem 3.1.

Lemma 3.2 ( [3]). Let k > 1 and A = (a,,) be an infinite matrix. In order that A € (I¥,1¥) it is
necessary that

any =0(1)  foralln,v > 0. (3.3)

4. PROOF OF THEOREM 3.1.

Firstly we prove sufficiency. Let (¢,) denote (N, p,) mean of the series > a,. Then, by definition,
we have

*7zpv3vfpizp Pv 1 (41)
If the series Y a, is summable ¢ — |N7pn; 5’1« then

> @R AL, |F < oo (4.2)

n=1
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Since,
n— = — v—1Qy
1 Pn 1
= Z v—10y, 17 (Pfl = )7
P =1
we have
P,P,_ P, 1P,
Po_iap, = — 1Atn71 + #Atn72
DPn Pn—1
That is
P, P,_
U = ——Aty_1 + 2 Aty _s.
Pn Pn—1

If (T,,) denotes the (N, g,) mean of the series > a,, similarly we have that

n Q ZQUS'U—Q Z QU 1

Hence
q n
AT, = ——— v_10y, N >1, _1=0).
1 Qnanq;Q 1 (Q-1=0)
Since
P, P,
ay, = ——At, 1+ 2Atv—2;
v Pv—1
by (15), we have that
dn = P’U 2
AT,_1 = o1 | ==2Aty_1 + At,_ )
! QnQn 1ZQ 1( Dov ! DPov—1 2

n—1
Pv 1) 1
= Atn + — w1 — Aty _ o—— Aty
ann ! QnQn 1 2:1 Q ! Pov b QnQn 1 Z Q Do !

v=1
n—1
Atvfl
= Atn + v-1Py — QuPy1).
ann ' QnQn 1 1; Do (Q ' @ 1)

Also,

Qvflpv - vavfl = Qvflpv - Qv (Pv - pv) = Qvflpv - Q’L}P’U +pva

= (Qvfl - Qv) P, +pva = _QvPv +pvaa
so that
n n—1 P n—1
AT,_1 = ™ At,,_ WAty + — VAN
! ann b QnQn 1 Z Do P! ! QnQn 1 ZQ !

v=1 —

= Tn,l + Tn,2 + Tn,S-

To complete the proof of Theorem 3.1, by Minkowski’s inequality, it is sufficient to show that

ST, P < oo, for r=1,2,3.
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Firstly, by using (6) and (12), we have

m k
— k
Z@ik+k 1 ‘Tn,1| — Z Ok+k—1 Atn L
Z o
m
= Z Skth=1|At, |F=001) as m— .
Now, applying Holder’s inequality with indices k and k', where £ > 1 and % + % =1, we have that
m+1 m+1 q n—1 P k
k
Z <p5k+k 1 "2 _ Z ¢6k+k 1 n Z %Atv L
QnQn 1 o—1 Pov
m—+1 Shah1 qk n—1 P k
v
< e oo (2 e Akl
n=2 Q" n—1 {y=1 Pv
m—+1 qk n—1 P k .
< ¢6k+k717n (U> q |At _1|
n; " QﬁQn—l ; Do ! Y

| o k—1
X{sz%}

m m+1l 5k+k 1.k

= oy [ )‘”'At” Y G

v=1 n=v+1

Sk+k— 1q !
Qo | Aty | OFHE—1 2
( ) v Qk
Sk+k—1 |Atv,1|k

oy
oWyt

= 0O(1) as m— oo,

by virtue of the hypotheses of Theorem 3.1.
Finally, as in T}, 2, we have that

m—+1 m—+1 n—1 k
k
Zso‘”“*k Wl = e e Q > QuAt,
n=2 n—1 v=1
m—+1 qk Q k
5 _ v
< S Q{z %o ton
n=2 nwn—1  y=1
m41 " L 70\" .
< QOfth—l__Jn (v> Qv | Aty 1]
n; " Qﬁanl 1; Qv ! Y

1 n—1 k—1
. z%}
{ Qn—l p—

m Q. m+1 6k+k 1.k
B OmZ(q) il 3
=1 v n—
Qo
Qv

n=v+1

q -1
) q’U|At’U7 | (pék-i_k 1 vk
Q3

= 0(1) ) @Ftrt AL, _y|*

= O(1) as m— oo,
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by virtue of the hypotheses of Theorem 3.1.
Therefore, we get

o0
ngi’”k*l |Tn,r|k =0(1) as m—oo, for r=1,2,3.
n=1
This completes the proof of sufficiency of Theorem 3.1.
For the proof of the necessity, we consider the series to series version of (2) i.e. for n > 1, let

n
Pn
bn = 5 5 PU— Ay, Cp = v—10y-
PnPnflg ! QnQn 1ZQ !

A simple calculation shows that for n > 1

n—1

_ Gn by GnPn
N Gy 2, QP QP+

by,

Sk4+k—1 Sktk—1
From this we can write down at once the matrix A that transforms ((pn k bn) into ((pn e,

Thus every ¢ — ‘N,pn; 5|k summable series is ¢ — |N, Gn; 5|k summable if and only if A € (I*,1%). By
Lemma 3.2, it is necessary that the diagonal terms of A must be bounded, which gives that (6) must
hold.

Theorem 3.2. Let (p,) and (g,) be positive sequences satisfying the condition (8), ¥ > 1 and
0 < § < 1/k. In order that o— | N,p,;d | be equivalent to ¢— | N,q,;d | it is necessary and
sufficient that (6) and (7) hold.

It should be remarked that if we set ¢, = 22, § = 0 for p— | N,pn;6 | and ¢, =
©— | N,qn;6 |i, then Theorem 3.2 reduces to Theorem 2.3.

Proof of Theorem 3.2. Interchange the roles of (p,) and (g,) in Theorem 3.1.

, 0 =0 for
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