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DUNKL GENERALIZATION OF ¢-PARAMETRIC SZASZ-MIRAKJAN
OPERATORS

M. MURSALEEN*, MD. NASIRUZZAMAN AND A.A.H. AL-ABIED

ABSTRACT. In this paper, we construct g-parametric Szasz-Mirakjan operators generated by the g-
Dunkl generalization of the exponential function. We obtain Korovkin’s type approximation theorem
and compute convergence of these operators by using the modulus of continuity. Furthermore, we
obtain the rate of convergence of these operators for functions belonging to the Lipschitz class.

1. INTRODUCTION

In 1912, Bernstein [5] introduced the following sequence of operators B, : C[0,1] — C[0, 1] defined
by

= k
B, (f;z) = kzzo (Z)xk(l — )" f (n) , (neN)ze0,1], feCo,1]. (1.1)
In 1950, Szész [27] introduced the operators

Sp(fiz) =e"" i (”w)kf (s) , x>0, feC0,00). (1.2)

k!
k=0

For the last two decades, the application of g-calculus emerged as a new area in the field of approx-
imation theory. The first g-analogue of Bernstein polynomials was introduced by Lupasg [15] and later
Phillips [23] considered another g-analogue of the Bernstein polynomials. Later on, many authors in-
troduced g-generalization of various operators and investigated several approximation properties. For

instance, (1], [2], (3], (8], (9], [10], [12], [16]- [22], [24].
The g-integer [n],, the ¢g-factorial [n],! and the g-binomial coefficient are defined by (see [13])

1—q™ : +
[n]q ::{ g g e RTA{L} for n € N and [0], =0,

n, if ¢ =1,
[n]q' = { [17?]‘1[” - l]q e [1]q? Z i é:

{ n } [n]q!
kly [Klgln = Klg!
respectively. The g-analogue of (1 4 z)™ is the polynomial

1+2)14gx)---(1+¢" 'z n=123,---
A

A g-analogue of the common Pochhammer symbol also called a g-shifted factorial is defined as

(9)0 =1, (259)n = 1:[(1 —¢2), (11¢)e = [[(1 - ¢').
=0 =0
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The Gauss binomial formula is given by

n

(x—i—a)g _ Z { Z } qk(k—l)/2akxn—k.
q

k=0
There are two g-analogue of the exponential function e, defined as (see also [14])

For | z|< =7 and | ¢ [< 1,

q

1
Zm:rfﬁaﬁ’ (3)

and for | ¢ |< 1,

o e k(k by 2°
A =T[0+0-9d2), =>4 =(1+(1-9q)2)7, (1.4)
i=0 k=0

where (1 —2)7° = szo(l —¢x).
The g—analogue of Bernstein operators [23] is defined as follows:

Bmgﬁm)53[Z}qﬂffizlfofQEﬁ),xemJLneN. (1.5)

k=0 5=0
In [4] g-Szész-Mirakjan operators were defined as follows:

Snq(f3) = E( qx) Zf ( lﬂl ) Z}] ;k, (1.6)

’I’L

where 0 < z <
lim,, o b, = 00.

Sucu [26] defined a Dunkl analogue of Szdsz operators via a generalization of the exponential function
given by [25] as follows:

Sitri) = i > B0y (BB e, (17)

n
k::O

O—L,W’ f € C[0,00) and {b,} is a sequence of positive numbers such that

where x > 0, f € C[0,00), >0 and

n

D=2

Also here o ( 1)
22FEID (K 4+ p+ 5
sz = : )
7/( ) F(M+%)
and 2k ( 3)
2 kT kj+u+§
2k+1) =
7#( ) F(/l-i-%)

A recursion formula for v, is given by

Yulk+1) = (k+14+2u0k11)vu(k), £=0,1,2,---,

0, — 0 if k € 2N
Tl1 0 ifkeoN+1

n [6], Cheikh et al. studied the ¢-Dunkl classical g-Hermite type polynomials and presented the
definitions of g-Dunkl analogues of exponential functions, recursion relations and notaions for p > —%
and 0 < g < 1, respectively.

where

o0 n

x
enq(T) = —F, z €R, 1.8
nal®) =2 S (18
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(n—1)
n(n. L

Em@0=§32————,xeR (1.9)

=0 Vg (1)

1— q2/1«‘9n+1 +n+1

Vg +1)= < > Vu,q(n), n €N, (1.10)

1—g¢q

o 0 ifne?2N,
" )1 ifne2N+1.

