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PAIRWISE SC COMPACT SPACES
P.PADMA", KCHANDRASEKHARA RAO? AND S.UDAYAKUMAR?

Abstract. The main focus of this paper is to introduce the properties of SC
compact spaces.

1. Introduction:

In 1963, J. C. Kelly introduced Bitopological space . Levine introduced
the notion of semi open sets in topological spaces . Maheshwari and Prasad
introduced semi open sets in bitopological spaces in 1977 and further
properties of this notion were studied by Bose in 1981. Fukutake defined one
kind of semi open sets in bitopological spaces and studied their properties in
1989.

G.L.Garg , D.Sivaraj introduced SC - compact space in 1984 . In 1969 ,
Viglino introduced the class of C - compact spaces as a subclass of QHC
( almost compact spaces ) . In 1976 , Thompson introduced the class of S
closed spaces ( using semi open covers ) which is again a subclass of QHC
spaces .

In [1] the authors, introduced the notion of pairwise extremally
disconnected spaces and investigated its fundamental properties.

The main focus of this paper is to introduced the concept of pairwise
SC compact spaces and to discuss the properties of SC compact spaces .
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2. Preliminaries :

If A is a subset of X with a topology 1, then the closure of A is
denoted by t-cl(A)orcl(A), the interior of A is denoted by ©
-int (A ) orint ( A ) and the complement of A in X is denoted by A®. Now we
shall require the following known definitions and prerequisites.

Definition 2.1 - A topological space ( X, t) is called compact, if every open
covering C of X contains a finite sub - collection that also covers X.

Definition 2.2 [ 7 ] - A topological space ( X, 1) is said to be SC - Compact if
for each closed subset A of X and 1 - semi open over uof A Ja
finite subfamily of elementsof u,say V,, V,, ..., V,such that

Ac Ui cV;.

Definition 2.3 : A topological space ( X, ) is said to be C - Compact if for
each closed subset A of X and each open over U of A I a finite subfamily of
elements of U ,say V,,V,, ...,V suchthat Ac U clV;, wherei,j=1,2
andi =j.

Definition 2.4 : A space ( X, 1) is said to be extremally disconnected if the
closure of every openset is open.

Definition 2.5 : A space (X, 1) is S- closed if every semi open cover of X has
a finite subfamily whose closures cover X .

Definition 2.6 : A subset A of a topological space ( X, 7) is said to be regular

open if A=int[c (A)].
Definition 2.7 : A subset A of a topological space (X, t) is said to be semi
openif Acclint(A)]

Definition 2.8 [1] : A bitopological space (X, 1;, T, ) is said to be
1. (1, 1) - extremally disconnected [1] if 1, - closure of every 1, - open
setist - openin X.
2. pairwise extremally disconnected if (X, t,, 1,) is (1;, 7, ) - extremally
disconnected and ( 7;, 1, ) - extremally deisconnected.
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3. Pairwise SC compact spaces :

In this section we define the pairwise SC compact spaces and Pairwise
C compact spaces . Also we discussed the properties of pairwise SC compact
spaces.

Definition 3.1 : A bitopological space ( X, 1, , 1, ) is said to be Pairwise C -
Compact if for each 1;- closed subset A of X and each pairwise open over U of
A 3 a finite subfamily of elements of U , say V, ,V,, ..., V,such that A c
Pt —clV;, wherei,j=1,2and i =j.

Proposition 3.1 : If A and B are two pairwise C - compact subsets of a
bitopological space (X, 1, , 7, ) then A U B is pairwise C - compact subset of
X.
Proof : Given A and B are two pairwise C - compact subsets of a bitopological
space (X, 1,,1T,).

To prove A U Bis pairwise C compact subsetof X ,

ie) To prove that for any pairwise open cover of A U B has a finite sub
cover .

Let {U, / i€ A } be any pairwise open coverof AU B ,thenAUBc {uU
U, / ie A} and therefore AS UU;and B € UU; , which implies that
{UU; /ie A} isan pairwise open cover of Aand B, wherei,j=1,2andi =
j.

But A and B are pairwise SC - compact subsets , therefore there exists

i, ,i,,...,i,eAand t, , t, , ..., t € Asuch ’that{Ul-1 Ui, 00U }and

{Uu, ,U, ,...,U, }is a finite sub cover of A and B respectively , then
1 2 n

{v, ,u, ,...,U; Yyu{U, ,U. ,...,U. }is a finite sub cover of A U B,
Ly L2 ln 1 t2 tn

therefore is an pairwise C compact subsetof X . ®

Definition 3.2 : A bitopological space ( X, 1,, 1, ) is said to be pairwise S -
closed if every 1, - open over U of X has a finite subfamily whose T, -
closure covers X, wherei,j=1,2and i=j.