An explicit formula for 7, 4(n) is given by

Ypug(n) =

Some of the special cases of 7, 4(n) are listed as:

1 — g%t 1— g\ [1-¢2
Va0 =1 gD = =77 = e = (7 1-q)’

1_q2p,+1 1_q2 1_q2/1,+3
= (555) (22 (522).
—q 1-¢q l1-g¢g
(4): 1_q2p,+1 1_q2 1_q2u+3 1_q4
Vusq 1—gq 1—gq 1—gq 1—q )

In [11], I¢6z and Cekim gave a Dunkl generalization of Szdsz operators via g-calculs as:

2u0k +k

— ([n)gx)"  (1—¢
> Amf< e >(n€NL (1.11)

1
euq([n]q) o Tm

qu(f;l”) =

Whereu>%,m20,0<q<1andf60[0,oo).
In this paper, we define a Dunkl generalization of g-parametric Szédsz-Mirakjan operators:

For any = € [0,00), f € C[0,00),0< g <1, and p > %, we define

Dy, (f;x) =

= (et (1
Epq([nla) =5 V.o (k) " 2(1—q")

> (n € N). (1.12)

2. MAIN RESULTS

Lemma 2.1. Let D} (. ; .) be the operators given by (1.12). Then we have the following identities:

n,q
(1) Dy, ,(eosx) =1
(2) Dx (e1;z) = qx

n,q
2(1+p)
(3) qz® + 1 ], [1—2pfqz < Dy, ,(e252) < qa® 4 1

2(1+p)

[n]q

[1 +2N]qx;
where e;(t) =1/, j=0,1,2,--- .

I)k k(k—1)

Proof. (1) D} (1;7) = gty Yonsy Wtk ™5 =1 (from (1.9)).
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(2)
‘ leng) — 1 o ([1g2)* ruon (11— g?Honth
Dn’q( 152) By q([n]qx) =0 Vi (k) I (qk_2(1 - qn)>
_q 1 = ([n]gx)® (k1) (=2)
T [y Bpg(lnlye) &= gk — 1)1
_ a1 o ([P)g2)**! reen
 [nlg qu([n]qx)kzzo Vi, (F)
_ g 5~ (Inlgn)* koo
- mawwﬁ;wM%ﬂ
= qzx.
(3)
. . B ) qx k(k 1 1— q2/1«9k+k
Drglese) = Epq( Z Vusa (K ( P21 =g ))
1 ”(ka R
wwmﬂwmg%mw—wq ( u—w)
LA 1 S ()t e (1 g
B [n]Z Eu,q([n]q ),Hw,q( _1)(] < (1-9q) >’
hence

k1, _2u0k g1 +E+1

]qx) k(e3) (1 q2H0k+1 )
(1-q)

A simple calculation yields

200541 + k + 1] = 260k + K]y + ¢ 2u(~1)F + 1],

Replacing k by 2k, then (2.2) implies that

1 — q?n02rt2k 2iOap+2k
oyt + 28+ 10y = (FI ) PO g,
and by replacing k by 2k + 1, we have
1 — g2#02k41+2k+1
[2ub9k 12 + 2k + 2], = ( : 1—¢q ) + PO TR o]

Now by separating (2.1), to even and odd terms and using (2.3) and (2.4)

2 o k+1 2u6),+k
. q 1 x kk=3) (1 — q*H*
Dy, J(ez;2) = —— ] E (Ivlq2) q 2 <>

()% Euq([n]gx =0 Vg (F) (1—q) for k=2k,2k+1
2 2k
q 1 ([n]qz)*+ k(2k—3) 21625 +2k
+ — q gL+ 2
[n}?] Eu,q([n]q ) Z ’Y/«q( k)
(oo}
N i 1 ([n]qz)2k+2 (k=1)(2k+1) 20021426411

()3 Epq([n]gr) o H Vuq(2k +1)

Since

— 24l
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(2.1)

(2.2)

(2.3)

(2.5)
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using the inequality (2.5), we have

2 o0 k
¥ q z (g[nlq) k(2k—3)
D} (ez;z) < qp* 4 —— ————[1+ 2y g
4 [n]q Eyq([nlqz) qu:o Viuq (2K)
+ QQ(M—H) T [1 + 2,“/]q i (q[n]qx)2k+1 q(k—l)(2k+1)
[n]q  Epuq([n]ez) =0 Vi (2K + 1)
2(u+1) o0 .
’ x (()yn)* s
< qx? 1+2p R
Wy Bl 2 2 2
) q2(u+1) 1+ 2]
< gx"+ + 2u] 4.
[ !

Similarly, we can show that

O

Lemma 2.2. Let the operators Dy, (. ; .) be given by (1.12). Then we have the following identities:
(1) D; (er = Li2) = gz —1
(2) Djgler —z2) = (¢ — Dz
2(14+p)
(3) (1= q)2® + L —[1 = 2plqx < D}, ,((e1 — 2)%12) < (1 - g)a® + £

[n]q

2(14+p)

[n]q

[1+ 2ulq.

Next, we obtain the Korovkin’s type approximation properties for our operators defined by (1.12).

In order to obtain the convergence results for the operators D:‘l’q(., .), we write ¢ = g, where
qn € (0,1) such that,

limg, — 1 (2.6)

Theorem 2.1. Let q = g, satisfy (2.6), for 0 < g, <1 and if D}, , (. ; .) be the operators given by
(1.12). Then for any function f € X[0,00) N H,

Dy g (f2) = f(x)
uniformly on each compact subset of [0, 00).

Proof. The proof is based on the well known Korovkin’s theorem regarding the convergence of a
sequence of linear positive operators, so it is enough to prove the conditions

:;,q"((ej;x) = xj7 .] = 0) 1727 {as n — OO}
uniformly on [0, 1].

Clearly from (2.6) and ﬁ — 0, (n — 00), we have

an

. * . _ . * . 2
nhﬁn;() Dy, . (e1;x) =, nhﬁrglo Dy, . (e2;x) = 2.

Which completes the proof. O

Let Cp(R™) be the set of all bounded and continuous functions on R = [0, 00), which is linear
normed space with

I flles=sup | f(z) .

We write

H:={f:2¢€][0,00), 1f4(rmx2 is convergent as x — co}.
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We recall the weighted spaces defined as follows:

Py(RT) = {f:] f(x) |[< Msp(2)},
Q,RT) = {f:feP,R")NC[0,00)},

FRT) = : an im @: is a constan
QP(R ) = {f :f € QP(R+) d Il_)oQ (@) k(k t t)},

where p(x) = 1+ 22 is a weight function and My is a constant depending only on f. Q,(RT) is a

normed space with the norm || f ||,= sup,> |£E:§|

Theorem 2.2. Let q = gy satisfy (2.6), for 0 < ¢, <1 and if D}, , (. ; .) be the operators given by
(1.12). Then for any function f € Q’;(R*) we have

lim || Dy, (f;2) = f [[,=0.

n
n—oo »dn

Proof. From Lemma 2.1, the first condition of (1) is fulfilled for 7 = 0. Now for 7 = 1,2 it is easy to
see from (2), (3) of Lemma 2.1 by using (2.6) that

I Dy g, (€2)752) =27 [,= 0.

n,qn

This complete the proof. O

3. RATE OF CONVERGENCE

Next, we calculate the rate of convergence of operators (1.12) by means of modulus of continuity
and Lipschitz type maximal functions.

Let f € C[0, 00]. The modulus of continuity of f denoted by w(f,d) gives the maximum oscillation
of f in any interval of length not exceeding § > 0 and it is given by the relation

w(f,é) = sup | f(y) - f(l') |7 T,y € [0,00) (31)

ly—z|<4o

It is known that lims_,o4 w(f,d) =0 for f € C[0,00) and for any § > 0 one has

1) - 1@ 1< (5 4 1) wiro) (3.2

Theorem 3.1. Let ¢ = q, satisfy (2.6) forx >0, 0 < ¢, <1 and if D}, , (. ; .) be the operators
defined by (1.12). Then for any function f € C‘[O, 00), we have

n] dn

| Dg, (f32) = f(2) |< {1 + \/(1 — g)[nlg,2” +an T+ 2#]%96} w (f; [1> ;

where C[0,00) is the space of uniformly continuous functions on R and w(f,d) is the modulus of
continuity of the function f € C[0,00) defined in (3.2).
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Proof. We prove it by using the result (3.2),(3.3) and Cauchy-Schwarz inequality:
| Dy, o(fix) = f() |

1 0 ([n]qx)k w 1— q2y6k+k e
: Eﬂ,q([n}qx) kz:% Virq (k) ! / (qk2(1 - qn)> f@)
[e'S) ([n k(k 1 2,u0k+k N
= E#q nlq ),;)’Y {1+ ’( 2(1- qn)> } (:9)
_ (lgr)" sen| L= gttt N
- {1+ < e kzo L =T )} (f;9)
X ([n]g2)* k- [ 1 — g?HOntk 2\ * . 3
- { [n]qx) 1;) ('5#11(13) ! o ( ke 2((11 —q") _x) ) (qu(eo;x)) <50
= {1+ 1—m)2;x)é}w(f;5)
q2(1+l‘)
< Ji4t 5\~ a)a? + o [1+2ulqz ¢ w(f39),
if we choose § = 4d,, = then we get our result. O

[n] ’

Now we give the rate of convergence of the operators Dy,  (f;z) defined in (1.12) in terms of the
elements of the usual Lipschitz class Lipys(v).
Let f € C[0,00), M >0 and 0 < v < 1. We recall that f belongs to the class Lipys(v) if

Lipy(v) = [ £(Q) = f(Q) [S M |G =G |7 (G, G €[0,00))} (3.3)

is satisfied.