Definition 3.3 : A bitopological space ( X, 1,, 1, ) is said to be Pairwise SC -
compact if for each 1, - closed subset A of X and t, - semi open over U of AJa
finite subfamily of elementsof U , say V,, V,, ..., V. such that
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7, —cl(A)=AcUlL,t;—clV;,wherei,j=1,2andi =j.
Example 3.1: Consider ( R, ;) , where 7, is the co - countable topology onR .

Then (R, 7,) is SC - compact (1)

Let 7, be the cofinite topology on R .

Hence (R, 7,) is also SC - compact (2)

Thus, (R, 7, , 7, ) is pairwise SC - compact from (1) and  (2) .
Proposition 3.2 : If A and B are two pairwise SC - compact subsets of a
bitopological space (X,71,,7,)then AU B is pairwise SC - compact
subsetof X .
Proof : Given A and B are two pairwise SC - compact subsets of a
bitopological space (X,7,1,).

We shall prove that A U B is pairwise SC compact subset of X,

We have to prove that for any 1, - semi open cover of A U B has a finite
sub cover .

Let{U, / ie A } be any 7, - semi opencoverof AUB.

Then AUuBc {uUl /ie A} and therefore AS UU,and BE UU, ,
which implies that {UU; /i € A} is an 1, - semi open cover of A and B, where
i,j=1,2andi =j.

But A and B are pairwise SC - compact subsets .

Therefore there existi, ,i,,...,i,e Aand t, ,t,,...,t, € Asuch that
{Ul-1 Ui, o U }and {Ut1 U, e U }is a finite sub cover of A and B
respectively , then{U; ,U; ,....,U; }u{U, U, ,....,U. }is a finite sub
coverof AU B.

Therefore is an pairwise SC compact subsetof X . ®
Theorem 3.3 : The pairwise semi continuous image of a pairwise SC - compact
space is a pairwise SC - compact space.

Proof : Let ( X, 1,, 1, ) be a pairwise semi compact space, and letf: (X, 1,, 1,)
— (Y ,7{,75) be a semi continuous, surjection .

We shall show that (Y ,7{, ;) is a pairwise SC - compact space.

Let {U, / ie A} be any 1 ;- semi open cover of Y , then {f~ L)/ ie A}
isa 1, - semi open cover of X, which is compact space.
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So there exists , i; , i, , . . ., i, € Asuch that the family {f" 1 (Ui]_), j=
1,2,..,n }covers X and since f is onto, then {Uij ,j=1,2,..,n }is a finite
sub cover of Y.

Hence Y is a pairwise SC - compact space.®
Theorem 3.4 : Every 1,1, - extremally disconnected , pairwise C - compact
space ( X, 1,, T, ) is pairwise SC - compact and hence pairwise S - closed .
Proof : Let A be a, - closed subset of X and let {A, / ae A} be any T, - semi
opencover of A, wherei,j=1,2andi= j.

Since the 1, -closure of a 1, -semi open set is 1, 1, - regular closed and 1, T,
- regular closed sets in an 1, 7, - extremally disconnected spaces are 1, - open
and 7, - closed , {4, / a € A }is a1, - opent, - closed coverof A.

Since X is pairwise C - Compact, we have

Ac Ui, 4, forsomeneA.

Hence X is pairwise SC compact . B
Theorem 3.5 : For a bitopological space (X, 1, 1, ) the following assertions
are equivalent.

i) X is pairwise SC - Compact .
if) Every 1, - regular closed cover of each 7, - closed subset of
X has a finite sub cover .

Proof : Since every T, 7, - regular closed setis 7, 7, - semi open, trivially i)=
ii) .

Conversely , let{A, / ae A } be any 1, - semi open cover of a T, - closed
subset Aof X ,wherei,j=1,2andi= j.

Since {4, /a€A}is a 1, 1, - regular closed cover of A, by (ii) ,
Ac UL, 4, forsomeneA.

Hence X is pairwise SC compact .

Hence i) = ii) . W
Theorem 3.6 : If A is 7, - closed subsetofa pairwise SC compact space ( X, 1, ,
T, ) then A is pairwise SC compact .
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Proof : Let A be a 1, - closed subsetof a pairwise SC compact space (X, 1,

T,).

Let U ={V,: @ € A} be a T, - semi opencover of a 1, - closed subset B of
A.

Since A is 7, - closed , U is a 1, - semi open of a 1, - closed subset Bof A .
Therefore ,

Bc UL 1, —clV;.
Hence A is a pairwise SC compact . B

Theorem 3.7 : Every pairwise SC compact subset of a pairwise Hausdorff
space is pairwise closed .

Proof : Suppose that A be a pairwise SC compact subset of a pairwise
Hausdortf space X .

Since X is pairwise Hausdorff , the subspace A is pairwise Hausdorff .
By hypothesis, A is a pairwise SC compact .

Hence A is pairwise compact .

Letxe X-A.

Forevery a € Awe havea =x.

But X is pairwise Hausdorff .

Hence there exist t,- opennbds U, of a and a t,- opennbds V,, of x
such that

U NV,=¢ ...(1),wherei, j=1,2andi#j.