Theorem 3.2. Let Dy, (. ; .) be the operator defined in (1.12). Then for each f € Lipp(v),(M >
0, 0 < v < 1) satisfying (3.3), we have

| D5q(f32) = f(2) |[< M (An(2))
where Ay (x) = D}, , ((e1 — x)?;z).

[NIN

Proof. We prove it by using the result (3.3) and Holder inequality:

| Dy, o(f32) = f(2) |<] Dpg(fler) — f(2);2) |< Dy (| fler) = f(z) [;2) <|MD;, ([ er —x [ 7).

Therefore

| D7, o (f52) = f(2) |

v
e | P = LA
SM uq( nlqT) Ek 0 ~pu,q(k q 2 q*=2(1—qm) €T
2—v o v
<M+—r+= 302 M ’ ([n]qx)qu(k2 2 2 1ogOkth v
< M( Jqw) £<k=0 Ya(R) Ypoa () F2=am)

1—g2rOktF
— — X
=)

g E(e=1) \ T2 p k(E—1) 2\ 2
=M (m Yo M > ((Eu e Tt P >
<M (D:7q(el — l‘)2;$)%.

This complete the proof. 0
We denote Cp[0,00) for the space of all bounded and continuous functions on R™ = [0, c0), and

CERT) ={g€ Cp(RT):¢',¢" € Cp(R)}, (3-4)
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with the norm

9 llez@ny=ll 9 llos@y + 1 6" les@sy + 119" los @y, (3.5)
also

9 lles®n= Sup. lg(@) | (3.6)
TE

Theorem 3.3. Let D}, (. ; .) be the operators defined by (1.12). Then for any g € CE(R"), we have

| D) = @) 1< (= 02+ 2572 g e

where A () is given as in Theorem 3.2.

Proof. Let g € C%(RT). Then by using the generalized mean value theorem in the Taylor series
expansion we have

€1 — X 2
g(er) = 9(@) + ¢ @)(er — )+ " @) DDy e (@en).

2
By applying linearity property on Dy, ., we have
* 7 * . 9/1(1/}) * 2.
Dn,q(g7 1‘) - g(l‘) =9 (x)Dn,q ((61 - ZII), .73) + Dn,q ((61 - ZC) 71:) ;
2
which implies that,
2004w Ig" |l
* q g Cp(R+
| D} 4(g:2) = 9(2) IS (L= )z || ¢ lopme) + <<1 —get qu) e
q
From (3.5) we have || ¢" [[c[0,00)<Il 9 lc2[0,00)-
2(1+n) 19 llez @+
* q CE(R
| Do) — o) | (1= )2 L oggaoy + (0 o + L1+ ) HIRED,
a
From 3 of Lemma 2.2, we get the required result. (]
The Peetre’s K-functional is defined by
. ) 2
Kalf:0) = inf {(17 =9 louee) +0 119" legmn ) 9 € W2}, (3.7)
where
W2 ={geCpR"):¢.g" € Cp(RT)}. (3.8)

Then there exits a positive constant C' > 0 such that Ks(f,8) < Cwa(f,02), 6 > 0, where the second
order modulus of continuity is given by

wa(f,02) = sup sup | f(z+2h) —2f(z+h)+ f(z)]. (3.9)
0<h<s3 TERT

Theorem 3.4. Let D;, (. ; .) be the operators defined by (1.12) and Cp[0,00) be the space of all
bounded and continuous functions on RY. Then for x € RT, f € Cp(R"), we have

| Dy (f50)— () |< 2M {wQ <f; J 2(1-9)+ A”‘”) + min (17 it A"(“””)) I ||cB<R+>} |

4

where M is a positive constant, A (z) is given in Theorem 3.2 and wa(f;0) is the second order modulus
of continuity of the function f defined in (3.9).

Proof. We prove this by using the Theorem (3.3)
| Dy o(fiz) = f(2) | < [ Dg (f —g:@) [+ | Dy g(g52) — g(@) [+ | f(z) — g() |

An (2

2 g ||c;-;(1R+)

AN

< 20 f-glles®n +A =@zl g llosms) +
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From (3.5) clearly we have || g [[c5[0,00)<Il 9 ||C}23[0700).
Therefore,

_ A,
D2l = £0) 122 (117 = 0 lewge + 2= BE2E g oy )

where A\, () is given in Theorem 3.2.

By taking infimum over all g € C%(R™) and by using (3.7), we get
N 2z(1 —q) + A\n(zx
| Do) = Jo) 1< 26, (s 2= 0 22

4

Now for an absolute constant C' > 0 in [7] we use the relation

Ko (f;0) < C{wa(f;V3) +min(1,6) || f[[}.

This complete the proof. O
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