But then the collection¢ = {U,: a € A} is an pairwise open cover of A .
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But A is pairwise compact .
Hence ¢ has a finite sub collection {Ual, Ug, - Uan} covering A .
PutU=0, U U, U..UU,
Then U isan v ;- opensetwith AcU.
Consider the corresponding v ;- opensetsV, , V...,V .
Write V=V, NV, N ..V, .
Then Visan - openset withx e V.
By virtueof (1)
UnV=¢.
=>xelUcX-VcX-A
=>xeUcX-A
= X-AisT,;-open
= Ais 7,- closed.

Similarly , A'is v, - closed .

Hence A is pairwise closed .

Theorem 3.8 : Let X be a pairwise SC - compact space and let Y be a pairwise

Hausdorff space . If f : X — Y is a pairwise continuous, pairwise irresolute

bijection, then f is a pairwise semi homeomorphism .

Proof : Let A be a semi closed subset of the pairwise SC - compact space X .

Then A is pairwise SC - compact .
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= f(A)is pairwise SC — compactinY because f is pairwise

irresolute .
= f( A )is pairwise semiclosedin’Y .
= (f )" ( A) is pairwise semi closed inY .
= f'is pairwise irresolute .
= pairwise semi homeomorphism .
]

Theorem 3.9 : Let X be a pairwise SC compactspace and Y be a pairwise
Hausdorff space . If h: X —Y is a pairwise semi continuous
bijection, then h is a pairwise homeomorphism .

Proof : It is given h is a pairwise semi continuous and bijection .
To P.This a pairwise homeomorphism .
It is enough to show that h is an pairwise openmap .
Let Gbeany v;- opensetin X.
LetA=X-G.
Then X - Gisa 7 ,-closed setin X.

Since X is pairwise SC compact, by theorem 3.6, A is also pairwise SC
compact .

Using theorem 3.3 , since h is pairwise semi continuous, we find that h
(A)is pairwise SC compactinY .

But Y is pairwise Hausdorff and by theorem it follows that h ( A )is a
t,-closedinY.

ButthenY-h(A)=h(X)-h(A)=h(X-A)=h(G).
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Therefore ,h (G )ist,;- openin.
Consequently , h isan v - open map .

Similarly , h isan 7,- openmap .

Therefore , h is pairwise openmap .

Already h is pairwise continuous and bijection .
Hence h is a pairwise homeomorphism . B

Theorem 3.10: If ( X , 1, , 1, ) is pairwise SC compact space , then both ( X, )
and ( X, v,) are SC compact.
Proof : To prove (X, T, ) is SC compact space, we must prove for any semi
open cover of
X, has a finite sub cover .
Let{U,},i € Abeany semiopencover of X, implies{U, },i € A isa semi
open cover of X and since X is pairwise semi compact space, implies there
exists a finite sub coverof X, so (X, 1,)is SC compact.
And by the same way we prove (X, T, ) is semi compact.
Theorem 3.11: A pairwise continuous , pairwise irresolute image of an
pairwise SC compact space is pairwise SC compact .
Proof :

Let f: X = Y be a pairwise continuous, pairwise irresolute function
from an pairwise SC compact space X on toa spaceY .

Let Abe ;- closedinY and { Vo / a€A } be a 7, -semi open cover of
the v,- closed set f "(A) in X .

Since A is pairwise SC compact, f"}(A) c UL, 7; — cl (f‘l(Vai)) for
someiel.

This implies that Ac Ui, 7; — cl (Vai) ,wherei=1,2andi#j.

Hence Y is pairwise SC compact .
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4. Comparison :
Theorem 4.1 : Pairwise compactness = pairwise C - compactness .
Proof : Let Abe a t,- closed subsetof X .

Hence X - Ais ;- openin X..

Let U be an pairwise open cover of A .

ThenC =UU (X — A)is an pairwise open cover of X .

But X is pairwise compact,

= 3 a finite subfamily V; , V, , ... ... ,V,of Csuchthat X =V, UV,
... ... ul,.
=>AcVul,u.. .. Ul u(X-A)
=>AclV,ul,u.. .. uV,, whereV, ,V,,...... ,

= Xis pairwise C - compact .
Remark 4.1 : The converse of the above theorem need not be true .
Theorem 4.2 : Pairwise SC - compactness = pairwise C - compactness .

Proof : Let Abe a <,- closed subsetof X .

Then X - Ais v;- openin X..

We know every t,- open setis t,- semi openset, we have X — A is ;-
semiopen in X.

Let U be an t,- opencover of A .

Then U be an v, - semi open cover of X .

But X is pairwise SC compact

= 3 a finite subfamily V, ,V, , ... ... ,V,0f Csuchthat X=V; UV,
U... ... ul,.
=>AclVul,u... .. UV, U(X-A)
=>AclV,ul,u.. .. uV,, whereV, ,V,,...... ,

= Xis pairwise C compact .
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Remark 4.2 : The converse of the above theorem need not be true .
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